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PREFACE 


I N the fifth edition of The Tutorial Algebra the text was com- 
pletely revised, rewritten, and extended, to conform with 
current conceptions and teaching methods. Because of the 
additional matter incorporated it was issued in two volumes. 

In the sixth edition of Volume I, the text has again been revised 
throughout, further material added, and many new examples 
inserted. Two new chapters have been included, the first dealing 
with important series and the second with the elementary theory 
of probability. The chapter in the fifth edition on interest and 
annuities has been omitted, as it is no longer required for certain 
examinations. 

In its present form Volume I is designed to cover the algebra 
prescribed in the syllabuses of the various examining bodies for 
the General Certificate of Education at the Advanced Level of 
the University of London, and of other examinations of similar 
standard. Elementary ideas on complex numbers are discussed 
after considering the properties of surds. Particular stress is 
laid on the functional notation and, wherever the presentation 
is simplified, use has been made of those symbols which have 
become more famihar in recent times. The opportunity has 
been taken to draw attention at an early stage (Chapter VII) 
to properties of simple partial fractions. The notion of a limit, 
including that of infinity and fundamental ideas on convergence, 
are introduced at a comparatively early point in the book, 
emphasis being laid on the graphical interpretation. Rational 
functions (Chapter XX) are considered immediately after quad- 
ratic expressions, and the graphical interpretation is again 
emphasised. Special care has been taken in the choice of examples 
illustrating the method of mathematical induction, a branch of 
the subject which offers difficulty to many students. Important 
expansions, including the binomial, exponential, and logarithmic 
series, are discussed in Chapters XXV and XXVI, the emphasis 
being on methods of application. Volume I concludes with a 
treatment of the elementary mathematical theory of probability. 

Volume II is intended for candidates for the B.A. and B.Sc. 
General examinations of the University of London, and provides an 
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introduction to the more advanced work of the Honours and 
Special examinations. It is hoped that this volume will be of 
material assistance to students reading for University Scholarship 
examinations as well as to those studying mathematics for the 
Natural Sciences and Mathematical Triposes examinations of the 
University of Cambridge. I 

In Volume II, Chapters I and II deal with limits, convergence, 
and continuous functions, while Chapter III considers the binomiU 
theorem for a rational index. After a discussion of uniform coii- 
vergence in Chapter IV, the properties of the exponential and 
logarithmic series are developed in Chapter V. This is followed by 
a chapter on the determination of functions from empirical data. 
Properties of complex numbers, sequences, and series are treated in 
Chapter VIII. Chapter IX contains a general discussion on partial 
fractions, recurring series, and introduces finite difference equations. 
Chapter X deals with finite differences, with applications to poly- 
nomials, interpolation, and linear finite difference equations. 
Methods of summation of series occupy Chapter XI. The two 
succeeding Chapters XII and XIII deal with the fundamental 
properties of determinants and matrices, while XIV covers the 
application of determinants to elimination. The last two Chapters 
XV and XVI, are devoted to general properties in the theory of 
equations, and include methods of numerical approximations to 
the roots of an equation. 

For the seventh edition, the method of least squares has 
been introduced in Chapter VI, the part of Chapter IX dealing with 
partial fractions has been rewritten, and minor changes have been 
made elsewhere. 

Throughout each volume emphasis has been laid on the diversity 
of types of examples. To assist appreciation of the theoretical 
development, a large number of examples (including many from 
past examination papers) have been worked in the text. Examples 
have been taken from trigonometry where these afford good 
illustrations of algebraic principles. The sets of examples for 
exercise include many selected from examination papers set at 
various General Certificate of Education examinations, at Inter- 
mediate, B.A., and B.Sc. examinations of the University of London, 
and at College Scholarship and Tripos examinations of the University 
of Cambridge. Sources of questions are indicated as follows: 
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General Certificate of Education as G.C.E. followed by a letter to 
indicate the particular examining body, University of Bristol (B.), 
University of Cambridge (C.), University of Durham (D.), University 
of London (L.), Oxford and Cambridge Schools Examination 
Board (O.C.), Joint Matriculation Board of the Northern Universities 
(AT.), Oxford Local Examinations (0.), and Welsh Education 
Committee (IT.); Land. Inter., Land. B.A., and Land. B.Sc. refer 
to papers set by the University of London ; M.T., N.Sc., and Camb. 
Sch. to Mathematical Tripos, Natural Sciences Tripos, and College 
Scholarship papers, respectively, of the University of Cambridge. 

In conclusion, the author wishes to express his thanks to the 
various examining bodies who have given permission for the 
insertion of questions taken from past examination papers, to 
Mr F. E. Blarney for valuable criticism and help in checking the 
proofs of Volume I, to Mr J. W. Watts for his helpful advice and 
suggestions in the revision of Volume II, and to Mrs A. Mary Tropper, 
Ph.D., M.Sc., Lecturer in Mathematics, Queen Mary College, 
University of London, for the chapter on matrices specially written 
for the sixth edition of Volume 11. The author will be very grateful 
to readers who point out any errors which the book may still contain. 

G. WALKER. 
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THE TUTORIAL ALGEBRA 

VOLUME II 

CHAPTER I 

INFINITE SEQUENCES AND SERIES 

E lementary ideas on limits and on convergence have already 
been considered in Vol. L, Chapters XIL and XIII. Here 
appeal was made to graphical representation in order to 
illustrate the principles involved. In the present chapter we pass 
to the precise arithmetical treatment of limits and convergence, 
and, in order to do this, use is made of the €-notation. The letter c 
is taken to represent a fixed positive quantity which may he as small 
as we please, 

1 * 11 . Formation of Sequences 

Suppose we write down at random a collection of numbers, say 
3 » h 7 f h 9 - Such a collection we can refer to as a set of 
numbers. Now examine the individual members of the set and 
see whether there is any general relation which is satisfied by every 
member of the set and relates the members to each other. There 
does not appear to be any obvious relation — thus some of the 
numbers are integers, others reciprocals of integers, some are less 
than adjoining members, others greater. If, however, the set had 
been i, 2, 3, 6, 7, 9 there would be relationships. Thus each member 
is a positive integer and members are related to each other by the 
property 

1<2<3<6<7< 9, 

i.e, each is less than the succeeding member. 

If the set had been i, 3, 5, 7, 9 there would have been two further 
relations for now all the nurnbers are odd and each member differs 
from its neighbour by a constant number 2. Thus given any set 
of numbers we can classify it according as there is or is not some 
known inter-relation between the individual members. 

A., II. 
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Now suppose we are told that the set is to consist of even 
numbers. We could write down any even number, say 12, and by 
adding or subtracting arbitrarily, 2 or multiples of 2 we can write 
the others down, say 12, 10, 14, 6, 2^, ... This would not give us 
a sequence as there is no inter-relation between the individual 
members in the order in which they have been written dc|wn. 
If we say that the numbers are to be in ascending order, thep if 
we start from 12 as before we obtain \ 

12, 14, 16, 18, 20, 22, 24 

Each member is obtained from the preceeding one by adding 2. 
We have obtained the sequence of even integers beginning with 12. 
The number 12 was chosen arbitrarily and so the starting member 
would need to be specified if the sequence is to be unique. We 
could represent the general term of our sequence by 2w where n 
takes the values 6, 7, 8, ... in succession. If, however, it is more 
convenient, we can represent the general term by 2 (n + 5) where 
n now takes the values i, 2, 3, ... in succession. 

Consider a fraction of the form (in + i)/2w and write down the 
numbers obtained by giving n the values i, 2, 3, ... in succession. 
We obtain 

3 5 1 9 n 

■ 2 » 4 » 6 > 8 » 10 * 

This is a sequence in which the inter-relation between the individual 
members is given by the form of the general term (2n + i)/2n. 
The first term of the sequence is determined by the initial value 
of n, i.e. w = I. 

Thus before considering properties of sequences it is first essential 
to understand the meaning of the term sequence and how sequences 
may arise. We can regard a sequence as a set of numbers arranged 
in a definite order or what is equivalent, a collection of numbers 
each successive member of which being formed in accordance with 
a definite rule. If there are only a finite number of members of 
the sequence we describe the sequence as finite; if there is more 
than a finite number of members, the sequence is said to be infinite. 
The words finite and infinite thus refer only to numbers of members 
and not to their magnitude. 

We now show how sequences arise in elementary arithmetical and 
algebraic operations. Consider first the method of expressing a 
number as a continued fraction. Let a and h be positive integers 
which are prime to each other, so that ajb is a rational number 
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expressed as a fraction in its lowest terms. We can write 

where is the quotient, the remainder when a is divided by 6, 
so that h '>Y^>o. 

If ajb is a proper fraction qi=o and a \ if a/6 is an improper 
fraction, q^ is a positive integer. Similarly, if q^ and are the 
quotient and remainder respectively when 6 is divided by we have 

“ — ^2 + ^ = ^2 + -7 
h n 3 

^2 

Hence q^ is a positive integer, rg is a positive integer or zero and 

h > ^'2* 

If we continue the process we have in general 


where q^ is a positive integer and is a positive integer or zero. 

This process can be continued so long as > o. Since 
h* ' • • » • • • 3,re all positive integers or zero, and 

> rg > ^3 > . . . , i.e. follows that after a finite number of opera- 
tions must be zero. Suppose = o for w == s. Then the 
last equation in the set of operations is 



Observe that we have constructed two finite sequences from our 
original number a/6, namely, 


5 ' 2 » • • * » 


our 


tv 


The first sequence contains s members and the second (s — i). 
Each member is determined uniquely in magnitude and position. 
For the first sequence there is no general relationship between 
the magnitudes of the terms but in the second we have the 
general property that each term exceeds all the terms which 
follow it. 
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To return to the original operation we can now write ajb as a 
continued fraction. 


+ 


^2 


+ 


or in the more concise form 

a ^ I I I 

b ^'2 + ^3 + ^8 \ 

Observe that in the above operation we have defined anothei^ set 
of s numbers in a unique order, which we can represent as follo^/is: 

I II 

== qv ^2 = ^z=^i + ;r^ - 

^2 92 ~T- 93 


* ?2+?3+" V 

Readers familiar with the theory of continued fractions will 
know that can be expressed as an ordinary fraction xjy ^ where 

Xi = ?1, = 9,92 + I , x „== q „ x„_i + x„_i for M > 3 ; 

yi = I. >'2 = 92. 3'n = 9ny«-l + yn-Z for « > 3- 

These results are easily proved by induction. 

It is clear that u^, u^, ... are rational numbers which can be 
regarded as approximations to the rational number ajb. By 
considering the set of numbers as a sequence we can assert something 
more than this. The property is that as we pass from one member 
of the sequence to the succeeding member the approximation is 
closer, i,e, is a closer approximation than is a closer approxi- 
mation than ^d so on. In Ex. 3 below it will be seen that a 
surd, which is an irrational number, can be expressed as a continued 
fraction, the number of quotients q^, ... no longer being finite. 
Thus the sequence will have more than a finite number of 
terms, i,e. we have an infinite sequence. All members of the 
sequence will be rational numbers and by taking n sufficiently 
great we can find a rational number which differs from the 
irrational number by a quantity as small as we please. 

Now take the original sequence {w„} and from its terms form 
two new sequences. 

W3, W5, . . . , W2n~l> • • • 

Wo» 
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The first which we can denote by {W2n~i}> consists of the terms 
of {u^ with odd suffixes, the second of the terms with even suffixes 
and can be represented by The sequences {wgn-i}. {w2n} 

have the following property not possessed by the original sequence 

{«»}• 

< W3 < Wg < ... <W2n-l < • • • 

^ Wg ... W2n ^ • 

In words, {w2n-i} is a sequence of rational numbers such that 

each term is less than the succeeding term; {w2„} is such that each 
term is greater than the succeeding term. 

The above properties are illustrated in the examples given 
below; the general results can be proved from the theory of con- 
tinued fractions. 


Examples. — (r) Express 2*6 in the form of a continued fraction. 

Observe that in the calculation of the quotients qi, q^, q^, . • . we use the 
elementary arithmetical method of finding the highest common factor of 
two integers. Thus we can set the working out as follows. Write 2*6 = 


5) 13 ( 2 =- 
ri ^ 3 ) 5 (I -= qt 

^2 2 ) 3 (I = q^ 

rs^ 1) 2 (2 - ^4 


Thus the {q} sequence is 2, i, i, 2 and we have 


L 3 = 2 + 

5 ^1+1+2 


For the {m„} sequence we have 
, I 

Wj = 2, Wg — 2 -f- W; 


I , I I .III 

* ^ I + i' I -f I 4 - 2' 


or Ui = 2, Mg -- 3, Ms = 2'5, M4 = 2*6. 

(2) Express 55 ^34 as a continued fracHon and deduce a sequence of simpler 
fractions which approximates to it. Consider the closeness of the approximations. 

34 ) 55 (I ?i 
21) 34 (1 = 

13) 21 (I = ?, 

8 ) 13 (1 = ?i 
5) 8 (1 = 

3) 5 (I = 9. 

*) 3 {I = 97 
I) 2 (2 = 
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The {q} sequence is i, i, i, t, i, i, r, 2, and 

ss __ 4. I I I I 1 

®‘‘~''^i'+i + i + i+ i + r+ 3 

Write = I, ttj = I + i «, = I + ^ i = I + ^ i.*_ 

I i-pj i-j-i-j-r 




T I ^ ^ I I 

^ ' +T+ i + r+ ,-“« = > + 


I + 1 + 1 + 1 + j' 
u, = I ~ -jL. _i_ .j_ J.. J „ I , _i_ I * b * 

^ I + 1 + 1 + 1 + 1 + 1’ "* ^ 1 + 1 + 1 + !■+ r+ 2' 

Expressing m„ m as ordinary fractions we find that the f«> 

sequence is I, 2, ^ f, fji. ||. The first seven members of the sequence 
are rational numbers which approximate more and more closely to ^5/^4 
as we move along the sequence. The closeness of the approximation can 
be seen by expressing u^. u^, .... correct to three decimal places. 

Write u ~ ~ 55^34 ~ I'biy correct to three decimal places; 

^ I M ~ W = I, 2 , . . 7 . 

Then the values of give the measure of the numerical differences between 
the given fraction and the member of the sequence. 


’t'n 

0*6 1 7 
0 - 3^3 
0-117 
0-050 
0-017 
o-oo8 
0-002 


n 


1 

1-000 

2 

2-000 

3 

1-500 

4 1 

! I -667 

5 

1-600 

6 

1-625 

_7 

1-615 


.K °f r’„ decrea^ steadily as n increases. Further, we observe 

tlmt the members of {«„} with odd suffixes, i.e, u„ «„ u, are all less than « 
while the members of u with even suffixes are all greater than «. ' 

(3) Express the nraHonal number Vs *» the form of a continued fraction 
and hence show how a sequence of rational numbers can be obtained whose 
succeeding terms approximates more and more closely to Find the Arst 

member of the sequence which differs from Vs by less than o-tooi. ^ 

The greatest integer which is less than -y/S is i. 


Hence we write 


3/3 - I + (Vs - 1) = I + 


(i) 


. . Vs + I 

giving ==: I. 

regard (Vs - i) or 2 /(V 3 + i) as a remainder whose value is 
than unity, so ttat its reciprocal is greater than unity. Proceedine as 
before, the greatest mteger which is less than (V3 + i)/2 is i Write-^® 


Vd + I 


= r + 


(sail 


I + 


V3 


giving = I. 


(ii) 
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The reciprocal of the remaiader — — - is — j- = ^3 + r. 

The greatest integer less than -y/S + i is 2. Hence we write 


Vs 4 - I 2 + (Va + I - 2) 2 + (^3 - I) (iii) 

giving ^8 = 2. 

Observe that the remainder is now (Vs — i) which is the same as its 
value in (i). 

Hence the next step will be the same as (ii), the following step is the same 
as (iii), and so on. Thus — t, ^8 = 2. We see that the process continues 
indefinitely, giving = i, = 2, n > i. 

Accordingly the {q} sequence is 

r, I, 2, I, 2, I, 2, 

and the continued fraction is 


V3 = I + 


_I ^ ^ I 

I + 2 + r+ r'-f 


We can regard j-~~ as a repeating part similar to what occurs in 

an ordinary repeating decimal. As the {q) sequence has more than a finite 
number of terms, the continued fraction is spoken of as an infinite continued 
fraction. Observe that as in the case of sequences the word infinite does not 
refer to the magnitude of the fraction but to the number of operations used 
in defining it. 

Write «, = I. «, = I + ^, «, = I t- J— . «4 = r + fqriqTT 

so that Wi = 1, «a = 2, «8 = i' 

For « > 3 we can calculate «« from the formula == xjy^ where 
*n = + *n-». Vn = 9«>'n-i + y«-». referred to earlier in this section. 

We find «4 = J, «4 = f®, W4 = If. Mj = H, «8 = |e> ■ • •• 

Hence the first 8 members of the required sequence are 
1. 2, |, J, if, f|, JJ, 

Write « = Vs = i’732i..., and express the members of the sequence 
as decimals correct to four decimal places. The results are shown in the 
form of a table where — \ u — u„\. Observe that u -- being the 
difference of an irrational and a rational number must be irrational. 


f 



W — 

K 

1 

I -oooo 

+ 

0*7321 

0*7321 

2 

2*0000 

0*2679 

0*2679 

3 

1*6667 

0*0654 

0*0654 

4 

1*7500 

0*0175 

0*0175 

5 

1*7272 

0*0049 

0*0049 

6 

1-7333 

0*0012 

0*0012 

7 

17315 

0*0006 1 

1 o*ooo6 

8 

17321 

0*0000 ! 

0*0000 


The rational number Wg agrees with V3 correct to four decimal places* 
The sequence v, is a set of positive irrational numbers whose terms decrease 
steadily towards zero. Observe that we have defined three sequences of 
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rational numbers whose successive members approximate more closely to the 
given irrational number. 

(1) Up Up Up U4 

(2) Up U3, Up U7, 

(3) «4. We. w« 

Sequence (i) has the property that a given term is a closer approximation 
to Vs than early terms in the sequence. Also the terms are alternately 
less than and greater than V3* ' 

In addition to the approximation property, sequence (2) has the following 
properties: (a) the terms of the sequence steadily increase, i.e. each teiW is 
less than the preceding term; (b) every term of the sequence is less than \\/3* 

Sequence (3) has similar properties except that the terms steadily decripase 
and every term of the sequence is greater than VS- \ 

Further examples of infinite sequences are provided by the s^ts 
of decimals which arise in elementary arithmetic as successive 
approximations to rational numbers which cannot be expressed 
as terminating decimals. In this way we obtain an infinite 
sequence of rational numbers whose successive terms approximate 
more and more closely to another rational number. 

Consider the fraction J which can be expressed as the repeating 
decimal 0*3. 

Write Ml = 0-3, Mj = 0-33, M3 = 0-333 »<« == o -33 • • • 3 

{n decimal places). We can express more conveniently in 
another form. 

= j (I - 10-"). 

M»+l - «n = i (I - J (I - I0-") = > O. 

Hence 

jO““W 

Also, if we write m = J, m — m„==J — |(i — io~”) = - >0. 

We have thus defined an infinite sequence {m„} with the following 
properties: 

(1) each term of the sequence is a positive rational number; 

(2) each term is less than any term which follows it in the 

sequence, i.e. the terms steadily increase, or in S5mibols 

M„ < M„^i ; 

(3) no matter how large n may be, m„ is always less than a 

fixed positive number k. This number can be ^ or any 

number greater than In sjmibols m„ < k. 
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We now consider another property of the sequence. Choose 
an arbitrary positive number as small as we please and denote it 
by €. This number is at our disposal, e = or io~^® 

but once it is chosen it must not be altered. Consider the question 
of finding how many terms of the sequence it would be necessary 
to take before we reach a number which differs from J by less 

10“'” 

than €. In symbols, for what value of n is J < c or ~~ < c, 

or 10” > I /3c. Since c is a fixed positive number we can always 
find a positive integer to satisfy the inequality. Suppose N is 
such a value of n. Then clearly AT + i, AT + 2, iV + 3, . . 
i.e. any positive integer greater than N will also satisfy the inequality. 
Thus, for example, if we choose e — 10“^®, we require io~” < 3.10-“^® 

io2o 

or 10” > - - . This is clearly satisfied for w = 20 or any positive 
integer n greater than 20. 

Thus the sequence has following property. If c is any fixed 
positive number chosen at will we can always find a positive integer 
N such that for eveiy n > N 

I i 

1 - 12 . Variable which Assumes Integral Values only 

In considering the construction of sequences we were able to 
represent the general term by the symbol i.e. by giving n a 
particular positive integral value we obtained a particular member of 
the sequence. When n is used in this way we speak of it as an 
integral variable. It may range through a finite or infinite set of 
values. Thus in the sequence of even numbers 

12, 14, 16, 18, 20, 22, 24, 

we can write Uf^ = 'zn, where w == 6, 7, 8, ... 

or == 2 (« -f 5)> where « = i, 2, 3, 

In each representation the sequence is the same. Hence we 
have a choice in the range of the variable and in practice we choose 
the most convenient. Clearly, to make the correspondence 
obvious we would choose % to correspond to n = 1, U2^ to n ^ 2, 
«g to M = 3, and so on, i.e, the integral variable takes the values 

I, 2, 3 If the general term is not given in a suitable form it 

may be modified as in the example just considered. Thus in 
discussing sequences in general we may assume without loss of 
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generality that n ranges through integral values beginning with 
unity. 

If n takes more than a finite number of values we are faced 
immediately with the necessity of attaching a precise arithmetical 
meaning to the expressions n very large, or n tends to infinity, which 
we write in symbols as w oo. We could fix a positive integer n^, 
as large as we please, and then say that **n very large” is to nlean a 
value of n which is greater than or equal to n^, i.e. n > Wq. ^Then 
consider the values of the terms of the sequence u^, u^, W3, ' . . . , 
... for n > n^. There are two possibilities. In the first 
place there may exist a number u with the property that fot all 
values of w > n^, is always ”very near” u\ in the contrary case 
there is no such number. It will be necessary to give the phrase 
”very near” a precise arithmetical meaning and this is done in 
the following way. Choose a fixed positive number and denote 
it by €. The choice of c is arbitrary and so completely at our 
disposal, and can be as small as we please. We might say that 

is very near w if \u — u^\< €. With the help of these ideas 
we can give a precise arithmetical definition to the limit of a 
sequence. 

T ake an arbitrary positive number c. T hen if there exists a number 
u and an integer n^ such that 

\U — W„|< € 

for all values of n n^, then u is defined to be the limit of as n 
tends to infinity) in symbols u ~ lim. Observe that the only 

n -A 00 

number which is arbitrary here is € and that when it has been 
chosen it will, in general, determine a value of n^) in other words, 
Wq is a function of € and to emphasise this fact it is sometimes 
written as n^ (e). An example of the dependence of n^ on e is 
given below. 

We can illustrate diagrammatically the definition of the limit. 
Suppose real numbers are represented as points along a straight 
line AB produced in both directions as necessary and adopt the 
usual convention that the real numbers will increase as we move 
from left to right along the line. As the numbers of our sequences 
are real numbers they can be represented as points on AB, To 
denote the correspondence between points and the members of 
sequence capital letters will denote corresponding points so that the 
point Un will represent 
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First mark in U corresponding to w. The inequality |w — w„|<€ 
asserts that + Mark off intervals on each 

side of U of length e so that CU == UD e. Now put in the 
points t/i, U^, Un., C 7 „^ 4 . 2 , Then will lie 

in the interval CD, as also will all the points Uno+v ^no+2» ^no+3» • • • 



which follow 17 ^. It is inunaterial whether these points are to 
the left or right of U so long as they lie in CD. In other words, 
if when we choose an arbitrarily small interval on each side of U 
we can find such that always lies in one of these intervals 
when « > Wo then the limit of is U. 

In §i*ii we defined a sequence {u^ whose terms formed, with 
increasing n, closer and closer approximations to J. Here, 
J (i — 10“'”). If we take w = -J, then J = iio"”. 
Now choose an arbitrary positive number c. Then — «nl< « 
provided iio”” < e, or io“” > 1/36. Since c is a fixed number, 
and 10” increases as n increases we can always find a positive 
integer Wq such that io”o > i/ 3 €. Thus if ^ = logjo we 

can take «o be the first positive integer greater than k. Also 

loN > io”o > 1/36, N > Wq. 

Hence, in accordance with the definition, liin. 

n->oo 

The dependence of on « is easily seen by giving e particular 
values. Thus if e = 10““ we require io”« > J.io“ Thus we 
can take = 10. If on the other hand we write e — io~*® the 
inequality to be satisfied is lo"® > Jio*® and we take = 20. 
The smaller value — 10 will not satisfy the second inequality 
but the greater value % = 20 will satisfy both inequalities 

io”» > Jio“ and io"» > Jio*®. 

In general, the effect of choosing a smaller e will be to give an 
increased m#. 

Consider now the sequence {«„} where «„ = (— 

(— i)" 

i.e. — I, + i. ~ i. + i. “ i> • • • > ~ ■ . • • • • 
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Here the limit is zero. For 

I 
n 

|o ~ Un\ < €, provided ^ < e, or w > ^ 

Choose Wq fi^st integer greater than i/e. 

values of n > 

I 

€. 
n 

Hence lim. = o. 

n -> 00 

This example shows that if the terms of a sequence are alternately 
positive and negative the sequence cannot have a limit unless the 
numerical value of tends to zero with increasing n. 

ITS. Continuous Variable 

Now consider a continuous variable as distinct from an integral 
variable such as n in the previous section. 

Let a denote a finite number. Then by x being a continuous 
variable which tends to a we mean one which takes all values in the 
‘'neighbourhood** of a, 

A neighbourhood of a number a may be defined precisely as 
follows. Let Tf denote a positive number which may be as small as 
we please. Then by a neighbourhood of a is meant the interval 
from a — Tj to a + rj. The value a itself is excluded from the interval. 

This statement may seem rather indefinite at first sight, but it 
must be remembered that a neighbourhood of a point is arbitrary 
and we can choose as many neighbourhoods as we please. 

Now suppose that / {x) is a function which depends on x, and 
that / is a number with the following property. There exists a 
neighbourhood of a with the property that the numerical difference 
between / (x) and I is less than an arbitrary positive number € at 
all points of the neighbourhood. 

It is important to observe that the value a itself is excluded and 
that we are considering a property which is defined at all points 
near a. If the number I possesses the property indicated above 
then I is said to be the limit of / (x) as x tends to a. In symbols 

lim. f{x)=l 


Then for all 

\ 


|o 


Kl = 


i)» 
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The definition, stated precisely in symbols, is as follows: 

Let « denote an arbitrary Positive number. Then I is the limit of 
f (x) as X tends to a if we can find a positive number 17 with the 
property that 

\f(x) — l\<e 

for all values of x satisfying the inequality o<\x — a\ 

The first part of the inequality o<|a;— a|<i7is expressly 
inserted so as to exclude the value x — a. The inequality is 
equivalent to the interval 

a — f) ^ X ^ a T] 

where x a is excluded or to 

a — ri <ix < a, a < X a 7 ). 

The fact that t) depends on c is frequently indicated by writing 
it in the form t] (e), the symbol denoting in the usual way that rj 
is a function of e. The dependence of on € is seen in the following 
example : 

Let f(x) = x^ 1 - I and consider lim. + i). Clearly, as x 

I 

becomes nearer and nearer to unity a:® + i becomes nearer and 
nearer to 2. 

Take, e.g., e = 10“*, Then the inequality |/(x) — / | < e 
becomes 

I -f I — 2 1 < io“®, i.e, \x^ — < 10“ 

This inequality is equivalent to 

— IO“® < — I < 10 “ 

t.e. I < x^ < T 0 ~® + I. 

Taking the positive square root, this inequality is equivalent to 
{i — 10 ”®}^ < a; < {i + 10 “®} ^ 
i.e. {i — 10“®}* - i<a; — i<{i + io“®}* — i, 
i,€, — Aj < a: — I < Ag, say. 

Let 7} be the greater of positive numbers Aj, Ag. Then 

\X-I\<ri. 

Thus we have found a number rj with the required property. 
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1*2. Bounded Sequences 

Let U2, denote a sequence of numbers. 

Then the sequence is said to be bounded above if there exists a finite 
number A with the property that < A for all values of n. 
Similarly if there exists a finite number B with the property that 
Un> B for all values of n, the sequence is said to be bounded lielow. 
The sequence is said to be bounded if it is bounded above and h^low. 

Such a sequence has the property that | I < C for a^ 
where C is a fixed positive number. For we can choose C equa^ to 
the greater of | ^ |, | J 5 |. \ 

Observe that although the numbers A, B,C bound the sequence 
they are not unique and so must not be described as the bounds of 
the sequence. For if A-^ > A, then implies < A^, 

In a subsequent section it will be shown how to define unique 
numbers which can be described as upper and lower bounds. It 
will be seen there that these bounds represent the best possible 
values of A and B. 

Examples of bounded sequences have occurred in earlier 
sections. Thus the sequence {«„} where J (i — io~”) has 
the property 1% < ^ 21 positive integer and so {«„} is 

bounded above and below. The same property could have been 
asserted if the inequality had been written in the cruder form 

I 1 < I- 

Sequences which do not possess the property | | < C where 

C is a fixed positive number, can be described as unbounded. 
They may, however, be bounded above or below. Thus consider 
the sequence where i,e. the sequence consisting of the 

squares of positive integers. It is bounded below for > i for 
all values of n. It is not bounded above because, however large A 
is, we can always find a value of n such that n^ > A, The sequence 

-- I, + 2, - 3, + 4, - 5, i)X . . . 

is not bounded above or below. For \u^\ = n which can always 
be made greater than the fixed number C, however large C is. 

1*21. Monotonic Sequences 

A sequence may be monotonic increasing or decreasing. The 
sequence ... is said to be monotonic increasing if 

Wj ^ U2 ^ ^ ... ^ Uf^ ^ . . . , 

that is if u^ does not decrease as n increases. An example of a 
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monotonic increasing sequence is 


2 3 4 

6 » 


n 

n + 1 


_ n + I n I 

tor ^ Un— — ; = . ^ ^r-; ; r > O, glVUlg 

n + 2 M + I (n + i) (n + 2 ) ® ^ 

Un < This sequence is also bounded for o < < i for all 

positive integral values of n. 

The sequence W 3 , . . ... is said to be monotonic 

decreasing if 

Wj ^ ^ ^3 ^ ^ ^ ^ . . . , 

that is, if the members of the sequence do not increase as n 
increases. An example is the sequence 


I, i h 


I 

n 


It will be observed that this sequence is also bounded, for none 
of its members lie outside the interval (o, i). 

A sequence which is either monotonic increasing or monotonic 
decreasing is said to be monotonic. 

It will be observed in the above definitions that the equality 
sign is included. If we wish to exclude this possibility so that none 
of the members of the sequence are equal to one another we say 
that the sequence is strictly monotonic increasing or strictly monotonic 
decreasing as the case may be. Both examples given above are 
strictly monotonic. The sequence {w„} where J (i — io~”) 

considered in § i *2 is strictly monotonic increasing. 


1*22. Upper and Lower Bounds 

We have stated above, in § i- 2 , the conditions under which a 
sequence is bounded. We now consider what is meant by the 
bounds of the sequence. 

Let € be an arbitrary positive number which may be as small 
as we please. Then if the sequence is bounded above we can find 
a number M with the following properties. 

(d) Un KM for all n. 

{b) There exists some value of n such that > ilf — • €. 

This number M is defined to be the upper bound* of the 
sequence. 

* For a rigid proof of the existence of M in the case of bounded sequences 
the student is referred to books on mathematical analysis. 
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Again, if the sequence is bounded below there exists a number 
m with the properties, 

{a) Un > w, for all n. 

(b) There exists a value of n such that < m + c. 

This number m is defined to be the lower bound of the sequence. 

Consider the first sequence {w„} defined in § 1*21. \ Here 

= nl{n + i). We prove that the lower bound is J and the upper 
bound I. First observe that the sequence is monotonic increasing 
so that the least term isu^~\ and J for all positive intpgrd 
values of n. Further, however small e may be there is a mefiiber 
of the sequence greater than \ + c, viz. Uy^. Hence the lower 
bound is ^ and there is a member of the sequence which is equal 
to the lower bound. For the upper bound we note that < i 
for all finite values of n. Next consider whether there is a member 
of the sequence greater than i — c. We require a value of n 
such that 

I - € 

— or 

n -\- 1 c 

Since c is fixed we can always find a value of n satisfying this 
inequality. To make the value definite take to be the first 
positive integer greater than (i — c)/€. Then > i — c and so 

I is the upper bound. We might, for example, take e = io“® 
which would require n > 10* — i. In this case we can take 
Wq = 10*. Since the sequence is strictly monotonic increasing 
we have 

I ” ^ < ^no < ^^no4-2 < T. 

and so there are infinite numbers of members greater than i — c. 
There is no finite value of n which makes — i, i-c. no member of 
the sequence is equal to the upper bound. In such a case we say 
that the bound is not attained. 

For the sequence where — i/w it can be shown in a 
similar way that the upper bound is i, and the lower bound o, and 
the latter is not attained. Similarly, if J (i — io~”), it is 
easily seen that the lower bound is 1^0 and the upper bound the 
latter not being attained. 

As an example of a sequence in which both bounds are attained 
consider {u^} where = (— i)”. The sequence is 

~ I, + I, - I, + I, ^ I, + I, .... 



Infinite Sequences and Series 


17 


Here | | =1; the lower bound is — i, the upper bound is + i 

and there are an infinite number of members equal to both bounds. 

1*23. Limits of a Monotonic Sequence 

It will first be observed that a monotonic increasing sequence 
is always bounded below, for its lower bound is its first term. 
Also a monotonic decreasing sequence is bounded above by its first 
term. 

We have the following general theorem. A hounded monotonic 
sequence always converges to a limit as n tends to infinity. 

Suppose that u^ < so that sequence is monotonic increaing. 
We assume the result that a sequence which is bounded has an 
upper bound. Let this upper bound be M, Then M has the 
following properties: 

(«) < M for all n. 

{b) There exists a value Uq of n such that > M — e where 
€ is an arbitrary positive number. 

But ii n > Un > i.e. M — e < /<„ < M. Thus we 
have proved that 

1 — M I < € for n > Uq. 

It follows that M is the limit of u^ as n-> 00. 

A similar argument applies when the sequence is monotonic 
decreasing. 

Hence a bounded monotonic increasing sequence has a limit 
which is equal to its upper bound, while a bounded monotonic 
decreasing sequence has a limit which is equal to its lower bound. 

Example i. — If Un = i/n (monotonic decreasing) lim. u^ = o. 

M -> CXD 

Example 2. — If Un — nj(n + i), (monotonic increasing) 

lim. Un ~ 1 - 

n~^ 00 

Example 3. — If u„ = J (i — 10-"), (monotonic increasing 
lim. «„ = 

00 

Note. — A monotonic sequence must either tend to a limit or to 
infinity. Thus if the sequence is increasing and does not tend to 
a limit it must tend to + oo. If the sequence is decreasing it will 
either tend to a limit or to — oo. 


T. A., n 


2 
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1*3. General Principle pf Convergence for a Bounded Sequence. 

Let {Un} denote the sequence whose «th term is Then 
the necessary and sufficient condition that the sequence con- 
verge to a limit (or simply converge) is that corresponding to an 
arbitrary positive number e there exists a number no such that for 
all n > no * 

I «n+p ~ Un \ < € 

for all positive integral values of p. 

(a) The condition is necessary. For suppose converges t^ the 
limit I, Then corresponding to Jc we can find a number ^uch 
that 

1 / 1 < for all « > n^. 

Since n p > 

1 ^ 1 for a-W positive integral 

I ^n+p I = I ^n+p / + / — U^\ 

< I ^n-fp <i€ + i^==€ 

for n >no and for all positive integral values of p. 

Here we have made use of the property that if A and B 
are real numbers, This is easily seen 

to be true. 

(b) The condition is sufficient. For suppose | 1 < € 

under the stated conditions. This inequality implies that 

«n - € < «n+p < «n + €, for all positive integral values of p. 

Thus the sequence {Wn+p} is bounded as p tends to infinity. 

Let m and M be the lower and upper bounds respectively. 
Then 

m Un — Af < «„ + € ; 

M - w < (m„ + €) - (m„ - e) = 2e. 

Since e is arbitrary this inequality can only be true if Af — w = o. 
Thus M — €<«„<Af + e. 

It follows that Af - 2e < < Af + 2 e; that is 

I «„+p - Af I < 2e. 

Hence lim. = Af and thus the sequence converges. 

p 00 
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Example .-*^ that if A and a^ are positive, the sequence {a„} defined by 
a^ = \/(A 4 * monotonic and converges to the positive root of 

;r* -- ;r — A == o. 

The roots of the equation — ;i? — A = o are i{i ± y/{i + 4A)}. The 
positive root a is J{i -f -{- 4A)}. 

Suppose first that a^ > i{i -f- y'(i 4- 4 A)}. Then 

a, - a, = y/(X + a,) - a,. 

Now ^2 — ai < o, provided + ®i) 

i.e. V(^ + »i) < “i- i e- A + a, < aj*, 
i.e. ajL® — aj — A > o. 

Since is greater than the positive root of the equation ;r* — a? — A *= o 
this condition is satisfied, i.e. a* < a^. Thus if the sequence is monotonic it is 
monotonic decreasing. 

Next we show that a* > a. The condition for this is that 
ag - o > o, i.e. V (A + ai) - a > o. 

This reduces to A + > a* = a -f- A 

since a* — a — A = o, i.e. a^> a which is known to be true. Thus we 
have shown that o < Ug < aj. 

To prove the result in general use the method of induction. Assume the 
result is true for « = />, i.e. 

a < Up < 

then it is suflScient to show that a < a^^i < a,. 

Now Op+i =V{A 4 Up); 

Up — ap^i = a, — -v/(A 4 - (^p) > o, 

provided a,* > a, 4- A, i.e. a,* ~ a, — A > o. Since ap> a this con- 
dition is satisfied. Thus < a,. 

Again — o = \/(A 4 * «p) — a > o. 
provided A 4 a, > a* = a + A, i.e. Op > a. 

Since this is true Up^i > a. Thus a < < a,. 

Hence the sequence {aj is a monotonic decreasing sequence which is hounded 
below by a. 

It follows that the limit of the sequence exists. Let it be /. Then / > a. 
From a„ = ^/(A 4 «n-i) follows that in the limit / = VIA 4 i.e- 
/* — f — A ~ o. Thus Hs a root of the equation ;r* — at — A = o. 

Since / is positive and the equation has only one positive root a, / = a. 

If we suppose initially that < a we would find in a similar way that 
{a J is a monotonic increasing sequence which tends to a. 

1'31. Relation between Sequences and Infinite Series. 

Let «i, «j, denote an infinite sequence. G>n- 

sider a new sequence defined by the equations. 
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S 2 — ~}“ ^2» *^3 — ^1 ~i” ^2 "*1” ^3* 


— Wi + ^2 + ^3 + • • • + 


Clearly, the new sequence also has an infinite number of (terms. 
If the sequence Sj, Sg, . . . 5,^ . . . tends to a limit as ^ oto then 
the series \ 

^1 + + % ~h • • • + + * • • 

is convergent, \ 

Thus the question of the convergence of a scries reduces tq the 
question of the limit of a sequence. If we suppose that is 
positive for all values of n then is monotonic increasing. Thus 
the series either converges or tends to + 00 . There are no other 
possibilities. 

On the other hand, if the terms are not all positive the series 
may converge, diverge to + 00 , diverge to — cx), or oscillate. 

1*32. General Principle of Convergence for Series 

The necessary and sufficient condition that the series 

+ W 2 + ^'3 + • • • Wn + . . . 

converge is that corresponding to the arbitrary positive number e 
there exists a number no such that 

I Sn+p I 

for all n > no and for all positive integral values of p, where 

n 

Sn— ^ Ur 

r = I 

Since 5^ ~ it follows immediately that lim. Un == o. 

W -► ro 

This is a necessary condition for convergence, but as will be seen later 
it is not sufficient. 

The following notation is usually adopted. The sum S„ is 
called a partial sum) the sum 

^n+l “f" ^^n+2 "f" • • • "1“ ” ^n+p ^ p^n 

is called a partial remainder) the sum 

+ • • • + + • • • ad iuf. 

is called the remainder of the series after n terms. 
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If S denote the sum of the series then 5 = 5„ + and the 
conditions for convergence may be stated in the forms 

1 I < €, for all n > 
j,Rn < €, for all n > n^,, and for all positive 

integral values of p, 

1’33. Absolute and Conditional Convergence of Series 

From the remarks in § 1*31 it is clear that the discussion for series 
whose terms are all positive (or what is substantially the same 
thing, all terms of the same sign) will be simpler than for series 
whose terms are positive and negative. 

There are certain types of series which behave much in the same 
way as series whose terms are all of the same sign. 

First of all there are series which contain only a finite number 
of negative terms. Then we can divide our series into two parts. 
The first part will consist of a finite number of negative terms, 
while the second part will consist of an infinite series all of whose 
terms are positive. The sum of the first part can be written down 
immediately as there are only a finite number of terms to be added 
together. Hence this part of the series will not affect con- 
vergence or divergence properties, so the problem reduces to 
that of an infinite series whose terms all have the same sign. 
Similarly for the case in which there are only a finite number 
of positive terms. 

Secondly, the series contains an infinite number of both positive 
and negative terms. Convergent series of this type may be divided 
into two distinct groups: — 

(a) Those which remain convergent when all the terms are 
made positive. 

(b) Those which diverge to + 00 when all the terms are made 
positive. 

If the condition (a) is satisfied the series is said to be absolutely 
convergent, while if (b) is satisfied the series is said to be conditionally 
convergent. It is the former class, i.e, absolutely convergent series, 
whose properties are in many respects similar to series whose terms 
are all of the same sign. Thus the series: 
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is absolutely convergent ; for the series obtained by making all the 
terms positive, i,e. 

. I • I • ^ I ^ I 

j ^ ^ 

2 2 2 2 j 

is convergent. The student will recognise the convergence property 
from the theory of geometrical progressions. Again the semes: 

is conditionally convergent ; for the series 

diverges to + oo, as will be proved later. 

The reasons for the names absolutely convergent and conditionally 
convergent are as follows. 

An absolutely convergent series possesses the property that the 
sum remains unaltered no matter how we alter the given order of the 
terms. 

A conditionally convergent series has the property that by 
suitably rearranging the given order of the terms we can make its sum 
equal to any given number y including + oo and — oo. These 
properties are not immediately obvious and will be considered below. 

1*34. The sum of an absolutely convergent series remains unaltered 
no matter how the order of the terms is deranged 

Let s denote the sum of the given series, a' the sum of the series 
formed by the positive terms of the series in the order in which 
they occur, — a" the sum of the series formed by taking the negative 
terms of the given series, in the order in which they occur. Then 
from § 1*33 it is clear that it is only necessary to consider the case 
in which both the series a and a" have an infinite number of terms. 

Let <7 denote the sum of the series obtained by making all the 
terms positive. 

Let Sj, be the sum of the first v terms of the given series, and 
suppose that these first v terms contain p positive and n negative 
terms. 

If or'j, denote the sum of these p positive terms, — the sum of 
the n negative terms, then 

Also it is clear that 

or'jp < a, < a. 
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As V increases p and n will increase and cr'^, cannot decrease. 
Thus a j,, a* n are typical members of two monotonic increasing 
sequences which are bounded above. Hence as v 00, 0"^ 

both tend to limits. These limits have been denoted by a' and a . 

Since sv = s = lim. = <7' — a”, 

V — ► CX) 

Now any alteration of the order of the terms in the original 
series will not affect the values of o and a" for each of these series 
consists of terms all of which are positive. Thus no matter how we 
rearrange the order of the terms of the original series the sum is 
always o — a” , i.e. is always equal to the sum of the sums of the two 
infinite series, the first formed with the positive terms in the order in 
which they occur, the second formed with the negative terms in the order 
in which they occur, 

1 * 35 . Comparison Test for Absolutely Convergent Series 

We now demonstrate the following important comparison test 
for absolute convergence. 

Let Ui, u^, u^, , , , u^, , , , denote the terms of an absolutely 
convergent series, and v^, v^, Vg, . . . . . . the terms of another 
series such that 

I I < A I I 

where k is a positive constant, for all values of n. Then the series 
Sv^ is absolutely convergent. 

To prove this result it is necessary to show that the series of 
positive terms 1 | + | ^'2 I + • • • + 1 I + • • • is convergent. 

Write: 

n n 

= E I |, = E I Wy 

y = I y ~ I 

C30 00 

a- E hJ, E \Url 

r ^ i r = I 

Then since [ I < * I I ior all values of r, 

o-„ < 

Now s« is a member of a monotonic increasing sequence which 
is bounded above by s. Hence 

k$n < ks, i,e. cr„ < ks. 

Now (Tn is itself a member of a monotonic increasing sequence 
and is bounded above. Hence cr^ tends to a limit as w 00. 



24 


Infinite Sequences and Series 


Thus the series S | | is convergent, and the given series 

00 r — 1 

S Vj. is absolutely convergent. 


1*36, Sum and Difference of Two Absolutely Convergent Series* 

f 00 \ 

'Let 2 Uj., E Vr be two absolutely convergent series ii^hose 
r — 1 r ^ 1 

sums are s and a respectively. Then the series \ 


^ (Mr + Vr), 
y — 1 


^ (Mr -- Mr) 

Y — I 

are absolutely convergent and their sums are s + a and s — a 
respectively. 

00 n 

Consider the scries E {u^+v^ and write == ^ {^r +0. 

r — i r =5 I 

n n 

s„ == E Ur, cr^ = E Vf. Then 

y = 1 r ~ I 

Pn = Sn -I- On- AlsO \Ur+Vr\ < 1 M, 1 + | W, |. 

This property is obvious since it is assumed that and 
represent real numbers. Thus 

E I Wr + 1 ^ ^ I I T” ^ 1 |» 


Now if = E \Ur\, On — E \Vr\, s,/ and are the 

r — 1 r ^ I 

nth terms of monotonic increasing sequences which are bounded 


Hence E \Ur +Vr \ <k, 

Y — l 


above by E \Ur\ and E | Vr 

y == I y = I 

where k denotes some constant. 

n 

But E \Ur Vr\ is the «th term of a monotonic increasing 


sequence. Since the sequence is bounded above its limit exists, 

00 

i.e, the series E (u^ + ’^r) is absolutely convergent. 

y ~ I 

BenexaX result that if lur, Sv,. Sw^ are three 
f ^ convergence of any two of the series 

implies the convergence of the third and Ewr = Zu^ ± Zv^. 
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Again, since jo„ = s„ + for all values of n and s„, approach 
the limits s and a as « -> oo, it follows that lim. p„ ~ s + a. 

00 W 00 

Similarly for the series 2* (u,. — 

r — 1 

1*37. Riemann’s Theorem on Conditionally Convergent Series 

If a series converges conditionally its sum can be made to have 
any arbitrary value by a suitable rearrangement of the order of 
the terms. 

00 

Let (s) be a conditionally convergent series, E Then we 

f = I 

know that there must be an infinite number of both positive and 
negative terms. The scries formed by the positive terms in the 
order in which they occur and the series formed by the negative 
terms in the order in which they occur must both be divergent. 
For if both were convergent the original series would be absolutely 
convergent, while if one were convergent and the other divergent 
the original series could not be convergent. 

Hence we can take sufficient terms from the positive series to 
make their sum exceed any arbitrary number. In the same way 
by taking a sufficient number of terms from the negative series we 
can ensure that the sum of the terms taken is less than any given 
negative number. 

Suppose we wish the series to converge to the positive number A. 
A2 A4 A0 A Ar, A3 A2 

I I I I I i I 

To illustrate the argument we represent the numbers by points 
along a straight line adopting the usual convention for the positive 
direction, viz. from left to right. First take a set of positive terms 
from (s) in the order in which they occur and stop as soon as the sum 
of the terms taken is greater than A. Denote the sum of the terms 
taken by A^. Thus A^ > A. 

Now take a set of negative terms from (s) in the order in which 
they occur but stop as soon as the combined sum A 2 is less than A. 
Thus A 2 < A. 

Now return to the positive series beginning where we left off 
previously and take a set of terms stopping when the total sum of 
the three sets A^ first exceeds A. Thus A^ > A. 
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Next returning to the negative series and beginning where we 
left off before, take a set of terms just sufficient to ensure that the 
new total sum less than A. Thus < A. 

Continuing in this way we obtain a new series composed of terms 
of (s) whose sum is sometimes greater than A and sometimes less 
than A. 

We have defined a sequence of numbers 

Ai, A 2 , A g, . . . ^2n+l “!"••• \ 

which represent partial sums of the new series. Also \ 

^2n ^ '^2n+l ^ ^ 

and A -^211 ‘^2n+i A <c 

for some values n^, n^. Again as n -> 00, and Wg both 00. 
Since the original series converges 

I I < €, all w > V, 

where € is an arbitrary positive number. Hence there exists a 
number v such that 

I «« J < «. I I < e, 

where and are values of w > v 

Thus I A — I < €, all n > V. 

Hence -> A, i.e, A is the sum of the series (s'). 

If we wished to obtain a new series which converged to a negative 
value we would begin with the negative series instead of the positive 
series. It should be observed that by a suitable rearrangement 
of the terms of (s) we could obtain series which were divergent or 
oscillatory. 

1'38. The Ratio Test for Absolute Convergence 

Let % + ^2 + W3 + . . . + + . , . denote a given series. 

Then the series is absolutely convergent if, from and after some 
fixed term, the absolute value of ratio of each term to the precede 
ing term is less than some quantity which is itself less than unity. 

Since the presence of a finite number of terms does not affect 
convergence we can omit the finite number of terms at the beginning 
of the series for which the property is not true and assume that we 
have a series in which the property is true for all of its terms. 
Let the given ratio be r where r < i. 
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Then 


1^1 <F. i.e. ImJ O-KI- 

< r, i.e. I Mj I < r I Ma I < r* | «, |. 

< r, i.e. I I < r 1 Mj I < | *<i 1 


In general 

^n+l 

<n i.e. 1 

1 ««+i 1 < >■ 1 

«« 1 <>■" 

I«1 


CO 


00 



Thus 

z 1 1 1 % 1 

1 = 

1 «1 1/(1 - 

r). 


w = I n = 1 

CO 


since o < r < i, and the series Z is a geometrical progression. 
00 n — I CO 

Hence the series S \Un \ is convergent, i,e. Z is absolutely 

»t = I W ~ I 

convergent. 


1 * 381 . Alternative Form for Ratio Test 

The result of § 1*38 may be stated in an equivalent form which 
is more convenient to apply in practice. If the limit as n tends to 
infinity of the absolute value of the ratio of the (n + l)th term to 
the nth term is less than unity the series is absolutely convergent. 
In symbols the condition is 

lim. ^ ^ ^ < I. 

w -> 00 


Write lim. = r where 0 < r < i. Choose any 

« 00 

number € such that e < i — f , i.e. r + € < i. Thus, e,g,, we 
can take € = J (i — r) so that r + €==i + Jr=A say, where 
0 < A < I. Then we can find a number such that 


— ^ I — r < € for all n > 

This inequality may be written in the form: 

€ < I <r + €=:A. 
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Then since o < A < i it follows from the argument of § 1*38 
that the series is absolutely convergent. 


Examples. — (i) Discuss the convergence of the jollowing infinite series : 

[Afat^rasj, J 5 .Sc.] 

In this case is always positive .so that the modulus signs may be oi^tted. 


1.3.5 

4 4-7 4.7.10 4.7. TO. 13 


== 1. 3. 5 .7 . . . . (2 W - I ) ^ 1*3. 5.7— (2>L±J)' 

” 4.7.10. ... (3« + I) * 4.7.10. . (3W -I- 4) 


Hence ^ 

w« 3 w + 4 


2 4- . 


3 -}- 


lim. 


< 1. Thus series converges absolutely. 
3 


(2) Prove that if | f | < i the series 

a ’]r (a d) r {a nd'S r” . is convergent. 

«n+i = (« + nd) r^, -= {a -f (n — 1) d} r^-^; 

a 


a nd 


■ + d 


a 4- (w ~ 

i)d 

- -f- 



n 

As n -V 00, ajn -> 0. i[n 0 

Thus 

-f- d 

lim. = lim. 

+ ( 

1 ^ 

1 






Hence the series converges if | r | <1. 


(3) Pyove that the infinite series 27 is convergent if r is a positive 

n ~ \ 

integer and \ x \ < i . 

««M = (w + = n^x^. 

Thus r-atj- /« + i\’ 
w« 

»-> col “» I «-> oo'-'' ^ 

Thus the series converges if \x\ <1. 
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1*382. Limiting Ratio Greater than Unity 


> I the series cannot 


It is easily seen that if lim. 

n -> cao 

converge. 

Write lim. — k and take € = | — i). Then 

M -> 00 

corresponding to c we can find a number such that for all n > 


^n+l 




Thus for such values of n, > ^ — e = J + i) > i. 

Thus I Un+I > {k — e) > \ Un\^ 

But a necessary condition for convergence is that lim. == o. 

M 00 

This contradicts the previous statement and hence the series 
cannot converge. 

Example. — Discuss the convergence of the series 

5 il-l) • ( o -f — 1) „ 

o (iS + 2 ) . : . 08 + n ~"i) ^ 

First we observe that jS must not be a negative integer. For if )8 is a 
negative integer, it will be seen that all except a finite number of terms will 
be infinite as there will be a zero factor in the denominator. Also if a is a 
negative integer there will only be a finite number of terms in the series, for 
beyond a certain point there will always be a zero factor in the numerator. 

We assume then that a and p arc not negative integers. 

_ “ • ' ■ (g 4- ^ — i) n 

1) (^ + 2)'. ■;.7r+ H - 1) 

aja 4- l) (a + 2 ) ... {a ±_n ~ 2 ) 
jS 03 + I) (jS + 2) . . . 03 + M - 2) 

»^n±l ^ “.Z r X 2=2 

W„ p + n - I I -h Pl{n - I) 

Hence lim. I ~ 
n 00 ' 

Thus if 1 A' I < I the series converges absolutely; if | ^ ) > i the series 
will not converge. For the present we must omit discussion of the behaviour 
of the series at | a j »» i, i,e, when at = i; i. 
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1'4. Gimparison Series 

00 

It has already been proved in § 1*35 that if S is absolutely 

00 r — 1 

convergent, so also is S where | | < ^ | | and A is a 

constant, %,e, is independent of r. The ratio test of § i *38 is essentially 

°° \ 

a particular case of this, Z being a geometric progression \^hose 

common ratio is less than unity. \ 

A known divergent series may be used to prove divergence of 

00 

another series. Thus if Z w,. is a divergent series of positive terms 

00 r = I 

and Z Vf possesses the property that > ku^, where k is 

y = I 00 

positive and independent of r, then the series Z also diverges. 

y = I 

n n 

For if denote Z and a„ denote Z Vj., it is clear that 

y =! I y = I 

{s„}, {ar„} are both monotonic increasing sequences. Also > kSn- 
Now as w 00, “> 00 and hence the monotonic increasing 

sequence is not bounded above. Thus 

-> 00 as « 00 and Zv^ diverges. 

00 

1*41. Discussion of the scries Z 

n — I 

This forms an important comparison series. If p> 1 the 
series is absolutely convergent) if p <,1 the series diverges -f 00. 

(a) Suppose ^ = i and the series becomes 

i+^ + _+_+. 

We may group the terms of the series as follows. The first 
group is to contain the first two terms, the second group 2 terms, 
the third group 2* terms, the fourth group 2® terms, ... the wth 
group 2"“^ terms, and so on. Written in this way the series has 
the form 

(l + t) + (ff + t) + (t + T + r +i) + (1 + ^ + . • . + xV) + • • • 

The second group > j. + -J- = i. 

The third group + + | = | 
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nie «th group = . + 


£ 

2 « 


>r^+Tn + 


4. i. = 
2” 2 


since there are 2"”^ members of the group. Thus the sum of n 
groups is greater than 

00 

As n tends to infinity, i + -> 00. Hence U diverges 

« = 1 

to + 00. 

{b) p <1, We may prove divergence in this case by comparison 
with the series S For if p < 1, ~ 

(c) p>i. In this case the terms are grouped as follows: 

The first group contains i term, the second group 2 terms, the 
third group 2^ terms, . . . the nth group 2”~^ terms, . . . Consider 
the sum of the terms in the nth group. 

1 1 L . _ 4. 

2(n-l)p ' 4-1)*^ (2" — 

The terms of the group steadily decrease so that the greatest 
member of the group is the first term. Also there are 2””^ members 
of the group. Thus the sum of the group is less than 

I I 

2(n-i)p “■ 


2^’ 




The series is a geometric progression whose terms are all 
positive and whose common ratio is 1/2*'""^. Since p > 1, 1/2*^-"^ < i 
and so the geometric progression converges. It follows that if 
00 

/> > I, the series E i/n^ is absolutely convergent. 
n = 1 


00 

Examples. — (i) Prove that the series E x^l{i n^) converges if 

n =5 o 

I 4 ? I < I and diverges if \x\ > i. 

Write = x^Ki + n*). Then if | ^ | < i, we have 1 | < 1/(1 4 w*). 

Now — ^ — i < -^5 and since converges, it follows that Ex**l{i 4 n*) 

1 4 w* n* rt* 

converges absolutely for | ^ | < i. 
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Next consider {x \ > i. 


^«4 1 

Un 


L.±-i!Lrjy V = 


«v + * 


Hence 


\x \ > I. Thus the series diverges. 


lim. 
n CO 

It will be observed that the ratio test will prove convergence for 
I I < I but fails in the case | ^ | — i. \ 

(2) Discuss the convergence of the series \ 

j_ + j_ + ± + j. + . . . . ' 

(a) 1 [ p > 1 compare with the series The wth term of the given 

series is i/(2w — i)^. Since i/(2w -—!)*'< iln^, n > 1 it follows that the 
series converges. 

(b) Next consider p — 1. The series becomes 

^ +.... 


3 5 7 2W 


Compare with the series 1+ -3 1 !-••••+ - +•••• 

^ 2 3 4 w 

Now 


^ and since the series diverges so also does 
■zn — 1 z n n ^ 


S -- — . 

zn — I 

(r) Finally if /> < i, i)^ ^ 2 n^— j comparison with the 

case p — 1, the series diverges. 


1*42. A necessary Condition for Absolute Convergence 

The following useful result is due to Pringsheim. We consider 
first series whose terms are all positive. 

Let {ttn} denote a monotonic decreasing sequence whose terms are 
all positive. Then a necessary condition for convergence of the series 
00 

Z Un is that lim. nu^ — o. 

W = I M -> 00 

Write y == [^w] where [x] denotes the integral part of x. 

Then r ^n or ^n — ^ according as n is even or odd. The 

n 

corresponding values of n — r are and ^n + J. If = 2* then 


^ u^> {n — r)u^> \nu^. 

5 = r -f- I 
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If the series converges, then corresponding to the arbitrary 
positive number c there exists a positive integer Wq such that 

I ^n+p — Sn \ < €, n > all positive integral values of p. 

Hence if n > 2«o> I ~ I < < e. 

Thus lim. = o. 

n 00 

If the terms of the sequence {u^} are not all positive, but 
{I 1} is a monotonic decreasing sequence then we can extend the 
result to absolute convergence. For if the series converges 
absolutely then JC | | is convergent and the terms of this series 

are positive. 

Hence lim. n \ \ ~ o and thus lim. = o. 

« oo n-^ CO 

Notice that, in general, the existence of lim. | | does not 

« -> 00 

imply the existence of lim. but it does so in the special case 

W -> 00 

where the limit is zero. 

1*5. Series whose Terms are alternately Positive and Negative 

00 

Consider the series E (— where > o and 

n ~ j 

and lim. = o. 

« -> 00 

Without altering the given order of the terms the series may 
be written in the form 

— U2) + (^3 — W4) + (U^ — W3) + • • • • 

— (wa — W3) — (^4 — ^5) — ("6 — «?) — 

Thus if Sn denote the sum to « terms, 

= («i - Ma) + («3 - ««) + • • • • + («2n-l - «S») > O. 

*4n+l ~ ^ (*^2 *^ 3 ) *^ 5 ) .... (**2n *^2*+l) 

San = ^2n+l '^2n+l 

Thus {San} is a monotonic increasing sequence which is bounded 
above, and hence tends to a limit as n tends to infinity. 

Again San+i = ^ 2 n *4“ ^ 2 n-fi ^ *^ 2 n+i ^ Hence {san+i} is a 


T. A., II. 


3 
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monotonic decreasing sequence which is bounded below. Hence 
it tends to a limit as n tends to infinity. 

Since S2»+i Hn = ^2*1+1 ^md lim. «2n+i = o. it follows that the 

00 j 

limit is the same in each case. Thus the given series converges.* 

Example. — Discuss the convergence of the series 27 ( — i ) **. \ 

If /> > I, I (— I = M-** and since Sn-^ converges, the\ given 

series converges absolutely. 

(h) li p ~ i the series becomes 


I 



The terms are alternately positive and negative, and the absolute magni> 
tude of the terms tends steadily to zero. Thus the series converges. 

It is conditionally convergent; for if all the terms be made positive we 
obtain the scries 


I + ^ -f . . . . 

234 


which is known to be divergent. 

(c) Suppose o<p< I. Write the series in the form 27(— 
where = i/w**. Now 

(n -f I)** / \ ^ nl * 

and since ^ > o, ^ ^ >1. Thus < u^. 


Also lim. — lim. ~ — o, since p > o. 
w -> 00 n -> 00 ” 

Hence the series converges. 

It wiU be observed that in this case also the convergence is conditional 
and not absolute for Zn~^ diverges foro<p< i. 

((i) p o. In this case the scries becomes i— i-fi—i-fi — 

which oscillates between o and i . 

p < o. In this case T/n**-> 00 as n-> ao, so that the series oscillates 
infinitely. 

Collecting results we have : — 

(i) If ^ > I, the series converges absolutely. 

(ii) If o < ^ < I, the series converges conditionally. 

(iii) If ^ = o, the series oscillates finitely. 

(iv) lip < o, the series oscillates infinitely. 

* The test for convergence for series whose terms are alternately positive 
and negative is stated in another form in § 7-97. 
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1‘51. Comparison Test for two Series whose Terms are all Positive. 
Let Un, Vn be the nth terms of two series whose terms are all 

positive. Then if 2un converges and^^ < for all n greater 

Vfi Un 

than a fixed value then Svn converges. Also if ^Un diverges and 
?!z*±l > "!»±i 2Jvn diverges. 

Vn Un 

{a) 2Jun converges and • 

Vfi 

Since the omission of a finite number of terms from a series 
does not affect convergence we can assume that the inequality 
holds for all positive integral values of n. Thus 




+ ^2 4 - ^3 + r ;4 + . . . 


^3 ^ ^3 
^2 «'2 



= — (Wi + ^2 + W3 + W4 + . • . .) 

Since vju^ is a constant it follows that converges. 


(b) Uun diverges and 


Vn u. 
Vn, 

Thus 


Uo 


^ — !!2 > 

< f a «*’ 


fi + W2 + f 3 + i** + 

Vi Vi Vj / 

Vi V 2 Vi t»3 1>, 

^ „ /, 4 - “* 4 - -I- . -« • -* + 

= —(«!+ «j + «3 + *^4 + ■•• •) 

Ui 


•) 

■•) 
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Since is constant and diverges, it follows that 
diverges. 

1*52. The Binomial Series. 

Consider the series 


2 ! 


+ »(«-!) (w-2) • • • (w-r+i) _^\ 


r ! 


where n denotes any real number. This may be written in the 
form 

Hr)- 

where is interpreted as meaning unity. If denote the rth 
term of the series, 

«r == (y ^ l) Mr+1 = (”) 

n — r + 1 


Thus 


♦r-f-l 


lim. I I = lim. i\a; 1 = | a; |. 

oo\ \ cx>\\ r /I 


Hence the series converges absolutely when | | < i and 

diverges when \ x\ > i. 

Next suppose that I ;i; I = i. If a: = + i, — i, 

Ur r 

which tends to — i as r tends to oo. Thus beyond a certain point 
the terms of the series are alternately positive and negative. 
Again if n + i is positive and r > « + i, 

n +1 


Ur 


< I. 


Thus in this case | | < | |, so that the absolute magni- 

tudes of the terms steadily decrease. 

To prove convergence it is now sufficient to show that 
lim. I I = o. 
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Write A = « + !• Considering only the numerical values of the 
terms: 

— - = — where k > 0 , r >k; 


. «r , A , , k 

= I H — L > I H — 

Ur+i r 1 —kjr r 


> I + 


r + i’ 


^^r+p-l ^ j I ^ . 

«r+i. " r+p-x 

Multiplying corresponding sides of the inequalities, 

i.;r, > (‘ +?) (' + rri) •■■•(■ + r+f:^) 

> ' + *(r + + ■•■•+ r+j^-)' 

00 I 

Since the series 2 * ~ diverges to + oo, it follows that the sum 

y = I 

^ !-••••+ — ^ tends to oo as ^ cx). Thus 

r ' r + 1 r +p — 1 

— — >00 as ^ 00. 

Since Ur is a fixed number different from zero, it follows that 
this can only be true if lim. ^^4.^ = o. It follows that lim. == o. 

^ 00 r 00 

Hence the binomial series converges for w + i > o, when ^ = i. 
When n + I = o, the (r + i)th term becomes 

xr, 

and the series i — i 1 — i + . . . . Thus in this case the series 
oscillates finitely. 

If « + I <0, - -- = I + - when ^ = — (« + i) > o. In 

this case it is clear that cannot tend to zero as f 00, so that 
the series will not converge. 
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Finally consider the case in which a; = — i. In this case 


lim. = I, so that the terms are ultimately of the same sign. 
r->oo «»• 

In the argument given below we assume the binomial expiinsion 
for lx 1 < I. Thus 


The convergence of the expansion on the right has been proved 
above for \ x \ < i. \ 

We compare the series under discussion with the series Sijr^ 
which converges for /> > i, and use the theorem of § 1 - 51 . 

^r-n ^ j i' J 


Again 


*r4-l 


rv 

(I + r)" 






is true provided 

^ j- < I - 7 + 21 • 72 + 


^ 2! r 


Now the expansion on the right beginning with 


~P(P + i) 
2! 


I 

r 


I ^ a a 

is of the form where 27 is a convergent series. If its 

f Q O 

sum is cr we have n i> p — ajr. Since lim cr/r = o, the con- 

00 

dition becomes in the limit, n + 1 > p. 

But for the convergence of 27i/r^, p > 1. Thus the condition 
reduces to w + i > i, i.e, n > o. Hence the binomial expansion 
converges for = — i if « > o. If « = o there is only one term 
in the expression. 

It should be observed that there is no question of convergence 
in the binomial expansion if « is a positive integer as in this case 
there are only a finite number of terms. 


1‘53, The Exponential Series 

The exponential expansion is the series 


i + ^+Ji+.. 


^n\ ^ 


00 

. .= S x^/nl 
«==o 
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We now prove that the expansion converges absolutely for all 
values of x. Let denote the wth term of the series. Then 




Hence 


lim. 
n-> GO 


«n+l =x”ln\, 

^n+1 


= lim. 

= 0. 

00 ^ 



X 

n 


Thus converges absolutely for all finite values of x. 


1*54. The Logarithmic Series 
This is the series 

X + lx^ + Ix^ + 


00 

E x^jn. 


We now prove that the series converges absolutely if \x\ < i, 
converges conditionally when x z, and diverges when \ x\ > i 
and when x = i. If denote the wth term of the series 

“«+i ^ x”*-^/( n + 1) ^ n_ ^ ^ ^ / j _ I Y 
u„ x^^jn n + 1 \ n + i) 

lim. =lim. 1*1 = |*|. 

W ->00 W “>00 TO-^I/ 


Hence the series converges absolutely when \x < i and 
diverges when | | > i. 

When % = I, the series becomes i + i+ J+ i + .... which 
is known to be divergent. When i, the series becomes 

I’-'i+J — i + - which is conditionally convergent. 


1*6. Multiplication of two absolutely Convergent Series 

00 00 

Let E E Vn denote two absolutely convergent series whose 

n ~ j n — I 

sums are U and V respectively, and let and V* be the sums of 
the series 2'|w„|, E\Vn\- We can represent the terms of the 
product in the following scheme. 

WjVi U^V^ UjV^ .... 

t t t 

MjVl -> «,Vs Mgt'« .... 

t t 

^3^2 ^3^3 ^3^4 • • • • 

t 

U^Vi -> W 4 V 2 ^ ^4^3 .... 
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Consider the series formed by taking groups of terms in the 
order indicated by the arrows. 

«i*'x + + “a^'s + “1^3) + 

n n I 

If U„ = H Vj., then it is easily seen that thie sum 

r = I r = I \ 

of this series to n terms, each group being counted as a single 
term, is U„ F«. \ 

Now suppose the brackets removed. Then it is clear thai the 
sum of the finite number of terms considered is less than U' V\ for 
all values of n. Hence the series 

WiVj + 4- ^^3^2 + 

is absolutely convergent. Thus the order of the terms may be 
rearranged without affecting the sum of the series. In particular we 
can express the series in the following way: — 

^1^1 + + u^v^) + {u^v^ + ii^V^ + U^V^) + 

Hence if + u^_^v^ + . . . + u^Vn-i + 

00 

UV = S w„. 

n = t 

Application to Power Series. — series of the form 

00 

n =-= o 

i,e, ag + a^x + aoX^ + a^x^ + ....+ a„x^ + . , . . 
where a„ is independent of x is called a power series in the 
variable x. 

00 00 

Let £ a^x^, Z h^x^^ be two power series which converge abso- 
n = o w = o 

lutely to A and B respectively for a certain range of values of x. 
Consider the product AB = (E a ^x"^) (27 

From the theorem on the product of absolutely convergent 
series it follows that the product (27 a^x^) (27 h^x'^) can be arranged 
in ascending powers of x to give a series which converges absolutely 
to AB. Thus 

== aJbQ + («i&o + + (« 2 ^o + + ^0*^2)^^ + . . . . 

+ {anh + + + GLiK-1 + «o6n)^” + • • • 

/. AB^ Ec^x^, 

where = a^bo + «n-i + + 
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1*7. Expression of a given Series as the Sum or Difference of two 
Series 

00 

Let S Wn be a series which converges to W, and suppose that 

w = I 

can he written in the form ^^here S u^ and S both converge. 

Let U and V be their sums respectively. Then 

CO 00 CO 

E Wn~ Un+ E v^, i.e. W — U V, 

«=i n — 1 n — 1 

It should be observed that what we are proving here is that 

00 00 00 

^ (^n + ^'n) -= ^ ^n+ ^ (i) 

n — 1 n — 1 W"i 

If we were dealing with series which contained a finite number 
of terms the result would be obvious. But in the given case there 
are an infinite number of terms, and it is important for the student 
to realise that an argument which is valid for a finite number of 
quantities may be fallacious for an infinite number. 

It will be seen that under certain conditions (i) is false. 

To prove the result under the stated conditions write 

n n n 

S„= 2 Wf, S„' = Z Ur. S„" = S Vr- 

r — \ r — i r == 1 

Then for all values of n we have s„ — s„' + s„". 

Since s„ -> W, s„' -> U, s„" -> V, it follows that we can find 
numbers «o> ^2 depending on e, such that 


i Sn — W" 1 < e, all n > Mo (ii) 

< €, all n > Wi, (iii) 

I — V \ < €, for all > ^2 


Let N be the greatest of the three numbers Wq, Wj, Then 
the inequalities (ii), (iii), (iv) are true for all w > N. These in- 
equalities may be written in the forms 



IV — e < s„ 

<W + e 


U-€ <s„' 

<U + e 


V-e <s„" 

< K + e. 

Then since s„ 

> 

+ 

II 


W -e 

Sj) — Sj, 

<17 + e+ I' + «. 

. If' + « 

> == S„' + So" 

>U-t + V-€. 
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These two inequalities may be written in the form 

- U -V < 3€. 

Since c is an arbitrary number this can only be true if 

W - U - V i.e. W = U + V. I 
Similarly it may be proved that if 2* 2 converge to U 

and V respectively, and then \ 

== 2w„ - 2v„, i.e. W =:=:U -~V. \ 

Clearly the argument will extend as follows. \ 

Let Wn — Then 

provided each of the series on the right converges. 

Note , — If we consider the case in which it will be 

seen that the argument will fail if 2 and 2 do not converge. 
It is easy to arrange that 2 converges while 2«„, Ev^ diverge. 

00 j 

Thus consider the series 2 , , . 

„ _ ,2» (2M- I) 


2W (2W--l) 2n - I 


Also the series 2 ^ : is absolutely convergent. For 

^ I 2« (2W - I) ^ 

compare with the series E^, The terms of the given series are 
positive and 


But the series 2- 


2 « {zn — 

— , 

— I 2n 


i.e. the series 


i+'F + g- + -- -'; 4' + T + ff + .... 

are both divergent, as is seen by comparison with the series 2 - 
Thus the equation 

oo i jv ^ X ooj. 

£ / — t i) == z 2 


is meaningless since the right hand side is oo — oo. 

This example illustrates the necessity of exercising care in 
decomposing one infinite series into two or more different series. 
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17L Theorem on Sum and Difference of Two Series 

In the argument for the case we have the equation 

Sfi = Sn + Sn'- Suppose that all we know is that two of the three 
quantities tend to limits as « cxd. Is it possible under 

these conditions that the third quantity does not possess a limit ? 

To make the argument precise suppose that lim. = W, 

« CO 

lim. s„' == u, and that we know nothing about lim. Then 
n -> 00 n CO 

if € denote an arbitrary positive number, 

W — € < < W all n > Uq 

u — € < s,/ < u + €, all n > Wi- 

If N denote the greater of Uq, n^, then these inequalities are both 
true for all n N. Now 

“ ^n'; 

Sn' > w — € — {u -\- €) W — U 2€ 

and s„" < W + € — {u — c) = W u + 2€; 

/. — 2€ < s/ — IT + w < 2c, 

i,e. \ Sn W u \ < 2c for all n > N. 

From the definition of a limit it follows that lim. s^ — u, 

n 00 

Thus the limit of s^'" exists. 

It follows that all the conditions in the statement of the 
theorem of § 17 are not necessary, and it may be stated more 
precisely as follows: Let Uu^, be three series such that 
w'n = ± ^n. Then if two of the three series are convergent, 

then the third is also convergent, and 

Ew,, = EUn ± EVn. 

This^ theorem is used frequently in dealing with examples on 
expansions in series. 

1*8. Some Properties of Power Series 

We now give a proof of the two following important theorems : 

1. If Ea^x^ denote a power series which converges to f(x) for 
I X 1 < A then there is an interval of x inside the range A, A) 
in which f (jx) never vanishes except possibly for x ^ 0. 
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2 . If two power series SanX^, both converge for \ x \ < X 

and ifl^OnX'^ = I^bnx"^ at all points satisfying \ x \ <f^, then ao == bo, 
ai = bi, 02 = b2, ... On = bn, •• • and the series are identical. 

This is known as the theorem of identical equality between power ^ries. 

(i) Let Xq be a value of x such that | | < A and Write 

1 ^0 I = ^o» 1 ^ I = ^ < ^0* 3.nd suppose that Oj, is the first coefficient 
in the expansion Za^x^ which is not zero. \ 

In the argument we make use of four properties of a modtdus. 
Thus if a and b be any real numbers \ 

\a+b \ <\a \ +\bl \a -b\>\a\^\bl 


ab \ — \ a \ \ b \, 


The first result has been used before, and the student will easily 
see that the other results are true. 

To prove that f(x) does not vanish in a certain range it is 
sufficient to show that | /(a;) | > o at all points of the range. The 
method of doing this is to arrange so that the first term which does 
not vanish, viz. aj^^, shall dominate over the remaining terms of 
the series. 

Thus it is first necessary to approximate to all the terms after 
aj,x^. Write f{x) = aj^^ + g{x), where 


g{x) = + . . . 


/ 

X \ 


f X\ 

3)+2 

g{x) 1 = ( 

-) 

XqJ 


tj 

) +... 

. . X 

jp+i 

1 1 

X 1 

2^+2 

< - 
^0 

+ 

io 

+ . . . 


Since all the terms of the series are finite and lim. | a^o“ I — o 

n 00 

for convergence, there exists a finite number A independent of n 
such that I a^xf^ | < ^4 for all values of w. Thus 
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since the series in brackets is an infinite geometric progression 
whose common ratio lies between o and i. Hence 
I g(x) I < Ar’>+^lro»(ro — r). 

Since f{x) = + g(x), 


I /{x) I > I I - UW 1 > I I r” 


ArP^i 

’'o” (»'o - »')’ 

Now assume that a; + o so that r > o. Then in order to show 
that I f{x) I > o it is sufficient to prove that 


yP. 


> o. 


(^0 - 

Since r > o, > o, — r > o, this is equivalent to showing that 
I 1 (»'o - »■) >'o’’ - Ar 


> 0. i.e. r(A + \aj,\ < | a, | 


Hence if 




we have 


l/(*)|>o. and the only possible zero is = o. 


(2) Write f{x) ~ Ea^x'^, g{x} = Eb^x^. Since both series con- 
verge for I a; 1 < A it follows from § 171 that 

/(*) - S(x) = S{a„- b„)x«, \x \ < A. 

Since f(x) — g(x) = o for | a; | < fM it follows that 

^ {«n ■ = 0, 1 ^ I < ^ 

where v is the smaller of the numbers A, /x. 

CO 

Write Cn = an — bn. Now the series E CnX^ is never zero in 

M ^ o 

a range — <x < where o < I'j < v except possibly at a; = o. 

If ^ = 0 the series becomes Cq, and since /(o) = ^(o) it follows 
that Cq = 0, i.e. Uq = b^. Suppose then that x 4: o; then 

00 

E CnX^ = O, O < 1 % I < Vj, 

M = I 

which is a contradiction unless all the coefficients are zero. 
Thus an == bn for all values of n. 


Ex. If Z.^2| = <*0 + -f ... to 00, where \x\<z 

prove that a©* -f + »2* + • • • ^ [Madras, B.A,] 


Replace x by ~ . Then 


a-)a^ 


Sa^. 
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Thus the constant term of the series on the R.H.S. must be unity. It is 
easily seen that this term is the infinite series Ea^. 

1*8L Odd and Even Functions 

A function / (x) is an odd function oixiif(—x) = — 
f(x) is an even function \i f (— x) — f (x). In other 
function is odd if the effect of the substitution of — - for x chahges 
the sign of the function, while the function is even if the substitu- 
tion leaves the function unaltered. Thus o^, x + x^ are odd 
functions, x^, x^ x^ are even functions, while x + x^ is neither 
odd nor even.* 

Suppose that / (x) is an odd function which can be expanded in 
a power series of the form 

fix) = aQ + a^x -f- a^x^ -f . . . -i a^x*^ -f . . . 
for some range of values of x. Since f (— x) --- — / (x) it follows that 
— / (a;) = — a^x + a^x^ — . . . + 4 . . 

i.e. f(x) = —aQ + a^x — a^x^ + . . . -t (— + . . . . 

From the theorem on identical equality of power series it 
follows that the coefficients of corresponding powers of x are equal. 
Hence 

(- =- a,,. 

If n is even, i.e, w — i is odd, (— - i, and 

- i.e. == O. 

Hence the expansion in ascending powers of x contains only odd 
powers. Similarly it may be shown that if / [x) is an even function 
the expansion has the form 

that is, the expansion contains only even powers of x. 

1*9. Double and Repeated Series 

Suppose we have a sequence of numbers v^, v^, ... v^,, . . . 
each of which is defined by an infinite series, 

00 CX) 00 

Vj = .27 u^Q, v^ == 27 • • • • » ^^2) ^ • • • • 

q^i q^i 

* Observe that we must exclude the use in which / (x) is identically zero. 
For in accordance with the definitions, f {x) ^ o would be both an odd and 
even function. 


fix), While 
words,' the 
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If we consider the sum of the series 

00 00 00 
V — U Vp = £ Upq) 

/>==! I 

we have what may be called a repeated series. A question which 
poses itself immediately is “under what conditions can the order 
of summation be reversed/' t,e, if we consider the repeated series 

00 00 00 

2 : (S Upg) ^ 

q:^i p=zi q=^i 

does it converge to some number W, and if it does, is = F? 

We are thus led to the consideration of a lattice or rectangular 
array of numbers as follows : — 

Wjl + %2 + + * * • H' + • • • 

+ W21 W22 + W23 + . . . 4 * Wgd -t- • . • 

4 " ^31 “1“ W32 + W33 + • • • + 'fhq + • • • 

+ 

4 " 4 " 4 " ^p3 4 “ • • • 4 " '^pq 4 " • • • 

4 - 

The first number in the suffix refers to the row, and the second 
to the column so that Up^ is the ^th member of the ^th row. 

This array of numbers forms a double series and it is first 
necessary to postulate what is meant by its sum. Let Spq denote 
the sum of the terms contained in the first p rows and the first of 
columns. Then, in accordance with the Pringsheim definition, 
the sunx is s where s = lim. $3,^, where p, q tend to infinity 
independently. Stated precisely, this means that given c, we can 
find a number N such that ior ^p > N,q> N, 

I s — s, < €. 

As in the case of ordinary series the number N will depend on €. 
The general condition of convergence now becomes 
I ~~ ^j)a I < ^or all r, s where r>p>N, s>q>N, 

In terms of the elements of the rectangular array, the sum of 
the elements between the two rectangles defined by r, s and p, q 
must be numerically less than c. An immediate deduction from 
the definition is that a necessary condition for convergence is that 
lim. Up^ = 0 as g' tend to infinity independently. It does not 
follow that lim. Up^ = o or lim. == o as is easily seen by 

CO q-^ CO 

considering Up^ — + ijq^. 
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In the early part of this section reference was made to repeated 
summation. Suppose we first form the sum of a row giving 
00 00 00 00 

= 27 and then form 27 or 27 ( 27 = V, Jhis is 

/>=i q=i 

called summation by rows of the double series. 

In a similar way we can first sum a column giving 

00 00 00 \ 

and then form W — L w^ — E ( 27 This is called 

^ = I q^i 

summation by columns of the double series. Observe that each of 
these summations may be represented as a repeated limit. 

If the double series converges in the Pringshcim sense it does 
not necessarily follow that the sum by columns or the sum by 
rows exists. It has, however, been proved that if the double series 
converges in the Pringsheim sense to a number s and the sums by 
rows and by columns arc convergent, then 

00 00 00 00 
s ^ E (27 Uj,f) 27 ( 27 

P — 1 q 1 p — 1 

If, however, the double series does not converge it does not 
follow that the sum by rows is equal to the sum by columns even 
when both are convergent. The theorem quoted proves, however, 
that convergence both by rows and columns to the same sum is a 
necessary condition for convergence of the double series. It is, 
however, not sufficient. 

The following two series illustrate the points made. 

(i) The series Euj,^ where u^,^ —u^^ = a, « 

ior p, q > 1, Uj,q o iov p, q > 2 converges but the sums by rows 
and by columns are not convergent. 

First set out the double series as a rectangular array. 

a 4" ^ ~f" ^ ^ “f" ^ “I" 

-f- a — a — a — a — a — 

-j- a — a 4“ u -f* ^ “l~ 

+ a — a + o + o + o+ 

^ ^ O **}" U “f“ 
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Now Sii = a, — 2a for p, q'> x. 

Hence lim, 5 ^^ = 2a and the double series converges to 2a, 

p-> oo 
q~> oo 

00 00 

Write Vp = U = S Uj,^, Then 

^=T 

= + 00. 00, Vj, for /> > 2 ; 

ze'i — 00, W2 — — 00, Wg ~ o for q > 2. 

Hence the sum by rows and the sum by columns are both 
divergent, although the double series converges. 

(2) Consider the double series defined as follows: — 

Uj,^ ==^2a, p =q', Upg = --a, q=^p±2] = o for other 

values of p, q. Then the series converges by rows and by columns 
00 00 x> 00 

and Z ( E Upg) — E ( E but the double series does not 

p zrz I q ^ I q — \ p — 1 

converge. 

Setting out the scries as a rectangular array we see that the 
elements of the principal diagonal, i.e. ^22, ^33, ... are each 
equal to 2ay while the terms in parallel lines distant two from the 
principal diagonal are each equal to — a. All other terms are zero. 


K 

\fo 

, —a ’ 

,+o \ 

..+0 \ 


J\ +0 ’* 


\ 

•..+o\ 

— 


.+ 

L. — 


.. 4 - 2 a’- 

...+o\ 

. —a\ 


1 +^- 

, —a\ 

...+o\ 

. 4 - 2 a’** 

.„+o\ 


k +0 \ 

... +0 ■•••, 

— 






T. A., n 


4 
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00 00 C30 

Writing v„= H w„= Z F = Z v^, 

q=i p=^i p^l 

00 

W = Wq, we have 

q:==l 

Vi = a, V2 = a, Vj, — o for p > 2; 

Wi =: a, W2 ~ a, = o for q > 2, 

Hence V === 2a, W — 2a, and hence V = W. A necessary 
condition for convergence of the double series is lim. =0 as 
p-^ 00, 00 independently. Since Uj,jy = 2a, lim. Uj,^ 4= 0 and 

hence the double series does not converge, although the sum by 
rows and the sum by columns are equal. 

1*91. Rearrangement of Terms of a Double Series 

Two types of rearrangement have already been considered — 
summation by rows and summation by columns. Two other 
convenient arrangements, summation by squares and summation 
by diagonals are illustrated in the diagrams. In {a) the rearrange- 
ment can be represented by 

00 

+ (^21 + ^22 “ 1 “ ^12) 4 ^ (^^31 "f" %2 4 “ ^33 4 " ^23 4 “ ^3) + . . . = ^ A„ 

n == I 

where = U^i + Un2 4 " • • • 4 '^nn 4 “ ^n-ii n 4 * • • • 4 ~ 4 " "^In- 



{ a ) Summation by squarc.9. 
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{b) Summation by diagonals. 


In ( 6 ) the rearranged form is 

00 

«u + («a + M12) + («» + «22 + ««)+••• = -S’ Mn where 

n=i 

Mn = ^nl + ^n-V 2 + ^n-2* 3 + • • • +^2» n-1 + ^n- 

In both cases the double series has been converted into a single series. 

Such rearrangements are of little real value unless their effect 
on convergence is known. In the case of a single series the terms 
can be rearranged in any order without affecting convergence or 
the sum, provided the series is absolutely convergent. A similar 
result holds for double series, where by definition, the series is 
absolutely convergent provided Z\u^g\ converges. 

The following results hold for absolutely convergent double series, 
in particular, for convergent series whose terms are all positive. 

I. The sum of the series is unchanged by any rearrangement of 
the order of the terms. 

II. Convergence of the double series implies convergence of all the 
rows and all the columns and 

S (IJUpg) = 2! {UUpg) = S Upg. 

p q q p P.q 
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III. If is an absolutely convergent single series then the 
double series Uuj/Uq is absolutely convergent. 

It was proved in § 1*41 that the series 2 Jn~o- converges abscjlutely 
for a > I. Hence the double series U converges absolutely 

for a > I. P>^ \ 

IV. If U = Zun, V = Zvn are absolutely convergent single ^series 
then the double scries Zu^Vf^ is absolutely convergent and Zuj^v^ =\UV. 

Thus since the series Zn~o^ converges absolutely for a > i; the 
double series Zp-o-q~P converges absolutely for a > t, > i. ' 

The multiplication of absolutely convergent single series has 
already been considered in § i-6. Here the terms of the product 
were represented in the form of a rectangular array, forming a 
double series, the terms being grouped together as in the mode of 
summation of a double scries by squares. In the case of the 
00 00 

power scries Z a„x^, Z b^x^ the product was written- as 
n ~ o 'ti o 

00 

E c„x’' where c„ == a„b„ -f + f + aoh„, cor- 

n—o 

responding to diagonal summation. 

A further example of a rearrangement of the terms of a double 
series is provided by the substitution of one power series in another 
power series. We first observe that if a power series converges 
for a non-zero value of the variable it converges absolutely for some 
finite range of the variable. 

00 00 

Suppose that z = Z b^y^ for | y | < /x, and y = Z a„x'^ for 
n = o n =0 

1 % 1 < A, A and /x being positive numbers. 

If we substitute the second power series in the first and rearrange 
the terms in powers of x we obtain a new power series of the form 
00 

Z cgxi. The problem is to determine whether there is a range of 
y =• o 

00 

values of x for which z ~ Z 

f~o 

Consider first the separate terms of the power series in y. Then 
in accordance with § i-6 we can apply repeated multiplication and 

00 

write 6^” == Z provided | < A. Hence % can be 

f == I 

written as the sum by rows of the following double series. 
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+ ^10 + ^ 11 ^ 4" ^ 12 ^* + 4" ■ • • + 4 * • • • 

4- &20 4- b^x + 4- • . ■ 4- 4 • • • 

4" ^30 4" bj^x f- b^^^ -}- b.ji^ - 4 • • • 4" b^^’’ -i . . . 

+ 

"4 ^no 4“ bf^■^X “4 4~ ^7*3^^ "4 • • • “4 “ • • • 


If we write Co=b„ + J,o + 630 i' ■ ■ • . 

— ^ir 4- ^2r 4' ^ar 4 • • • . ^ >1. 

oo 

then the series U Cj.x'^ is the sum by columns of the double series. 

r --- o 

00 

Hence, in order to be able to state that z — U c^x'^ it is necessary 

y ” o 

to show that the sum by rows is equal to the sum by columns. This 
will certainly be the case if the double series is absolutely con- 
vergent. It can be shown that provided | qq | < ^, then there 
exists a p)ositive number k, depending on A and /x such that the 
double series converges absolutely for \x \ < k. Under these 
conditions the transfoimation is justified and we can write 
00 

z ^ I (Xq I fji, j ^ j A’. 

r — o 

A case of particular interest arises when the series converges 

for all finite values of y. The transformation can then be made 
provided | a; | < A. 


EXERCISES I 

1. A and are two positive quantities and ~ A/(i -f Prove 

that the limit of the sequence exists and that its value is the positive 
root of the equation + at — A — o. 

2, Show that the infinite series 


I -f mx + ■ 


m {m — i) (m 


-f ... 


is absolutely convergent for | at | < i but divergent for | at | > i for any 
value of m not a positive integer or zero. 
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Show also that 


I — J + i — J + 
is convergent, but not absolutely convergent. 


[N.Sc,] 


3. Examine the behaviour of the sequences {«„}, {6^} where 

an = (~ i)"W(2w - i), = » + (~ ir2w. 

4. Prove that if the sequence {a«} is monotonic increasing, so 
the sequence where 

= (^1 + ^*2 + • • • + « n )/ w . 

What result can be deduced if is monotonic decreasing ? 



5. If o < a < I show by considering the sequence {A„} where 

(i — a) that the sequence where /x* = (i — a“)/n, is mono- 
tonic decreasing, and deduce the inequality 

na*^-^ (I — a) < I — a** < n (i — a). 

Show that the following series are convergent under that stated con 
ditions; 

6. I + + i** + i** + . . . + ^-^**"“* + . . .. I * I < I. 


2* 

1+X+—X 




00 

8. S { - — I ) 1, all finite values of x, 

« = I 


9. 


10. I 


27 Ar*"/(2«) !, all finite values of x. 
ft — o 

^ a. ^ a. 4 . 4 - 

■ ^ I*. 2* {(n -"i)rn !}* 


all finite values of x 


”• * + -I./+ I. 2 .y(y+ I) 


4. 4. "(q + I) ■ • • ( g + « - 1) p (j ? + 1 ) • • ■ ( g + « — I ) ^ 

« ! y.(y + 1) (y + 2) . . . (y + n - 1) 
provided ] ;r | < i and y is not a negative integer. 

00 

12. Show that the series 27 il{x — na) diverges for all finite values of ;r. 
n = 1 


13. Show that ii Uf^ > o then 27 converges if Urn. ^/Un < 1 and 

« == I n 00 

diverges if Urn. > 1. 

n -► 00 

[Tliis result is frequently referred to as Cauchy's test for convergence.] 

14. Prove that the sum of a million terms of the series i -f J + i + . . . 
is less than 21. 

15. Prove that a conditionally convergent series may be converted into an 
absolutely convergent series by the insertion of brackets. 
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QO CO 

t6. Prove that the series i 7 i: are absolutely convergent 

« = o M = o 

for all values of x, and show that their product is unity. 

17. Prove that the series 

4. I . __JL_4. ^ , 

(x — o)^ ^ {x — 2a)* ^ (x — 3a)* ' ‘ ‘ (at — na)^ "^ * * * 

converges for all values of x except the values -v == a, 2 a, 3 a, 40 . . . ra ... . 
{r any positive integer). 

18. If in the series a^x -f a-^x'^ + . . . a^x” + . . . 

Lt I I _ I 

w 00 1 1 - A 

prove that the series converges absolutely so long as | | < A. 

19. State precisely what is meant by saying that a series is convergent, 

and prove directly from your definition that i^3“” is convergent, and is 

not convergent. 


20. Numbers U2, Wg, . . . are defined in terms of by 

u^+i = aw,* 4- 2&W, -j- c. 

Prove that if a certain condition is satisfied by a, 6, c, it is possible to 

determine w, by using the substitution w, — /.v, -f m -f where Ar,4.i = at,®, 

and /, m, n are constants depending on a, b, c. Hence or otherwise 
express «, in terms of Wj when a = i,d~2, c — o. [Camb. Sch.] 

21. Show that the series 

I , I I , I I , 

14-^ 2 24-.^r^3 3 +^ 

is convergent, provided that x is not a negative integer. [Camb. Sch.] 

22. A sequence of numbers u^, u^, u^, . . . is defined by the relations 

Wj == a 4 * i 5 , w„ = a 4 - /5 — n > i. 

Show that, if a > /S > o, w„ = (a"+i — i 5 "+i) 7 (o" - ]8«), 
and determine the limit to which w„ tends as n tends to infinity. 

If a = > o, find a formula for w„, and determine the limit to which w^ 

tends as n tends to infinity. [M.T.] 

23. If c, Wj, . . . > o, prove that the series 


00 

1 

ft =i 


I 



00 

and £ 

w = I 


I 

oTTc 


are both convergent or both divergent. 


[Camb. Sch.] 


00 ^jn -2 

24. Show that the series £ is divergent. 


25. Determine the real values of x for which the following series converge: 

(i) Sn» {X - i)». («)* + ** + *’+«“ + •••. 

1 

(iii) sin 4r 4- sin 5Mr 4- sin 3;r 4 - . . . 


• •» 


[M.r.] 
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26. Taking 3-14159 as an approximation to tt, find by means of continued 
fractions a sequence of six rational numbers with the property that each 
member of the sequence is a closer approximation to n than those numbers 
which precede it. 

27. Find the double and repeated limits of the following double sequences 
when p and q tend to infinity. 


(i) = 

= - + 

P i 

(ii) = ( 

-■1-0+;) 

(iii) 

_ P 

(iv) = 

pq 

P 



28. Prove that the following double series cannot converge absolutely. 



\ + 

1 

+ 

+ 

I 

^4 

+ 

I 

2“® 

+ 

1 

2» 

+ 

I 

215 

+ 


I 

3 



3^' 


3^ 


3" 


3" 



2^ 

24 


2® 


216 


2I2 


2“1‘ 




3 

2* 

+ . 3 ! 

T 2« 

+ 

2® 

+ 

3^ 

210 


3*" 

212 

+ 

3® 

2** 

-f 


1 

2 

7''* 


f 


7* 


7^ 


7® 



2® 

2® 

2® 


2I2 


2la 


2 18 


22*1 


"f* 

i- + 

7 

2® 

T- 29 


7" 

212 

H- 

7* 

2i® 

+ 

7^ 

2I8 

-h 

7® 

221 

-f 


1 

15 

15^ 


15® 


15* 


15® 


15® 



24 - 

2 ® 

212 


2 l« 


220 


224 


228 


+ 

? + 

15 

2 » 

^ 2I2 


15® 

2 »« 

+ 

15* 

220 

+ 

15 *^ 

2*24 

■f 

15® 

228 

-1- 


Find the sum of the series by columns and prove that the sum by rows 
does not exist. 

29. Prove by direct substitution that if 

00 r 00 

s- 2: and « S {- i)'-' 

Y — o r = I 


then 


00 

I + ^ 

r = I 


n (n ~ 1} (n — r -i- 1) 
H ' 




30. 

(i) 


For what values of at are the following series convergent, 


00 

2: 

n ~ o 


A'** __ 

■/{'«* + 1)’ 


00 

(ii) 27 y-,-. ? 


[Land. B.Sc.] 



CHAPTER II 

THEOREMS ON LIMITS AND CONTINUOUS FUNCTIONS 

I N this chapter we consider some general properties of limits 
dealing in the first instance with a variable which becomes 
infinite and then with one which has a finite limiting value. 
From this we pass on to the consideration of continuous functions. 

2-1. Infinite Limits 

There are two cases to consider according as the variable tends 
to + 00 or — 00. The argument in each case is similar. 

Let ^ (n) denote a function of the positive integral variable n. 
Then we know that the following possibilities exist. 

(a) Corresponding to the arbitrary positive number c there 
exists a number depending on e and a number /, such that 
I ff>{n) — / I < € for all w > tiq] 
then <l>{n) / as w oo. 

(h) If corresponding to the arbitrary number N, however large, 
we can find Hq, depending on N, such that 
<l){n) > N, for ail n > 
then (f>{n) ->oo as n od, 

(c) If corresponding to an arbitrary positive number N, which 
may be taken as large as we please, there exists a number Wq, 
depending on N, such that 

^(n) < — N, for all n 
then <!>{%) — 00 as w oo. 

(d) U sls n 00, <l>{n) does not satisfy {a), (b) or {c) then ^(n) 
oscillates. The oscillation is finite if we can find a constant 
A such that I | < ^4 for all values of n. The oscillation 
is infinite if this condition is not satisfied. 

2*1L Notation 

It is sometimes convenient to extend the meaning of the 
symbol If ^(n) and ^(n) denote two functions of n such that 
the limit of {<f>(n) — ^(n)} is i as w tends to infinity tnen in the 
sense already considered we write 

I or <t>{fi) 
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the meaning being that the difference ^(n) — tends to a limit, 
and ^{n) themselves need not tend to limits. 

The ^ Notation. — ^The symbol ^ to denote the numerical 
difference between two quantities has now fallen into morelor less 
complete disuse, having been replaced by modulus signs, 'mus in 
the old notation a meant the actual numerical value of the 
difference a — b. The modern way of expressing this is 1 a V" 6 1- 

In more recent years the symbol has been used in a different 
sense, in connection with the theory of limits. Thus if ^(») and 
^(w) denote two functions of n then by 

<f>{n) ^ lip{n) or ^ lift 

is meant the property that lim. -4^ = I, where / + o. 

The 0 and o Notation. — ^This notation, which has proved of 
great value in modem theory, was introduced by Landau. It is 
essentially a shorthand notation, and care is necessary in its use 
until the student is quite confident that he can express any proof 
in which it is used in ordinary language. 

Let <f>{n) and ^(n) be two functions of the variable n. <f>{n) is to 
have the following properties: 

(i) <f>{n) > o. (ii) ff>{n) is monotonic. 

Thus as « 00 , <f»(n) tends to a limit, which may be zero, or to 

+ 00 . 


(a) Then if there exists a fixed number n^ and a positive constant 
A such that j p(n) j < Ap{n), alln > n^ we write 




(6) And if ^ 
9 


0, as n 


00 we write 

P = 


Examples. — (i) Suppose that ^{n) ~ J (n* + — 2)/(»* -f i). 

Then ^(n) = J {« (w* + i) + (w* -f i) — 3 }/(»* + i) = i — 

Thus lim. {^(w) — }«} « J. 
n 00 


lim. 
n 00 


n 




lim. 

« -t- 00 


m 


o. 
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Hence we have the following results: 

in + J (a) ^(n) r-^in (p) 

^(n) = 0 (n) (y) ^(n) = o(m*) (8) 

It will be observed that each statement gives less information than the 
one which precedes it. 

(2) If k be any constant, 

then kn = 0 (n), hn = 


2 * 12 . Properties of O and 0 Notation 

(a) The symbols 0 {i), o{i) are defined as particular cases of the 
general result. We draw attention to their special meanings 
because of the frequency with which these particular cases occur 
Thus if we assert that 

0(n) - 0(1) 

we imply that | ^(«) | < - 4 , where A is constant. 

Thus 0(n) = 0 (i) merely asserts that ^(w) is bounded as n tends 
to 00. Thus e.g. 


+ I 
— I 


= 0 ( 1 ), 


(- I)" 


n® — 6 
— n® 


= 0 ( 1 ). 


In the first example the limit of the function exists, while in 
the second it does not, for as « 00 the function approaches 

alternately the values + i and — i. 

If we assert that ^(n) = 0(1) we imply that lim. ^(w) =» o. 

« 00 


(6) So far we have defined o(^) only in relation to some 
other function But by an obvious extension of the notation we 
can attach meanings to the isolated quantities By 

we denote any function tp with the property that tp == 0 {<p) 
and similarly for o{p). Thus e.g, the equation 

0(1) + 0(i) = 0(i) 

has a definite meaning. It asserts that if ^i(n), 9 p^{n) are two 
bounded functions then their sum is also bounded. 

Again the equation 0 (i) = o[n) is true because it asserts that 
a bounded function when divided by n tends to zero as « 00. 

Next suppose we have n functions ipi, each of which 

is 0 (i), i,e, is bounded. Then 

I 1 < Ai, I ^2 I ^ • • • » I I 
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where A 2, . . A „ are constant. Thus 

I + ^2 + • • • + I <1 I +1 ^ 2 1 +••• + ! I 

< + .^2 + . . . + Afi < ^^A^ 

where is the greatest of the numbers ^2. • • ^n- 

be expressed concisely in the 0-notation by the equation 

2: 0(i) - 0 (n). 

I 

(c) Sum and difference of two functions. 

Let 0 i=O(^), 02 ^( 0 )* Then 0 ^ |- 02 =^--^ 0(0). 

In particular 

(d) Product of two functions . — The following property is obvious 
from the definition. If 0 i and 02 are two functions, then 

O(0j) 0(02) == 0(0, 02). 

It is clear from the above results that it is possible to develop a 
series of theorems which deal with general properties of the 
symbols. 

2T3. Application to Theorems on Convergence 

Some of the earlier results in Chapter I. on series may be 
conveniently represented in the 0-notation. 

(а) The condition lim. = o becomes == 0(1). (1*32.) 

« 00 

(б) The theorem of 1-35 may be stated as follows: If Eu^ 
converges absolutely and Vn — 0 \ u^] then Ev^ converges abso- 
lutely. 

Again if Eu^ and Ev^ denote two series whose terms are positive, 
and if = 0(w„) then Ev^ converges or diverges according as Eu^ 
converges or diverges. It will be observed that if = <?(«/„) the 
convergence property would follow but not the divergence property. 

(c) Using the series of 1-41 we may say that a series Eu^ con- 
verges absolutely if = 0(w"^“S)^ where S > o. For the series 
En"^ = En^^''^ converges for S > o. Also if > 0 series diverges 
if M„ = 

2’2. Some General Theorems on Limits as « -> oo. 

Theorem I.— Sum and Difference of Two Functions.— 7/ 
^(m) -*■ a and ^{n) -*■ b then <l>{n) ± tfs{n) -> a ■±,b. 
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Let € be an arbitrary positive number. Then there exist 
numbers depending on c such that 

I ^(w) — <2 I < €, for all n > Wq, 

I 0 (n) — ft I < €, for all w > Wj. 

Let N be the greater of Then 

I i(n) + ^(n) — fl — 6 I = I {<f>(n) — a} + {<l>{n) — b} | 

< I <l>[n) — « ( + I ^(«) — b I 

< 2 €, for all n N. 

Since € is abitrary, lim. {<f>{n) + ^(n)) = a + ft. A similar 

n 00 

argument shows that <^(n) — ■ tpin) -> a — b. 

Subsidiary Results. — {a) If <l>{n) a, iff[n) oo or oscillates, 

then <j>(n) + behaves in the same way as iff{n). 

Example.™ <^(w) — ^{n) — (— i)”. 

n 

In this case ™ -}- (— i)” oscillates. 


(ft) If <l>{n) 00, \}s(n) -> 00 then <}>(%) + ^{n) -> oo. 

(c) If <j){n) 00, 0 (n) ™> ™- 00, ^(n) + 0 (n) may behave in any 

way; it may tend to a limit, may oscillate or may diverge. 

Examples. — (i) ^(«) = n^, ^(n) ~ i — <t>{n) -f ^(w) «» i. 

( 2 ) ^(w) — ip{n) = I — <l>{n) + ^(w) — 

(3) “ w, 0(«) — 1 — 

4 - 0 («) = « + I — ~ 00 - 

(4) ^(«) = 0 («) “• (- I)” - w. 

4- *lf{n) = (— i)", which oscillates finitely. 

(5) s= w* 4 - w (— i)", <^(w) = I — n*. 

^(m) 4- 0(«) = I 4 - w (— i)", which oscillates infinitely. 

(d) If (f>{n) and ^{n) both oscillate finitely then + ^(n) 
cither tends to a limit or oscillates finitely. 

Examples. — (i) <l>{n) = (— i)**, ^(n) = (— i)*+^ 

<l>{n) 4- ^(«) = o. 

(2) 4 >{n) « I)^ 0(«) - (- i)«. 

^(«) 4- 0(w) « 2 (— i)", which oscillates between 4* 2 and — 2. 

Other less important cases may be stipulated in which one or 
both of oscillate infinitely. It should not be difficult for 
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the student to discuss in any particular straightforward case the 
behaviour of the sum. 

I 

Eicample. — ^(«) = (— i)"n, 0(») = n (i 4" (— i)**+*} 

^(n) -f 0(«) = w 00. 

The difference — ^(«) may be discussed in exactly the 
same way as ^(n) + 

Theorem II. — Product of Two Functions . — If ^(n)Wa, 
0(n) b then ^(«)^(«) ah. 

Write ^(n) = a + A(w), 0(n) — 6 + /x(w). Then 

<f>(n)il/(n) == ab + a(i(n) + bX(n) + A(w)fi(w). 

I -ab\<\ af.(n) | + | b^n) | + | A(n) j | \. 

Given c there exist numbers such that 

I K'^) I < €, all w > Wo, 

I ix(n) I < €, all w > n^. 

Let N be the greater of w^, w^. Then 
I I < I ^ I C, 1 bX(n) \<\b\,. I A(w) I I I < c* 
for n > N. Hence for all w > iV, 

\<f>(n)ilf(n) — ab \ < € {| « 1 + | ^ 1 + c}. 

Since | a |, | i!!> |, € are finite positive numbers 

I <l>(n)tff(n) — ab\ < 

where .4 is a positive constant. Since c is arbitrary so also is A €. 
Hence lim. = ab. 

M 00 

In particular if ^ (w) = A, a constant, /»0(w) ka. 

The theorem can be extended to any finite number of functions. 
Thus, if “> «!, ^8 -> 02 ^ • • • ap, Ihen 

^i<^2 . . . ^3, -> . . . ap. 

The student should have no difficulty in discussing the various 
subsidiary cases in which ^ and ^ do not tend to limits. 

Theorem III.—Quotient of Two Functions,—// ^(w) a, 

0(«)^6 + 0. ihen-M^^. 

Write ^(w) = a + A(w), tf/{n) = 6 + fi{n). Then 
<f>{n) ® ® ^ _ ^A(w) — Ufijn) 

t[t{n) y 6 + /i(w) 6 6 {6 + 
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Corresponding to the arbitrary positive number c there exist 
numbers such that 

I A(w) I < e, all w > Wo- | ii[n) | < €. all w > Wj, 

Let N be the greater of the numbers Then 

\h{b+ M(n)} I = 1 M I ^ + /-W I 

Since ] 6 | > 0 and |^(n) | < e, where c is arbitrary, we can 
ensure that | b + /x(w) | > i | 6 |. Thus 

\Hb+ f^(n^)} \>i\b\^==k, say. 


Then 


p(n) a 

^ 1 6 A(n) 

+ 1 «/*(«) 1 

“ 6 

16 {6 + ^(«)} 1 


< € {1 6 I + I « |}/^ 


< n > N, 

where ki is a fixed positive constant. Hence 


In particular if <f>(n) 


lim. 

n->oo^(«) b 

A, a constant, Urn. Alilt(n) ==^ A/b. 
n 00 


2*21. The Behaviour of Rational Functions of « as « 

+ . . . + aj, 


00 . 


Write f(n) 


b^n^ + + . . . + 

60 ^ 0 . Then / (n) is the general rational function of n, 
a 


where 4 * 0 , 


Now /(n) = + ^ + . . . + ^ [ft, + h 


+ • 


i.e. /(«) = 


where ^(«) = <*0 + “ + 
n 


I 


+ »•) 


I 


0{«) = *0 + • • • + 

As » -»- 00 , <f>{n) -> * 0 , 0(n) -> K, ^(«)/0(n) -> aJV 
As « -> 00 , M*""® ->■ 00 , iip > q, 
nv-i o, Up <q, 

fiP-q _ iip =iq. 

Hence Up >q, /(n) ->- + oo if a^lb^ > o. 

/(«) — 00 if ajbn < o; 
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Up <q, f{n) o; 

Up =q, /(«) flo/V 


The limit as n tends to infinity 0/ ^ ^ . Now from the 

binomial theorem we know that when n is a positive integei^ 

(■ - :■ )■ 




\ 

I n[n — 1) I . n{n — 1) ...{n—n + i) i 

1 + n, — 1 -j- . . . “h — 

n 2 ! 




n 




+ J)" 


Since i —— < i 
n 


1 

M + l’ 


; ^ < r — I, it follows that 


n('-T) 

increases with n. Since the expansion contains (« + i) positive 
terms, the number of terms also increases with n. It follows that 

( j \ Tl 

j .j \ is a monotonic increasing function of n. Hence either 

( I \ ^ 

14 j tends to a limit or to + 00. Thus in order to show 

that the expression tends to a finite limit it is only necessary to 
show that it is bounded. Now 

(i+i)’‘<i + i + i-+2, + ...+l 


n I 


<i + i + - 4 - 4 ' + -- -+ 

2 2 ^ 


00 


< I + s 


Hence 




is bounded and tends to a limit. This limit 
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is denoted by e. Thus lim. f i + 

Clearly > 2 so that 2 < ^ < 3. 

2 * 3 . Limit Theorems for Sequences 

The first two theorems are due to Cauchy and the third to 
Ceskro. 

(1) Let Uxi U 2 i i/ 3 « • • • • • • denote a sequence of numbers 

such that lim. Un exists and is equal to 1. Then if 

W-> 00 

g 

iSn = + . • . + Mn, Hm. also exists and is equal to 1. 

00 w 

Since Z as w 00, we can find a number n^, corresponding 
to the arbitrary positive €, such that 

I — - € ^ ” 1 ” ^ 

for all w > Hq, Thus ii n > Hq, 

n 

(n — »o) (^ — €) < ^ Ur< {n Hq) {I + e). 

f Wo + I 

Adding S„o ^ H to each term in the inequality and writing 

r = I 

n 

5 „ = 2* Uj., we have 

y isr I 

{n — Hq) (/ — €)+ ‘^no < < (n — Wo) (^ + «) + ‘5»no- 

Dividing throughout by n and rearranging, 

^fiQ _ Wq (/ e) _ ^ ^ ^ ^0 + g) , 

n n " n n n ' 

Observing that is a fixed number so that S^o» ^0 
Wo (Z + c) are also fixed, we can find a positive number A such that 

I ’^wo I < \ riQ (I + €) \ < A, \ {I — €) \ < A, 

Hence €< I < € , n > Wq. 

n n n ^ 

Since A is fixed we can find a fixed positive integer 
depending on € such that for all w > w^, 2i4/w < € and — 2 Aln > — e. 
The inequality now becomes 


T. A., n 


5 
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— 2c < ~ — / < 2c or I — — / I < 2c, all n 

n n ^ 

Since c is arbitrary, so also is 2c. 

Hence lim. — = I. 

Observe that in the above proof we have chosen two definite positive 
integers Hq and Wj, both depending on e. Thus, e.g. maj^ be 
10^®, whereas will, in general, be a much greater number, say lo^®®. 


( 2 ) If {un} denote a sequence of positive numbers such that 
lim. = /, where I is a finite positive number, then the limit 

» -► 00 J 

as n->^ of Un^ exists and is equal to 1. 


Since lim. = / > o, we can find a positive integer n^, 

M 00 

depending on c such that 

/ < /c, or / (i — c) < < / (i + c), all n > 


In this inequality write w = + 2, ... in succession 

and multiply. Then 


/n-n^ < 1 ^-% (i 4 . 

^no 


or 


/”~”o (l — c)^-”o < ~ < /”“”o (l + 


Dividing throughout by we have 


(I - c)”-«o 
1% 


•«no< 


^ (I 

/n„ 


Since (i -- c)^ < i and (i + c)«o > i, (i — c)'*'-”o > (i — c)" 
and (i + c)"~^o < (i + c)” so that the inequality may be written 


A (l-e)"<^<^ (I +«)" 

where A = We observe that A is 2 , fixed positive number. 

Taking the nth root of each side of the inequality, we have 

j 

(i - c) < ^ < ^" (l + «), « > »o- 
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Now lim. j4“ = I since ^ is a fixed positive number 
n-^00 

independent of n. This result can easily be seen by writing 

L i. log I / I \ 

=H--log^+o(-,), 
by the exponential theorem. 

Hence, corresponding to c, there exists an integer such that 

1 

I — € < ^" < I + €, all W > Ml. 

Now let Mg be a fixed positive integer greater than Mq and Mj. 
Then for all m > Mg, 

1 

(I _ e)2 < Y < (I + 

Since c was an arbitrarily small positive number we can assume 
< € so that the inequality can be written 

L 

u ^ - 

I — 3« < -^ < I + 3«. or I M„" — / I < 3/«, all n > n,. 

Since e is arbitrary, so also is 3/e. 

1 

Hence lim. = /. 

n->oo 

(3) If the sequences {«n}, {t>n} are such that lim. «„ = «, and 

j n 00 

lim. »« = V, then lim. ~ («i»« + « 2 Pn-i + . . . + ««Pi) = uv. 

n-*’ 09 n 00 ^ 

Write w „—2 K^n + + • • • + "nPi). u„~u- a„. 

= » — ft«, I «n 1 = I /’n I == -Bn, j « | = //, | V | = F. 

I ** I ” 

Then w „—- S «r*'«-r+l = - (»^ — «r) — K - r + l ) 

, «»-= I 


n ” T ^ 

— 2 J Uy Z K + - S 

^ ^ sss J ^ y ss X ^ y sst X 


Henee 

1 te, — uv 1 < 

- Z 

+ 

u " 

^ S K 

+ 

I ” 



* e =« I 


^ f = 1 
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V “ 


U " 






n 


U 


f ~ 1 

r n 


^ . f . f ^ f 

Since \ u — U B^. = \ v — \ and lim. ul — w, 

r-^ CO \ 

lim. Vr = V, it follows that lim. A,. = o, lim. = o, anc^ the 

r-*- 00 00 f *-> 00 

sequence is bounded so that there exists a number B such 
that Bj. < B, for all r. 

From Theorem I above 

. Ai "j" An -f" • • • ~i” Afi . 

hm. — ^ =lim. An^o, 
n->oo ^ n-^ 00 

lim. = lim. B„=o. 

w-»- 00 W n -► 00 

Hence there exist positive integers such that 

I ^ € I ^ € 

- B Ar< — , all « > Wo, and - E , all w > w^. 

W y _ 1 ^ ^ y — f d LJ 


' r 

Also 




y = I 


27 


As lim. - 2 Aj. = lim. we can find a positive integer Wg 

n -*> 00 f =: I 


27 v4y < for all w > « 2 * 

ft y Y do 


such that 

Hence, if N denote the greatest value of n^, fti, we have 

I 


t,e. 

Hence 


W*' I < + B.^^, 

I — MV I < €, for all w > IV. 
lim. w„ — uv. 


2'4 Some Important Inequalities 

Let m, p be positive rational numbers, such that m > i, o < p < i. 
Then the following inequalities are true: 

(i) OT (* — i) < *“ — I < mx”^^ (x — x),x> I. 

(ii) »» (i — *) > I — *"* > mx”^^ (i — it), 0 < * < I. 

(iii) px^-^ {x — x) < X* — K p {x — t), X > 1. 

(iv) px*~^ (x — x) > 1 — x^ > p \i — x), o<x<i. 
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First consider (i) and let w be a positive integer. Then 
+ . . . + I = (x^ — i)/(x — i), 
i.e. mx^ (x -- i) > x”^ — i. 

Adding m (x”* 1) to both sides of the inequality, 

vWl+l __ J vWl __ j 

m (x^^^ — i) > (w + i) (x^ — i), i.e. ; > • 

m + I m 

Thus the effect of changing m into m + i is to increase the 
value of — i)lm. It follows that 

^ I — I 

> ; X > 1 , m > n > 1 , 

m n 

m and n being positive integers. 

To extend the result to positive rational m, «, write m = qjr, 
n = sjt, where q, r, s, t are positive integers. Since m > n, it 
follows that qt > rs. In order that the inequality be true for 
rational nt, n we require 

a. « 

x^ X x' — 1 
> 

1 £ 

r t 

Write X = y^K Then this inequality becomes 

ydt _ j 3;" — . I 

qt rs 

which is true since qt, rs are positive integers and qt > rs. 

Next consider (ii). If 0 < a; < i, and w is a positive integer, 
^ wx™ < I + + . . . + = (I - - X), 

i.e. m {1 — x)X^ < (i — 

Adding m — x”) to both sides of the inequality, 
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To extend the result to positive rational numbers, proceed as 
in (i). Thus 


I — a;" I 
< 


— provided — 


1 — X* 


qt 


r$ 


Writing x = this condition becomes 

I — A/ffi I _ yrs 

^ < ^ 

qt rs 

which is true since o < jy < i and qt > rs. 

Now write w = i in the results obtained. Then if m is any 


positive rational number greater than unity 

rt”* — 1 > w (jv — * i), X > 1 (i') 

I — AT”* < w (i -- jr), o < % < 1 (ii') 


The remainder of the inequalities may be deduced from these 
results^ Thus in (i') write m = ifp, so that o < p < i. Then 


i) >{x - i)lp, x> 1. 

1 

Now write x^ = y, so that y > i. Then 

P(.y - > (y^ - (iii') 

and this is the inequality required with y instead of x. 


In (ii') write m = ijp. Then i — x* < (i — x)lp, o <x < i. 

1 

o <p <1. Writing y — x” this inequality takes the form 

I - y*” > ^ (1 - y), o < y < I (iv') 


Next in (i') write x — ijy so that o < y < i. Then 


— — I > w 

ym 


{f- ~ I — y™ > »»y*"~i (i 


y). 


Or changing the notation 

I — *” > (i — x), o<x < I, m>i (ii") 

Similarly from (ii') we obtain 

— I < mx!^~\x — i), X > 1, m > I (i") 
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Continuing these inequalities with (i') and (ii') we obtain 
m{x — i) — 1 < mx^~\x — i), x > 1, m > i. 

m(T — x) > 1 — x"^ > mx^~\x — x), o <x <i,m >x. 
Similarly from (iii') and (iv') we obtain 

I > px^\x — i), X > X , 0 <p <1 (iii") 

I — < px^~^ (1 — x), o<x<i, o<p<i (iv") 

Combining these inequalities with (hi') and (iv') we obtain 
px^~\x — 1) < x^ — 1 < p (x — 1), X > 1, o < p < 1. 
px^~\i -- x) > 1 -- x^ > p (1 — x), o <x < X, 0 < p < i. 

Note , — ^The inequalities given above are proved only for 
rational numbers. The inequalities hold strictly for irrational 
numbers, but the precise discussion of the passage to the limit by 
considering irrational numbers as the limit of rational numbers is 
beyond the scope of this book. 

2 * 5 . Powers of Limits 

Let fin) I as n CO, Then if I >0^ {/(«)}* /*", where 

k is any rational number. 

We first observe that if A; is a positive integer the result follows 
immediately from the theorem on the product of limits (§ 2 ’ 2 ). 
Suppose now that ^ is a positive rational number. Then corre- 
sponding to the arbitrary positive number c, there exists a number 
Wq such that 

/ — € < fin) < I + € for all « > «(,. 

Since I is positive we may assume that for n sufficiently great 
fin) > o, so that there is a positive real number defined by /(«)^. 
Thus 

(/ _ ,)fc < {f^n)Y < (i + c)*^. 
i.e. (I - €/ 0 * < {fin)Y </*(!+ €//)* 

Since c is arbitrary and / > o we may assume that 
o < c// < 

Suppose firstly that A < i, then applying the inequalities 
x^ — X <pix -- x), o <p <i,x > 1, 

X —x^ < px^^\i —x), 0 <p <i,x < 1 , 
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(l + e/Q* < I + kejl, (writing ar = i + e//), 

(l — e/// > I — (l — (writing a; = i — e/j). 

Since (i — e/0*-i is finite for o < A < i we may ajssume 
that (l — e//)* > i—Ae, where is a positive constant. fence 

l'‘ (I - A €)< {/(«)}» < 
i.e. — < {f(n)}’‘ — /* < 

Thus there exists a constant B such that J {/(«)}* — f*' | < Be, 
and since e is arbitrary it follows that 

lim. {/(«)}* — 

« 00 

Similarly for the case in which ^ > i. 

Next suppose that k is negative and write ^ =s — where 
h > o. Then 

lim. == lim. = lim. il{f(n)}^ =» i/i*, 

n->oo w-^oo n-»*oo 

since A > o, 

i.g. lim. {/(w)}*' == 

» “> 00 

2*61. Continuous Variable tending to Infinity 

In the discussion in the earlier sections of this chapter it has 
been assumed that w is a variable which tends to infinity through 
positive integral values. Clearly this restriction can be removed. 

Let f(^x) be a function of x, and suppose that the variable tends 
steadily to infinity. Then if, corresponding to an arbitrary positive 
number €, there exists a number X such that | / ( ^) *- M ^ ^ 
all X X, then I is said to he the limit of f{x) as ^ cx). Thus 
f{x) -> / as ^ 00 , 

and this limiting value may be denoted by/(oo). 

The notation adopted for the integral variable n extends to 
that of the continuous variable x. Thus e,g, if we say that 

f{x) - 0{x^) 

we mean that | f{x) | < Ax^ for all x X, where X is some 
fixed positive number, A being a constant. It must be remembered 
in this connection that the equation f(^x) = O(x^) does not imply 
that f(x)lx^ possesses a limit as ->• oo. It does imply, how- 
ever, that f{x)lx^ is bounded as ^ oo. If we wish to assert 
that f{x)lx^ tends to a limit I the result could be expressed in the 
form /(%) rw Ix^. 



Theorems on Limits and Continuous Functions 73 


Example. — Discttss the behaviour as x tends to infinity, of the function 
X — [x], where [x'\ denotes the integral part of x. 

The behaviour of the function x — [x"] is shown most clearly by its 
graphical representation. Write f[x) = — [;r] and consider positive 

values of x. 

Now f{p) = o. For 0 < X < 1, [x] o. Hence for the range 

o < ^ < I the graph of f(x) is the straight line ^ = at. 

When = I, [at] ^ j so that /(i) =* o. Thus the function jumps 
down to the value zero at x i . 

For I < AT < 2, [at] = 1 so that for this range of values of x the graph 
of f(x) is the straight line y = a? — i. 

Similarly for the range « < at < « -h i. where m is a positive integer. 

In this range the function is represented by the straight line y = at — 

In Fig. I the dotted line does not form part of the graph but indicates the 
places where the function suddenly changes its values. The graph shows 
clearly that /(a?) always lies between o and i, and hence f{x) is bounded as 


Y 



.r -»■ 00. But lim. f[x) does not exist. For no matter how large x may 

AT -V 00 

be, it is clear that in the range n<Af<n-i- i, f{x) will take all values 
between o and i. Thus f[x) oscillates finitely as at -> oo. 

NotCr — ^The example considered above belongs to the class of 
discontinuous functions. The precise definitions of continuous 
and discontinuous functions will be considered later. See §§ 271, 
273, 2-91. 

The example also shows that the behaviour of a function 
as the variable tends to infinity depends essentially on whether 
that variable takes all values or only a special set of values; in 
particular if it takes only integral values. 

Thus if f[x) = x — dLtidx takes only positive integral values 
f(x) is always zero, and the limit a^ 00 through positive 
integral values is zero. 

But we have seen above that if ^ is a continuous variable the 
limit does not exist. 

Behaviour as x-> — 00. — In a similar way we may define 
lim. f{x). Thus if this limit exists and is equal to I, then 

Af > 00 
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corresponding to the arbitrary positive number e, there exists a positive 
number X such that for all x — X, 

The limit may be denoted by / (— cx)), 

2*62. Limits as x tends to a Finite Value 

The definition has been given in Chapter I. (§ We 

draw attention to one important point. 

Consider lim. [x + b). The value is clearly a + b. In 
X a 

accordance with the definition of hm. f[x)=^l we consider the 

X a 

behaviour oif{x) in the neighbourhood of x ^ a. The limit is 
a 4- 6 because corresponding to the arbitrary positive number c 
we can find a number such that 

\x + b - a - h\ <e 

for all values of x satisfying o < \ x — h \ <77. 

In this case we can take 77 = 6. The student may well ask 
why not put x^a and say immediately that the limit is a + bV 
This is not legitimate because the statement lim. f{x)==^l asserts 

X a 

a property about the values of /(^) when x differs slightly from a. 
It asserts nothing about the value off[x) when x ^ a. The function 
may not even be defined at ^ = a; even when it is defined the two 
values may be different. 

Consider the behaviour of the following function near x o: 
Let f{x) = [i -- x^], where [i — x*] means the integral part of 
I — When = o, /(a;) = [i] = I so that the defined value 
is unity. 

Next consider the value of f{x) in the neighbourhood of x = o. 
When — I < X < o and when 0 < a; < i, o < Af* < i. 

Hence 0 < i — a 4 < i, [i — =s 0. Thus | f{x) | < c for 
all X satisfying o < | a; | < i. Hence lim. /(a;) = 0, whereas 

J{o) I. 

2*63. Theorems on Limits as x a 

Corresponding to Theorems I., II., III. of § 2*2, we have the 
following results: 
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Theorem IV. — Sum of Two Functions. — If f{x) ->■ a,g{x)-*- p 
as X-*- a then 


Urn. {fix) +g(*)} = a + p. 

X -*■ a 


Theorem V.- 
gix) p as x-i 


-Product of Two Functions.- 
a then 

lim. fix)g[x) = ap. 


-If /(*) -► a. 


Theorem VI. — Quotient of Two Functions. — If f(x) a, 
g{x) j8 as X a, then provided jS + o 


lim, 

X a 


f(x) a 

>(*) i 3 ’ 


We give the proof of Theorem IV. By comparing the methods 
of § 2*2, the student should be able to obtain for himself the 
proofs of V. and VI. 

Let € be an arbitrary positive number. Then there exist 
numbers and such that 


1 /(^) — a I < for all X satisfying o <\x — a \ < 

I g{^) — jS 1 < €, for all X satisfying o <\x -- a \ 

Let be the smaller of and Then both inequalities hold 
for all values of x for which o < | x — a ] < ?;. Thus 

l/(*) +gix)-<i- p \ <1 f(x) - a I -f I g(*) - j8 I 


< 2e, 0 < (x — a) < 7j. 


Hence lim. {f(x) -f g(x)) = a -{■ p. 


2 * 64 . Function of a Function 

Consider lim. fiy) where y = f{x), a function of it. Suppose 

X ^ a 

that lim. p{x) — a, lim. f{y) == p. Then lim. / (y) = p. 

X -* a J'-va X -*■ a 

Corresponding to the arbitrary positive number « there exists a 
positive number rj such that 

for all y for which 1 y — o | < Again corresponding to tj, there 
exists a positive number such that 

IPix) — a\<ij. 
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for all X satisfying o < \ x — a I < 1 , 1 . Thus \f{y) - ^ 1 < c 
for all X satisf 3 ang o <\x — a \ < iji. Hence 

lim. /(y) = p. 

X a 

Example. — Find lim. 

Now lim. BB lim. -f- (wr + a*) = 3a*. 

Write ^ ^ ^ y» Then lim. = (3a®)*. 

^ " y 

Hence lim. — “a ~ ( 3 ®^)** 


2*641. Illustrative Examples 

(1) Find the limit to which (x~^ — a'’^)l{x — a) approaches indefinitely 
close, as x tends to the limit a. 


Now 


X 


i*l! 

a 


a^ — x"^ 
a^x^ (x — a) 


In the neighbourhood of = a, x — a is small but not zero. Hence we 
may divide throughout by — a and the expression becomes — ( a -f x)la*x^. 

Now lim. — (a 4 - x) = — 2a, lim. a^x* 

X ^ a X a 

]im. _(“ + *) 


X a 


(2) Prove that if k is any positive number, the Junction (k^ i)/(A" -f i) 

tends to a limit as n tends to infinity, and that the value of the limit is different 
according as k is greater than, equal to, or less than, unity. [M. 7 '.] 

Cass (i); k > i. — In this case lim. ft” = 00. Now 

« 00 

ft" — I _ I — i/^ 

ft" 4- I I 4- i/ft" 

Also lim. (i ~ i/ft") = I, lim. (i + i/ft") = i. 

« -> 00 « 00 

ft" I 

Hence lim. y-—; — = i. 
n -> 00** + » 


Cass (n); ft = i. — In this case ft" == i and the expression becomes o. 
Since this is true for all values of n the limit as « -► 00 is o. 


Case (hi) : ft < i . — ^Then lim. ft" = o. Thus 
w -► 00 


lim. 


h I 


— I 


\ 


1. 
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(3) Discuss the behaviour as x tends to zero of the rational function 
fix) « -f aiAr»“+i + . . . + + biX^+^ -f . . . 4 - b^^+ 9 '^ 

where a^, b^ are different from zero. 

Now /( at) = («o + + . . . 4 - (i»x^)libo 4 - M + . . . 4 - b^^). 

Also lim. (flo 4 - ^*1^ 4 - . • . + - Oq, 

X o 

lim. (6o + M + * • • 4- b^^) =r 6o- 
X o 

lim. {(«o 4 - 4 - . . . 4 - a^x^)liK 4 - 4 - ... 4 - &«^«)} = flo/^o- 

X o 

Case (i): m — n> o, i.e. m > n. Then 

lim. ;r*"“** = o, so that lim. f{x) = o. 

X -> o X o 

Case (ii): m ^ n. Then 

^m-n I and lim. fix) — a^lbo. 


Case (hi): nt ^ n < o. Write w — n = — A, so that = i/x^ and 
ft is a positive integer. If k is even, x* is always positive. Hence 

lim. ijx^ =4-00. 

X o 

If ctolK > ^ /(a?) = 4- 00. If aolb^ < o then 

4? -> o 

lim. / (4f) = — 00. 

X o 

Finally if h is odd the sign of x^ will depend on the sign of x. ITius if x 
tends to zero through positive values i/^r*' 4- oo, while if 4r tends to zero 

through negative values i/4f* -► — oo. Since there are both positive and 
negative values of 4? in every neighbourhood of 4? = o it follows that the 
limit does not exist. 


n,n„j- fkr,l lim + *) - V(* + ^’) ^ 

(4) Prove that hm.^ _ j. 

VCi -4- K) - V(i + »*) 

V(» - *’) - V{I - *) 

^ V( I + at) - V(I + ;y») 

Vi - ■*) { vu + *) - » ) 


{V(I + ^ ) - V (1 t.*^HV(L±_*l±_L> 
^/{l - *) (i + ;r - i) 

■v/(l + y) 4- I , -y /l +x) - V(I + 4f») 
v'(i -x) ' X 


Now 


Um. 

X 


vu -V -V 1 

o 


tsxt 2. 
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V(I + ^) - V(1 H- x‘) 


= M! + £) r_v(» J: {%/(! ±_^L+ V(»_+5*)} 

* {v'( 1 + + VI* + **)} 

X (i — x ) I — X i 

X W{i + + vlTT^ ~ V(i + + V(itf 

The limit of this expression as x o is J. Thus the result is prcwed. 


Note. — It is legitimate to divide numerator and denominator by ;r\in the 
last part of the proof since x is different from zero, the limit being con^med 
with the behaviour of the function near x = o not atx ^ o. \ 

(5) Prove if Urn, f{x) = / then lim, \f(x) | = | / | and that + o 
X a X a 

the converse is false. 

To prove that | /( ^) | ->* | / 1 it is necessary to show that corresponding to 
the arbitrary positive number €, there exists a number 17 such that 

li/wi-ini<* 

for all X for which 0 < | — a | < 17. 

Since f{x) -► /, we have \ f{x) — I \ < t for all x satisfying 
o < I ;ir - a I < 1J, 

where e is an arbitrary positive number and 77 depends on e. Hence 

I ~ € <f{x) < / 4- € (i) 

If / = o it is clear that \f(x) | < € implies — e < /(r) < c and 
conversely. 

Hence if lim. f{x) = o, lim. | f(x) | = o and conversely. 

X a X a 

Suppose now that I > o, so that | f ] = / and / — c may be assumed 
to be positive, c being arbitrary. Then if (i) is satisfied 
Z - € < \f{x) I < / + 6. 

i.e. I / 1 — € < I f(x) l<|/l + c, o <\x -- a \ < jj. 

Hence lim. | f{x) | = | / | , 

X a 

Next suppose that / < o. Write / = — ^ so that h > o and | / 1 ^ h. 
Then from (i) — A — c < /(x) < — ^ -f c. 

i.e. A + « > _ /(;r) •> k - t, o <\x - a\<r,. 

Arguing as in the previous case and observing that | — /(^) | = | f{x) [ , it 
follows that 

Urn. |/(^r) I = A = |I| . 


Now to prove that a theorem is not true the simplest method is to 
produce an example in which the result is false. Let /(^) be a function of x 
defined as follows, in the interval ^ i < x < 1. 
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f{x)Bsi it X ^ n denoting a positive or negative integer. 

fix) = — I, for other values of x in the range. 

Then \f{x) | ~ i at aW points of the interval (~ i, i). 

Thus lim. \f{^) 1 = i. 

X o 

Next consider lim. f{x). It will be observed that in every neighbour- 


hood oi X o there are values which are of the form — and also values 

ft 

which are not of this form. Thus no matter how small rj may be we can 
always find an integer n which is not a perfect square such that both 

lie in the range o <\x\ < n. Also when x — f(x)^i, while when 

^ =2'-^, f(x) = — I. Hence lim. f{x) does not exist. 

x-^ o 


l^ote . — An example such as the above, which is produced in order to 
disprove an assertion, is sometimes called in higher mathematics by the single 
German word Gegenbeispiel. 


2*65. One-sided Limits 

In the definition of the existence of the limit as a; a, use is 
made of the inequality o < \ x -- a rj, i.e. a; is a point which 
lies in one or other of the intervals o <a--x <tj, o<x — 

Suppose now that we restrict x to lie in one interval only. Thus 
with the usual convention if o <x -- a < i), x lies always to the 
right of a, since x > a. Then if corresponding to the arbitrary 
positive € there exists a number 77 such that 

I/W-M <« 

for all * satisfying o <x — a <. r), then I is said to be the right- 
hand limit, or the limit on the right, as x a. The notation 
adopted is ^ / 

X a o 

If in the above definition the inequality 0 <x -- a < is 
replaced by 0 < a x < rj, we obtain the deMition of sl left-hand 
limit, or limit on the left. The notation adopted is 

lim. f[x), 

X a — o 

It is obvious from the definitions that if lim. f(x) = I then 

X a 

lim. fijai), lim. f[x) must both exist and be equal to I, That 

X a o X a o 

the converse, viz., that the existence of each of the one-aded limits 
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implies the existence of the ordinary limit, is not true as is shown 
by the following gegenbeispiel: 

Consider the behaviour of /(x) = — [x] near x ^ i, (See 

Ex. § 2'6i and the corresponding figure). Suppose that i 
from below, i,e. x increases to the value unity. From t|ie figure 
it is seen that f{x) approaches the point A along the linelOil and 
hence lim. f{x) == i. On the other hand iix-^ i froix^ above, 
I — o \ 

i.e. X decreases to the value unity then f(x) approaches th^ point 
B along the line CB and lim. f{x) = o. \ 

I 4- o ^ ' 

Clearly lim. f{x) cannot exist for a necessary condition for 

ir I 

this is that the right-hand and left-hand limits be equal. 

271. The Idea of Continuity 

Suppose we have a single- valued function f{x) which is defined 
at all points of an interval (a, p) and let a be a point in the interior 
of the interval. The defined value of /(x) at x ^ a is denoted by 
/(a). Then if the limit as x tends to a of f{x) is equal to /(a), i.e. 

lim. /(*) = f(a) 

X a 

the function f{x) is said to be continuous at = a. If lim. f{x) is 

X a 

different from f{d), or the limit does not exist, f(x) is said to be 
discontinuous zi x ^ a. A function which is continuous at all 
points of an interval is said to be continuous in the interval. 

The end points a, p of the interval must be regarded as being 
slightly different from interior points. For if a be an interior 
point we can find a neighbourhood of a which lies entirely inside the 
given interval. 

a a p 

Fig. 2. 

But this property is not true for a or jS. We can take a 
“left-hand" neighbourhood of p and a “right-hand" neighbour- 
hood of a. As f{x) is not defined outside (a, P) it is necessary 
then to consider at a, P not the limit as x tends to these values 
but the one-sided limits. 

Thus f(x) is continuous at x == if lim. f{x)=^f(P)^ 

— o 

Also fix) is continuous at 2 ; = a if lim. f{x) =» /(a). 

X ^ a -h o 
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Because of the special behaviour at the end points of a finite 
interval it is usual to distinguish between open and intervals : 

{a) The open interval (a, j8) consists of all points of the interval 
(a, jS) with the exception of the end points, i,e, the points 
a <x < p. 

(b) The dosed interval (a, p) consists of the open interval (a, jS) 
together with the end points a, jS, t,e, the points a < a; < ^8. 

(c) A half-open interval is one in which one of the end points is 
included, t,e, either a <,x < p or a <x < p. 

It should be observed that properties which are valid for a 
closed interval are essentially different from those for open 
intervals. Thus, the function f(x) = xjx is continuous at 
every point of the 
interval (o, i) except 
at X = o. 

For lim. ijx 

X ^ ^ O 

== -i- 00, so that the 
limit does not exist. a 
We can say that 
f{x) is continuous in 

the half-open interval 

o <x 1 meaning 
thereby that f{x) is Fig. 3. 

continuous in every 

closed interval 7} <ix <1, 17 > o no matter how small rj maybe 

2 * 72 . Properties of Continuous Functions 

From the definition of lim. f{x) it follows that a function 

X a 

f(x) is continuous at x ^ a if corresponding to the arbitrary 
positive number e, there exists a positive number 77 such that 

\f{x) -f{a) I < e. 
for all X satisfying \x -- a \ < 7 ). 

The modification of the statement necessary in the case of end 
points of an interval should be clear. 

From the theorems on limits (see §§ 2*63, 2-64) the following 
properties are true: 

Theorem I. — ^The sum of two continuous functions is continuous. 

T. A., II. 6 
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Theorem II. — ^The product of two continuous functions is 
continuous. 

Theorem III. — The quotient of two continuous functions is 
continuous provided the denominator does not vanish. 

Theorem IV. — A continuous function of a continuous Junction 
is continuous. 

Example.— The polynomial 

P {x) = 4- -r . . . + + a„\ 

is continuous for all finite values of x. \ 


(b) The rational function 

R(x)^P(x)/Q(x) 

where P [x) and Q {x) are polynomials, is continuous in an interval 
Y which does not include 

^ values of x for which 

Q{x) is zero. 

i Theorem V. — If 

/ i i / (*) is continuous at 

i j ( X ^ a and f (a) > o 

j , I then there exists a 

i ; neighbourhood of 

i j j ^2 : A; = ainwhich/(%)>o. 

** ki x{ h ^ Write/{a) — A>0. 

Fig. 4. Since / {x) is continu- 

ous at X = a, 

\f{x)’-’k\ < €, where \x — a \ < t /, 
cbeing arbitrary. Thus k € <f {x) <k + €, for \ x — a \ <,ri- 
Write e==\k-, then <f{x) K^k. 

in the range a — 7 i<x<,a + 7 f. 

It will be observed that t) depends upon € and if we write e = \k, 
77 will depend on k. 

A similar theorem holds if / (a) < o. In this case there is a 
neighbourhood in which / {x) is negative. 


273 . The Fundamental Property of a Continuous Function 
From graphical considerations we can obtain some idea as to 
the properties which would be expected of a continuous function. 
Suppose that the notion of a continuous wave is understood. Thus 
in Fig. 3 the wave A^A^As is a continuous wave, while in Fig. 4 
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the wave JS^ is discontinmus at x ^ and x == a^. 

We regard the latter wave as discontinuous because there are 
sudden changes in the values of the plotted points near ^ 
and X = ^2. 

Suppose that P and Q are two points on a continuous wave 
whose equation is y ^ f (x), the corresponding values of x, y 
being x^, y^ and x^, y^ respectively. To make the argument mote 
precise suppose that Q is above P so that jVi = / (xi) > / {xq) = y^. 
Then as x moves from Xq to x^ along the X-axis the point tracing the 
wave will move from P to Q» If the wave is continuous wf 
would expect y to take all values between y^ and y^. 

Next if P\ Q' be two points on a discontinuous curve, the 
corresponding values of x, y being x^, y^ and x-^, y{ respectively 
then it is clear that as x moves from to x{ along the X-axis y 
need not take all values between y^ and yj'. Thus in Fig. 4 
there is a gap in the values represented by LM, 

The discussion given above makes it clear that if we can 
represent a continuous function f{x) by a continuous wave in 
the sense we have indicated, the continuous function will have 
the following property: 

Theorem VI. — If x^, x^ are two points in an interval of continuity 
of f{x), then as x ranges from x^ to x^ f (x) will take at least once 
all values between f{x^ and f{x^* 

2 * 8 . Bounds of a Function 

A function / (x) is said to be hounded above in the interval 
a <x P if for all values of x in the interval f(x) < A, where 
A is a constant. Similarly / (x) is hounded below if there exists a 
constant B such that for all values of x in the interval / {x) > B, 
The function is said to be bounded if it is bounded above and below. 

The upper bound of f{x) in a < a; < jS is a number M with 
the following properties: 

(i) f {x) < M at all points of a < a; < 

(ii) There exists a value of a; in (a, j8) such that /(a:) > M — 
where € is an arbitrary positive number. 

Similarly m is the lower bound if f[x) >m for all points and 
f{x) < w + € for some point, in the range. 

♦ For a rigid proof of this theorem reference may be made to Hardy, 
Course of Pure Mathematics, 
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Theorem VII. If f {x) is continuous in a closed interval (a, j8) 
then f (x) is hounded in (a, ^), i.e there exist numbers m, M such 
that m Kf {x) < M for all values of ^ in (a, 

Theorem VIII. — If f (x) is continuous in the closed iinterval 
(a, jS) and m and M are its lower and upper hounds respectively 
then there exist values a, h of x, lying in the interval (a, P) such that 
f{a)^fn, f(h)^M, \ 

Let € > o be chosen. Then since M is the upper bo^nd of 
/ {x) in («, h) there exist a value of x in (a, h) such that \ 
f(x) >M-€, i.e. M --f[x) < €. ' 

Suppose that there is no value of x in (a, jS) such / [x) = Af . 
Thus M — f {x) > 0 and since c > o we have 

Since e is arbitrary it follows that i/{M — f [x)} is unbounded. 
From Theorem VII it follows that i/{Af — / {x}} is not continuous. 

Since / {x) is continuous and Af is a constant it follows 'that 
M —f {x) is continuous (Theorem I). Hence provided M —f [x) 
i/{Af — f{x)) is continuous (Theorem III). Thus we have a con- 
tradiction and hence there is a value h oi x such that / [h) == Af. 

Similarly by using the property that there exists a value of x 
such that f [x) <m € we can show that there exists a value 
a oi X lying in (a, j 8 ) such that / [a) = m. 

Definition. — ^The number M — m is called the oscillation of / (x) 
in (a, P). Clearly this number is a function of the interval (a, j8). 

2*9. Monotonic Functions 

Let / {x) be a function of x defined in an interval (a, P), x^, 
X2 any two values of x such that a < < ^2 < Then if 

/ (%) < / W all acjl, X2 

then f{x) is said to be monotonic increasing in (a, fi). 

Similarly if / [xfj > / [x^ at all points such that 

CL ^ X^ <C X2 ^ ^ 

then / {x) in monotonic decreasing in (a, jS). 

Some of the properties of monotonic functions may be inferred 
by comparison with those of monotonic sequences. Thus, e.g., if 
/ [x) is monotonic increasing and is bounded above then / {x) is 
bounded. For it is bounded below by f(a). 

♦ For a rigid proof of this theorem reference may be made to Hardy, 
Course of Pure Mathematics. 
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As in the case of continuity the monotonic property may hold 
in an open or closed interval. Thus, e.g,, it is not difficult to show 
that if f{x) is bounded and monotonic in the open interval (a, fi) 
then lim. / {x), lim. / (x) both exist. Further if 

X a o X p — o 

\f {x) \ < A in the open interval (a, jS) 

lim. f{x) > — A, lim. / {x) < A» 

X a i- o X p — o 

2 * 91 . Discontinuous Functions 

A function which is not continuous at a point is said to be 
discontinuous at the point. Discontinuities may be divided into 
two classes. We consider the function / {x) and suppose that 
X ^ a is a point of discontinuity. 

(1) \f (x) \ <A at all points of a neighbourhood of a, A being 
a fixed positive number. 

(2) There is no number ^4 with the property defined in (i). 

The former are called ordinary discontinuities and the latter 

infinite discontinuities. 

The following are types which may occur in class (i) : 

[a) lim. f[oc)^ lim. f {x) +/(«), ox f {a) not defined. 

X a o X a — o 

Examples.—/ [x) = a; sin p and ° ^ 

/(o)-i. 

It is easily seen that as a; ->■ o both right- and left-hand limits 
exist and are equal to zero. 

{b) hm. /(*)+ lim. f {x). 

jf ^ d ^ Q X — o 

Example.—/ {x) = x — [xlzsx-^i.. See § 2-65. 

(c) One or both of the one-sided limits does not exist. 

Example. — / {x) — cos - , at x = 0. 

The following types occur in class (2) : 

(a) Um. f{x) = -f- 00 or — 00. 
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Example.—/ (^if) = i/a;* at x = o. 

(6) lim. /(a;) = ± 00 , lim. /(^) = qp ao, unlike 
a-f o x-^ a — o 

signs corresponding. 

Example.—/ (x) = tan a;, at a; = 

lim. tan a; = + oo, lim. tan a; = — oo. 

In cases (a), (6) of this class the function f(x) is said to tficome 
infinite at a; = a. \ 

(c) One or both of the one-sided limits does not exist. 
Example.—/ (a;) = ^ sin a; t o. 

X X 

Clearly neither of the one-sided limits exists as a; o and 
the function oscillates infinitely at a; = o. 

2.92 Sequences whose Terms are Fimctions of a Variable 

In the infinite sequences {u^ so far considered we have assumed 
that each member has been defined with reference to n, i.e, to 
one variable only. Suppose now that Un depends on a variable x 
so that we can write the sequence as {u^ (a;)}. For each value of 
n, (x) is assumed to be defined for some range of values of x. 
The limit function as w oo will thus depend on x and we write 
it as w (a;), i.e. u {x) — lim. {x). Consider carefully what is 
« 00 

meant by this limit. The variable x may have any value in the 
given range and this value must have been inserted before we 
allow n to tend to oo. The following five sequences will serve as 
examples. 

(i) (x) = «/{w + x), 0 <x k being any fixed positive 
number. 

(ii) Un {x) = nxl(i + w*a;*), — k<x<k, kas in (i). 

(iii) {x) = n/(i + nx), o < a; < A, A as in (i). 

(iv) Un {x) = A;^ 0 < a; < I. 

(v) Un (x) = i/(i + nx), 0 <x<k,kBsm (i). 

The general principle of convergence teUs us that corresponding 
to the arbitrary positive number e there exists a number «o such 

that I Un {x) -- u (x) \ < €, n > n^. 
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We consider each sequence in turn, finding first the value of 
u (x) and then determining a suitable value of w®. 

(i) (x) = nl(n +x), o <x <k. 

u {x) = lim. Un (x) == I, the result being true for 0 <,x <,k. 
n*-> 00 


The inequality | (x) — u(x) \ < e is equivalent to 


n 

n + X 


< c, or a; < nc + X€, 


Hence, n >x{i — €)/€. 

Thus we can take to be the first positive integer greater 
than ^ (i — €)/€. 

Observe that «o depends on x as well as on c. But in this case 
we can choose our Wq so that it is independent of x, x {1 — €)/€ 
will have its maximum value when x ~ k. Hence if we take Wq 
to be the first integer greater than yfe (i — c)/€ we have obtained a 
number n^ which is the same for all values of x in the given interval, 
(ii) Un {x) = nxl{i + wV), — ft <x <ft. 
lix ^ 0, Un (x) = o, giving u (x) = o. 


li X ^ 0, Un (x) 


nx 


+ nx. 


If X > O, nX-> 00, Un (x) -> o. 

\i X < o, nx-^ — 00, Un (x) o. 

Thus « (iv) = 0, — ft < a; < ft. 

The condition | Un (x) —u{x)\<€ then gives 


Then 


nx , ny 

I + ^ I + n^y^ 

Suppose 4 = 0 so that o < y < ft. 

__ I I 
' ny 


I + w V 


€, where y = \x \, 


ny 


I 

wy 

provided « > i/ry, i.e. « > i/€ 1 * |. 

For any particular value of * == a:o 4 = o we can choose such 
nx 


that 


<e. 


^ In particular we can take «o fo be the first 

1 1 n,x* 
integer greater than i/e 1 
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li X o the original inequality is true for all values of n since 
tin (o) = « (o). 

Thus we have found for each value of x in the range 
— k <,% <^k di suitable value of As in Example (i) Wq depends 
on X. But there is a fundamental difference between tjie of 
Example (i) and that of Example (ii). Since i/c lx 1 W oo as 
1 X I -> o it is not possible to choose in (ii) a value of wmch will 
serve for all values of x in the given interval. Observe that this is 
true even though the limit function u (x) is the same, in this case, 
for all values of x in the given interval. \ 

(iii) Un (x) = n/(i + nx), o < x < 

Now (o) = w 00 with n. 

Hence lim. (o) does not exist. 


When 


X > O, tin (x) 


n 


• X as M 


00 . 


Thus 

The condition 


Wfi [x) == ^Ix, X > o. 

— ^ i I <; g X > o is equivalent to 

I + MX X ^ 


I < €X (l + MX), i.e. lY 

X \€X / 

Thus we can choose Mq first integer greater than 

As X -> o, this expression tends to infinity as might 


; a - A 

X \€X J 


be expected since the sequence does not converge for x = o. But 
if t is any positive number as small as we please, then corresponding 
to the closed interval ^ < x < ^ we can find an which is 
independent of x, i.e. the same Uq will serve for all values of x in the 
interval. For we can take to be the first integer greater than 


tG-') 


t X k. 


(iv) Un (X) = X", O < X < I. 

For o < X < I, lim. x" = o, while (i) = i. 
n-^ 00 

u (x) o < X < I, 

= I, X == I. 


Hence 
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We now have a new t5T)e of limit function. It exists for all 
values of x in the given range and has an ordinary discontinuity 
dXx ^ 1 . 

The condition {x) — it {x) \ < e requires 

{a) x^ e for o < < I, and {h) o < € for x = i. The 

latter is true for all values of n. 

For (a) we require w > log (i/e)/log and as x-^i, 

log (i/a;) o, 00. Hence it is impossible to choose an Hq 
which is independent of x for x lying in the range o < a; < i. 
Perhaps this might be expected since the limit function is 
discontinuous. 

(v) Un (x) = 1/(1 + nx), o <x 

Now Un (o) = I, so that u (o) = i. When a; > 0, nx-^ 00 as 
« 00 so that (x) = o. The limit function is again discon- 
tinuous and as in Example (iv) it is easily seen that we cannot find 
a number Hq independent of x such that | (x) — u{x) | < c, 

n > Hq. 

In Examples (i), (iii), (iv), (v) the sequences converge for each 
value of X in the given range. A suitable number corresponding 
to the arbitrary c was found and was a function of x as well as of c. 
In Example (i) and (i) only it was possible to take the analysis 
further and assert that can be chosen independent of a;, i,e, the 
same «q can serve for all values of x in the given range. Where this 
additional property exists the convergence is said to be uniform. 
Thus we have shown that in Example (i) convergence is uniform 
whereas in Examples (iii), (iv), (v) convergence is non-uniform. 

Note I. — In Examples (ii)-(v) it is possible to choose sub-intervals 
of the given range of values of a; in which the sequences are uniformly 
convergent. In each case the new intervals are closed, i.e. the 
end points of the intervals are included. These can be as follows: — 



Given Interval 

Interval of Uniform Convergence 

Ex. (ii) 

— k <x k > 0 


Ex. (iii) 

0 <x <k, k >0 

t <,X 0 < t < k. 

Ex. (iv) 

0 <x <1 

o<a;< 5 , o<s<i. 

Ex. (v) 

0 <x <k 

t ^^^x kf 0 t k. 
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Note 2. — ^Each is a continuous function of x in the range of x 
given. The limit function u (x) is continuous in Examples (i), (ii), 
does not exist at ail points in the case of Example (iii) and is discon- 
tinuous in the case of Examples (iv), (v). Thus the limit of a 
sequence of continuous functions need not exist, and where it does 
exist, need not be continuous. If we take a sub-interval in which 
{u„ (x)} is uniformly convergent the limit functions all beccme con- 
tinuous. This suggests that if u„ (x) is continuous then uniform 
convergence is a sufficient condition to ensure that u {x) is continuous. 
But the condition is not necessary. For in Example (ii) u (x) is 
continuous in the interval — k <x <k but {x) is not uniformly 
convergent in any interval which includes x = o. 

Uniform convergence will be considered in detail in Chap. IV, 
where there will be references to some of the above examples in 
connection with convergence of series. 


EXERCISES II 

1. Prove that, if ^ («) -^ a and ^ («) -> 6 as « oo, then 

^ (n) i/f (n) -> ab. 

Prove that, as n tends to infinity, the function {n -f tends to a 

limit and state the value of the limit. [Af . T.] 

2. Find the limit as x tends to zero through positive values of 

{ax^ -f- px^ -f qx^)l{lxi -f mart) 


3. Prove that lim. 


(i -f- ;r)» - 3 (i 4 - + 2(1+^) 

(I -hx)* - (I —x)^ 


4. Prove that if p, q, r, s are positive integers, lim. 

X i 


_p 


5. Find the limiting values of the following expressions as h tends to the 
limit zero: 

(i) + 



I 

X -j- h 



6. Find the limiting value of the expression 

f{x) = - 3^* 4. 2)l{x* -2^-1- i), 

(i) when x tends to unity, (ii) when x tends to infinity. 


7. Evaluate lim. 

X ^ o 


Via +*) - V'(a -*) 

V(<»* — + X — a ' 
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8. Prove that if n is a positive integer, 

.. ;»r — (« -j- 4. n;r’»+* 


Jw (w + l). 


9. Prove that if r be a positive integer, 

lim. (;r ~ . . . (;r - 

00^ ^ ^ 

Show also that the expression 
xr — y (y i)x^“^i2n for positive n. 


lies between the values ^ and 


10. If Un = f{n)x^ln\, Vn =/(«)^", where /(«) is a polynomial in n, 
prove (i) that converges for all values of x; (ii) that converges if 

1*1 < I. 

11. If f(n) -► /, I > o, as « 00, prove that {f[n)Y -*■ /*■, where r 

denotes a positive or negative integer. 


12. Prove that if m and n are positive integers, m > n, then the following 
inequalities are true : 


(i) 

(ii) 


X^ — I ^ 


i; 


"I ;r*» — 1 

— > — 7^—, 0 <x < 1. 


Show that the inequalities are also true when m and n are positive rational 
numbers. 


13. Apply Ex. 12 to prove that /(«) = n{x^ - i) is a monotonic 
function of n, x > o, and deduce that lim. /(«) exists. 

« 00 


Prove also that if ^ {x) = lim. n{x^ — i) then >{x) satisfies the 
« -> 00 

functional relations 

(i) Pixy) = pix) + piy); 

(ii) 4 {x) = - ^ i ). 

14. Discuss the behaviour of the following functions as x tends to infinity : 

(i) I + X-*-. 

(ii) X — [x], where [x] denotes the integral part of x; 

(ua) sinATir; 

(iv) {sin xn)lx, 

15. Prove that ^/x is continuous for all finite values of ar > o. 

16. Show that the rational function (x^ + 3 )/(^* ~ 4^ + 3) is discon- 

Unuous in the range 0 < < 4. 

At what points is the function discontinuous ? 

17. Discuss the continuity of the function {{x — o)lip x)}. 
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1 8. Discuss the continuity of the function log (i -f sin ~ in the 

interval (o, i). [Camb. Sch.] 

19. Evaluate the following limits: 

(i) Urn. ~ **. , (ii) lim. ScA.] 

20. Find the limiting value of when x L 2a. 

x^ — -^ax^ + 4a® \ 

21. (i) Find the values of 

lim. lim. (Ulf).* 


[iST.S^.] 


22. Prove that if 


(i) 5 „ = -> /, as w -V 00, 

y = I 

then (ii) •*? (Sj -f s, + . . . 4 - s„) -> /, as « 00. 


If (iii) - o, as M 00, 
prove that (ii) implies (i). 


[Camb. Sch.] 


23. The sequence {u„ {x)} is defined by «n(^) "= o < ;ir < i. 

Prove that the sequence converges at all points in o < ;r < i but not 
uniformly. 



CHAPTER III 

THE BINOMIAL THEOREM FOR A RATIONAL INDEX 

I N this chapter we first consider the binomial theorem for a 
rational index and then proceed to discuss properties of the 
coefficients. The determination of a binomial function from 
the expansion is treated at a later stage in the chapter. 


3T. The Binomial Expansion 
The binomial expansion; 


I + nx -f 


n (m 


2! 


-x* + ... -( 


» (m — i) . . . (« — r 4- 1 


X"... 



was considered in Vol. I, Chaps. XXV and XXVI. The expansion 
represents the function (i + x)" and the proof for n a positive 
integer, when the series has only a finite number of terms, is given 
in Chap. XXV. When n is not a positive integer the expansion 
has an infinite number of terms and the conditions for convergence 
have been stated in Chap. XXVI. It was proved in Vol. II, 
Chap. I, § I ’52 that the series converges absolutely provided 
I X I < I and diverges for | x | > i. We now prove that when 
1 X I < I the sum function is (i + x)", where « is any rational 
number. 

Write / («) = ^ ') X', f{m)= S f - V’’- We first prove 

that 

/(w + n) =f{m)f(n). 

Since each series converges absolutely for | x | < i, the infinite 
series obtained by considering the product of the two series also 
converges absolutely for | x | < i. [Chap. I., § i-6.] Hence: 
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”.)(”)■ I 

Now if m and n are positive integers, / (m) = (i -f 
/ (m) = (i 4- *)", / (m) f («) = (i + *)”•+” = ^ ” j 

Hence if m and n are positive integers > r, c, = ^ 

Now the equation 

(”’?”)• (.) 


is of the rth degree in m and n. Again the equation is satisfied 
by more than r values of m and similarly for n. For clearly we can 
take more than r positive integral values, each greater than r, for 
m orn and for each value (i) is true. 

Now an equation of the rth degree which is satisfied by more 
than r values of the variable must be an identity. Thus (i) is true 
for all values of m and n. Hence 


/m + ^ \ 

Cy = 1 ^ j for all values of m and n. 

and f(.fn}/(n)=^^J*^f^^xr=/(m+n). 

Similarly 

f(m) Xf(n) Xf(u) X . . . =f{m +«+« + ., .)• -‘(ii) 

Now let n = q/s denote any positive rational number, q and 5 
being positive integers. In (ii) write m = n = u,,.= qjs, s values 
in all being considered. Then 

^ ^ ^ ‘ ^ factors = /(^^+ ^ + . . . to s terms^, 

i-e. {/(I)} =/(«) = +*)* 


* This result expressed by this equation is known as Vandemonde*s 
Theorem. 
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since y is a positive integer. Taking the sth root of both sides of 
the equation 

/(!)-(.+«)■ 

i.e. (i + *)» = S {”) I « I < I, 

r =r 

where n is any positive rational number. 

It remains to extend the result to negative rational numbers. 
Since f {m + n) =f (m) x f (n) for all values of m, n it follows that 

f(n) Xf{-n) =/(o) = i; 

/(«) = !//(-«). 

Now let n be a negative rational number, = — q/s, where 
q and s are positive integers. Then 

/(-|) = +*)*- f > 0* 

i.e. (i +*) '• Hence (i + at)" = / («). 

i.e. (i+a;)”= 2 (-)*’'. \x\<i where n is any rational 
number. 

3 T 1 * Some Properties of the Expansion 

There are a few points about the expansion which are worth 
emphasising. 

(а) The proof depends essentially on the fact that the series 

27 converges absolutely for \ x \ <i. 

(б) The theorem can be extended in certain cases when \ x\ = i. 
The convergence conditions for the expansion in this case are 
discussed in Vol. II., Chap. I., § 1-52. 

(c) If we wish to expand a binomial of the form {a + b)^, where 
n is not a positive integer we must first write it in the form (i + x)^ 
where | a; ] <1. Thus 
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provided I ^ 1 > I ^ I- Again 

provided j~j < i, i.e. | a | < | 6 |. 


\ 


(i) The (r + i)th term of the expansion is 

i.e. « (w - I) (w - 2) • • • ’\ 

the same form as is obtained in the case in which w is a positive 
integer. This (r + i)th term may be regarded as the general term. 


3*12. Particular Values of w. 

The special form of the binomial in the case of (i ■— a;)””, when 
n and x are positive, is worth special note. Thus 

(I -*)-"= I 

y =: o 

XT / (~ w) (— w — i) . . . (~ n — r + i) 

Now {- i)*- ^ = (- - --- — - - 

= (_ n(n-\-j) . . . {n+r- 1 ) 

[n + t) . . , [n + r — j) 

Thus if n is positive all the coefficients are positive. 

The expansions in the cases in which n — i, 2, 3 are given 
below. Thus 

w (I - »H - 




2^ r ! 
r! 


x' 


(b) (I -x)-i =1:^ 

1*1 < 1 . 
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(This form is already familiar from the theory of geometric 
progressions.) 

id ) (I - X )-^ =27 j+li) 

= 27 (r + i) I * I < i- 

(.) (I - x )-^ = 27 3 : 4 . --(>' + 

Z i {r + i) {r + 2) x\ \x\ <1. 

It is important that the student should be able to recognise a 
binomial expansion when it occurs. A study of the form of the 
expansions given above should be of assistance in this connection. 
In particular if all the terms of a given series are positive and a 
binomial series is suspected, the form sliould be first 

examined. [Cf. § 3*6i.] 


3*2. Signs of the Coefficients 


Next consider the signs of the coefficients in the expansions of 
(i + x)*^, X > o. Since is obtained from ^ j. ) by multi- 
plying by the factor (w — r + i)/r it is clear that as soon as 
r > n + T the factor will be negative. Thus for i < y < » + i, 


the coefficient 



will be positive, while for r > « + i, the 


coefficients will be alternately negative and positive. If n <o 
so that there are no values of r satisfying i < r < w + i the 
first term is unity and the coefficients of x, x^, , . , are alternately 
negative and positive. 

If w > o there will be a set of values of r satisfying 


I < r < w + I 


so that in this case there will be a group of terms at the beginning 
of the expansion which are all positive. Once we pass beyond this 
group the terms will be alternately positive and negative. Thus, e,g. 

(I +*)' = ! + '^X^ + ... 

The first three terms are positive and beyond that point are alter- 
nately negative and positive. 

T, A., II. 


7 
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Finally consider the form (i — where x > o, n > o. The 
case n <0 has been considered in § 3-12. Thus 

= (-xr 

( fl 

The coefficient of is obtained from the coefficient ipf x^'^^ by 
multiplying by the factor — (n — r + i)/r. For r > fi + 1 this 
factor is positive. Hence beyond a certain point in th^ series the 
coefficients of the powers of x all have the same sign. Whether that 
sign is positive or negative depends on the value of n. Thus 


(I - a:) = 1 + f ( - x) -I- --f - (- xf -I- 


{~xY 


4! 




== X - + 3 ,^ ->3 + 3. ^43.. + . . . 

2*. 2! 2^.3! 2^.4! 

In this case the coefficients of x^ and aU higher powers are positive, 

5 

Again (i — *)“ 

A3 A _3 i 


1 + i {-x) + (- x}» + -yf- <- 




5 8 1 

■2* * T * u * 




1-1* + 


5-3 . 

2*.2 !‘ 


5-3I 
2®. 3 ! 


X^ 


2^4! 




In this case the coefficients of x^ and higher powers of x are all negative. 
Again in the finite group of terms,, which precedes the infinite 
group in which the coefficients of powers of x all have the same 
sign, it will be observed that signs of the coefficients of the powers 

3 5 

oix must alternate. The expansions of (i {1 x) illustrate 
this property. 


3*21. Illustrative Examples 

(i) Obtain the binomial expansion of (i — x)^ as far as the term in x*. 
Prove that, if a^ denote the coefficient of x^, and ^ < i, 

8n (n + i)an+i - (w — i)a„ + (2n — 3) (zn - ==. o. 

[Lond, 
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(t — x)^ = 1 — lx + -X* + 

- * - - 4^* - A** - - • • • 

The coefficient of is 


fx*+.. 


(— II" 4 • - 4 • - I • ■ ■ ■ (I - w + I) ^ _ 1.3.5 (aw - 3 ) 

« ! ~2« In n 

Hence «.= _ 3 ).^ " (»” - 3 ) I 

2" (n 1 ) . 2 . 4 . 6 . . . (2« — 4) 2«n-« I) (n — 2) I ■ 

Thus a ^ - i) I - ^ - (2» - 5) I , 

* ’■ 2>“ (n + i) ! (« — 1) !' 2tn-4 (n — i) ! (» _ 3) 1 • 

8» (n + i)o,+i — i2« (m — i)a„ + (2» — 3) {2» — 4)a»., 

(2» — t) ! 3 _( 2 £_— Jl! 

22n-a (« — i) ! (w — i) ! (w — 2) ! (n ~ 2) ! 

-- 3) ! 

22 n -4 _ 1), I 


f { 2 n - I ) ( 2n ~ 2 ) 3 ^ 

2*n-4 _ 2) ! (w — 3) ! I2 (« — i )2 ~ 2) w ~ 2 n ~ I / 


f (2« — l) (2W — 2) 


{2n - 3) J r 2n - 1 3__ 

2*"'”* (« — 2) 1 (n -- 3) ! I (w ~ i) (« — 2) w — 2 
o, since the final expression in brackets is zero. 


+ 7ri"i} 


(2) Find the first term with a negative coefficient in the expansion of 

(r+.)^‘. 

The (r + i)th term in the expansion of (i -f xy^' is 

. (¥ - I) ... (VLzJL+il^r 

'r\ 

The first negative term will occur for the least value of r such that 
y- — y + I < o, i.e. r > 4|. 

Thus the first negative term is obtained by taking y = 5 and its value is 




II . 8 . 5 . 2 . I 


(3) Find the general term in the expansion of (i + ' 

The (y + I ) th term is - 3 — 2 — 2 Ll — ’ j — 2 L 

^ (» 4 - 2g) . . . {/) + (y - iM r 

' ^ <fi ,r\ 

It will be observed that in this case the coefficients are always alternately 
positive and negative if ^ > o, 7 > o. 


(4) lfx> 2, prove that 
^ ^ 2 I AT* 


, 4 - ” 4. (“ - i) J. 

^ ^ X - I ^ 2 \ (x - l)> ^ ■ 
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and deduce that 

^ i_n(n -i) (r - I) , » (n - 1) (n - 2) (^ - i) (^ _ 2) , 

■*■'21 ■ i! s'! • Ti +•• 


M (» 4- i) . . . (» -4- y —1) 
r\ 


[M.r.] 


1+ ” + + . . . - (i - i) " provided | | >\i. 


Now 


(-ir=(-w=c-^)"=Gn~)\ 

n [n ~ i) 


— ~ip 1 ^ — I 1 > I. 

This condition is satisfied if x > 2. 


\ 


^ X — 1 2\ (X ~ jy 


Now i, 


r\ 


is the coefficient of j/x^ in the expansion 


of . We require the coefficient of ijx^ in the other expansion. 

_IL_ ? (lY 

X — 1 x\ X J X ^ fS x I 


Now 

and thus the coefficient of i fx^ is n 

Again .-= ^.(i - i Y =~ 2 Js + i) I . 


X > I. 


Thus the 


coefficient of ijx^ in 
succeeding terms. 


n {n -> i) {r — r) 


2! 


I ! 


Similarly for 


(5) Expand — Jl in ascending powers oj x. 

Rationalising the denominator, we have 

Vi +Y — V I ^ (i -f -h ( I — x) — 2V I — 
Vi+x-j-Vi— X (i -h x) — (j — xj 


2 {I - (I - 


: T-l _ *5)i} 


-> - X-‘ (I - 2r*)i 


+ i : - i :.- Mi - rjhil 


Now (i — «= 1 - -J** + (— •»*)’ + • • • 


f-l 


*•)' + . . . 


The (f + i)th term in the expansion is 


iiUii 


2'.r ! 


(2r - 3) 


{- i)V' 


1.3 (2r - 3 ) 

2 '’.»'! 


x‘', since (— = — i. 
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lOI 


Hence the required expansion is 

_ - 3.,5^LZ13) 

-1*4- ? 

-r <6* y I ~ ' 

y = 2 .r » 

(6) iVot/tf series 

1 - -i + i • f - i • f • A + ■ • . 

fs a binomial series ; examine its convergence and find its value. 
If M- denote the wth term of the series 


= (- = (- ,)». 
4 . 8 . 1 2 . . . . 4M ' 

Now the binomial expansion of (i + x)"^ is 


( 4 )". 


z (~ i)«_ 


2M — I 
2 


which is convergent provided | -ar [ < i. Writing -a? = we obtain the given 
series, which must therefore converge. Its sum is (1+4) ^ ~ Vi* 


( 7 ) //■ B and C are independent of x, find their values in order that the 
expansion of 

' - (1 - 24r)i (I _ 

in ascending powers of x may begin at the term in and obtain this term when 
B and C have the values found. 


Now (i — x)-^ =: I + — - x^ + x^ + , 


(i ~ x)-^ =i+jr+-jr*+Ar® + .., 

(l — 2 xr^ = 1 -f Af -F ^ -t- AT® -f . . . 

(i — yeT'^ = I -t- AT -f •— ^at* -f - + . . . 

Hence 

... -’- + ^i^B + C+x(i + B + C) 

^ - ^ (i - 2X)* (I - 3*)^ 

+ atMi + 1^5 + |C) + A^ (I + iiB + V-C) + . . . 

If the expansion is to begin with x^, then 

I + B + C = o, and i + |B + 2C ~ o. 

Solving these equations we obtain B = — 2, C = i. The term in x* is 
(I - + V^). Le. ix\ 
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3 * 3 . The Numerically Greatest Term in a Binomial Extension 
Since we are concerned with numerical values only x may be 
assumed to be positive. Also it is clear that unless ^ is a positive 
integer we must restrict to lie in the interval — i<x <:i. For 
if \x \ > 1 the expansion of (i +x)^ in ascending po\4ers is not 
convergent. The case in which w is a positive integer is mscussed 
in Vol. L, Chap. XXV., § 25-4. For convenience we restate the 
results proved there. \ 

Write ^ = (n + i) xl{x + 1), [p] where \j>\ \ienotes 

the integral part of p. If ^ = q, i.e. p is an integer there are two 
greatest terms which are equal to one another, the g^th and the 
iq + i)th terms. If p ^q, the {q + i)th term is the greatest. 

We now consider the case in which n is not a positive integer. 

If **• then is obtained from by multiplying 


by the factor (« — r + i) xjr. Hence 

Wr+i > numerically as \n r + i\x > r (i) 

If r <n + z, |n — r + i|=n — r + i, 

If f>n + i, |n — r + i|=5 y — n — i. 

In the former case the inequality (i) gives 

r < (w + i) xl{x + 1) (ii) 

In the latter case the inequality (i) reduces to 

(r — n — i) a; > r, i.e. r (i— a;) < — • (» + i) x, 
and since 1 — x > o this is equivalent to 

y — (w + i) xl{x —x) (iii) 


If w + I > o there will be no values of r satisfying (iii), so 
that it is only necessary to consider (ii). Write 
/» == (n + i) xlix + x)^q = [p]. 

If p ^q, there are two greatest terms, viz, the gth and the 
{q + i)th, while if p ^q, the {q + i)th term is the greatest. 

In particular if in addition n < 0, i.e. i > « .+ i > 0, it 

—1— i) X 

follows that 0 < — < I. since o < xl{x + 1) < i. Hence 

X z 

q ^ 0, In this case the first term is the greatest and the terms 
then steadily decrease. 

If n + z <0, it is only necessary to consider (iii). Write 
A = - (« + 1) */(i - *) > 0 , 9i = [A]- If A = ft. f-e- A is an 
integer, the y,th and (j', + i)th terms are equal and are the greatest 
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terms. If the greatest term is the (qj. + i)th term. 

Finally if n + i = o, i.e. n = — i, | | = i and the greatest 

term is the first, i,e, the terms steadily decrease. 


Examples. — (i) Find the numerically greatest term in the expansion of 

(I + 


Let Wy denote the rth term in the expansion of (i + f)"*’ Then 

„ - .7 1:^7 - i) (- 7 - 2) • • • (- 7 - »• + i) 

H 


(?)' 




Ur f 

As we are considering the numerically greatest the negative sign need 
not be considered. 

r + 6 


^ ” > I provided ^r + 24 > nr, i.e, r < 8. 

Ur 

Hence Wg and w# are numerically equal, both being the greatest. The 
numerical value of each term is 

7.8.9.10.11.12.13.14 

8 i 

(2) Find the greatest term in the expansion of (i + at)"**, when x ^ \ 
and n = 60. 

(l+;r)-= Z z (- l)r”.(?±.^) (?..+ ") + 

f =s o' r ~ o ^ ^ 

Denoting the (r + i)th term by Uf^^, 

I ^ L ^L±JLZL} } I 52-±I 1 

I 1 r ‘ ' r 

Hence j | > i according as 59 + r > $r, i.e. r < 14}. 

Hence the greatest term is the 15th. 

(3) Show that the coefficients of x^ in the expansions of (i -f ;ir)^ and 
(i -f oxf^ will he the same provided that = io/[(3w — 2) (3n — 5)]. 

Find a when » ~ 5, and for this value ofz calculate the ratio of the coefficients 
of x^^ in the two expansions. 

(i 4- ;r)^ = . Z L: (Lt: . j: ,1. ! 

(I + oxf^ ■ ' ■?+„» . ) av. 
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Hence the coefficients of are equal provided 

a" (- § -* « + i) (I - « + i) = I • I, i.e. a» = lo/On - 2) (an - 5). 

When w = 5, we have a® = = iV 

Coefficient of in (i -f is | | | — 

Coefficient of x^^ in (i -j- ax)''^ is 

g . _ . _ 2^ . ;^8 , ^lo/io 1 

The ratio of the coefficients is 

-t * - __ 160 : 

^ ' 

EXERCISES III 

1. Show that if x be positive, and n unrestricted in value, the terms of 
(I + ;r)" will be alternately positive and negative from the term containing 
x'', where r is the least integer greater than n. 

Hence deduce that the terms of (i + x)-\ where ;tr and n arc positive, 
are alternately positive and negativ^e from the first term forwards. 

2. Show that in the expansion of (i — x)*\ where ;r is positive and n a 
positive fraction, the terms will have the same sign from and after the term 
containing x^, r being the least integer which exceeds n ; and show tliat this 
sign will be positive or negative according as r is even or odd. 

Expand each of the following expressions to four terms : 

3. (I - 4. (I + 5. (a‘ - 6. (a> - 

7. (a - 10. (a‘ - 

11. Expand (i — x^)y(i + x)* in ascending powers of ;»r as far as the 
term containing x^. 

12. Show that the coefficient of x^ where r > 4 in the expansion of 

(i 4* — ^)* in ascending powers of x is 16 {2r ~ 3). 

13. Find the coefficient of x^^ in (1 — x^)^*. 

14. If p and q be the rth terms of (i • x)'~^ and (i ~ x)’~^, then 

(zr ^ i)p. 

15. Show that all the coefficients of (i -f are integers, if n be an 
integer. 

What terms in the following expansions are first negative, x being positive ? 

16. (i 17. (i 18. (i 19. (i ^ 

20. Find the ratio of the coefficient of the nth term to that of the loth 
term in the expansion of (2 + in a series of ascending powers of x 
by the Binomial Theorem. 

For what value of w is this ratio equal to J ? When n has the value just 
obtained, if the rth term is the first term with a negative coefficient, what 
is r ? 
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21. Show that 


X 


J 


T+T® 


+ 


.L_ / \8 

2.4 \i 4- X^J 


+ 


2.4.6 



if — I < X < i. What is the sum of the series when x is numerically greater 
than I ? 


22. If X is positive and less than i, prove that, if r and n are positive 
integers and r < n, the coefficient of x^ in the expansion of x^l{i xy is 
(— Cy-j. Show that the coefficient of x^ in 

^ 1 X {i'+ xy (T~+"T)* 

when each term is expanded, is zero except when w =t i. 


23. From what term in each of the following expansions are all the terms 
of the same sign ? 

4 0 5JL 

(i — at) ; (i — 2r) ^ ; (i — x)'^. 

Find the greatest term in the following expansions: 

24. (i + xy, when =:= |. 25. (i + 

26. (i — x/ay^, when ;r = 12 and a ~ 13. 

27. Show that the greatest term of (J -f J) ^ is ^^^5^4. 

3*4. Expansion of a Polynomial 
Consider the expansion of 

{^0 + a^x + a^x^ + . . . + a^x'^Y 

where n is any rational number. We assume in the first instance 
that ao#=o. Then 

{^0 + a^x + . , . + aj;)c^Y 



= aY {I + + • . . + 

P 

where 6, = aja^, s = i, 2 , . . . , Write y = J? Then 

S = I 

provided | y | < i, we may expand (i + y)" by the binomial 
theorem. Thus 

(i +y)» = I + My + ”^”2 • • • 

m(m - I) ■ . ■ (M - r + 1) 

f y -r... 
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T he general term of the expansion is 
{*1* + igX® + . . . + 

= (”)*" {*1 + M +.. • i- 

Since r is a positive integer we may expand 

by the binomial theorem for positive integral index and obtain a 
series with a finite number of terms. When this is done for 
r = I, 2, 3 . . . and the series arranged in powers of x we obtain a 
power series in x. Thus 

{uq + a^x + a^x'^ + . . . + = Ec^- 

If flo = o let be the first coefficient which does not vanish. 
Then 

= a,«x«"|i + + . . . + 

and we may proceed as before. 

The above method is one way of expanding the polynomial. 
It is not the only way since the polynomial may be expressed in 
more than one form before expansion. See Example (i) below. 

Examples. — (i) Write down the first five terms in the expansion of 
(i — 2;ir + 3Ar*)-* in ascending powers of x and show that there is a range of 
values of X for which the expansion is valid. 

Write V = 2Ar — ‘^x* = jr (2 — ^x) so that the expansion is 
(I - = 2 i(r + I) {r -h 2) y^, \y\< i. 

*= 1 4- 3y + -f loy® + i5y* -f . . . 

a= I 4- 3;r (2 — 3^) + 6x* (2 — 3^)* 4“ ^ox^ (2 — 3^)* -h--. 

ass I 4- 6;r — gx* 

4- 24^“ — 72X* 4- 54^* 

4- 8o;r* — 36ojr^ 4- • • • 

4- 24CWf* 4- . . . 

«* I 4“ 6jr 4“ i$x* 4- Sir* — 66;r* . . . 
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Now the function ^ = 2^ — 3;^* has a maximum equal to J when = i 
and ranges between — i and + i as ;r ranges from — J to -j- i. Hence the 
series converges absolutely for | ^ | < J and for this range of values of x the 
expansion is valid. Observe that we have not proved that | | < J is the 

best possible range of convergence. 

A second method of expansion is as follows: — 

Write I - + 3;if2 = J [> + (3ar - l)*] = | [i + 

Then (i - 2X + = ly 

This expansion in powers of (3.^ — 1) is absolutely convergent provided 

<' I, i.e. I 3^ “ r I < a/2. Hence there is a range of values of x 

for which we can rearrange the expansion as a power series in x. This second 
method illustrates the point that the form of the expansion may be varied 
by rearranging the polynomial. An expansion can also be obtained by 
using series whose terms are complex numbers. Such series will be considered 
in a subsequent chapter and it will be sufficient to note at this stage the method 

and the assumptions made. Write i — 24? -f 3;^* — ^ i — i 

a, j 5 are the roots of the equation i 2X 34;* = o, i.e. a = J + W^)* 

Then {i ~ 2x + 3*«)-» = (* - ^) * (* - 


where 


(f + !)(*• + 2) _ (S + I) {S + 2) 

2a' ’ 2J5' 


This step assumes the binomial theorem for complex numbers with index 
real, and that conditions for convergence are satisfied. As will be seen 
subsequently the conditions for absolute convergence of the binomial 


expansions are < i and < i. 


Next, assuming that the result for multiplication of absolutely convergent 
series of real terms (§ 1*6) applies also to complex series, then 

( 00 \/ 00 \ 00 

2 z 2 

y = o /\s — o / n~« 

where + <*3^n-a + » . . + 

Thus (i — 2;r + has been expanded as a power series in x. The 
coefficient although expressed in terms of complex numbers, must on 
siniplification give a real number. 
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( 2 ) Prove that, when — i <x < 1 , 


CO 


(i) (I ~ = 2 : 

w = o 

00 I 

(ii) (i + 2 ^ -h + 2x^ -j- =: 2^ (w + i) (at®" — 2;ir®”+‘ 

n — o \ 

[Lind. L.Sc.] 


(i) Now 27 (at*" + **"+•) = (i -f- Af) 27 at*" = (i + at) (i — a:‘)^*, 

w = o n = o \ 

provided |W | < i. 

(I + ;r) (I ~ (I + x)~^ (I + = {(i - at) (i + x^)}-^ 

= {I + 

CO CO 

(ii) -T (« 4- i) — i7 (w -f* i) ;r®^ (i — 2;r 

w — o n o 

00 

= (i — ;ir)® (w 4- i);r®" = (i — ;r)® {i — x^)-^, provided \x I <1, 

w — o 

— (i — ;ir)® (i — x)-^ (i 4- AT 4- == (i 4- 2;r 4- 3^® 4- 2;r® 4- x*)-'^. 


3 * 5 . Irrational Index 

Consider, e,g,, how we can attach a meaning to the binomial 
theorem in the case of (i +2;)'^^. Since we require all algebraic 

functions to obey the fundamental index laws {(i must 

be equal to 

(I + a:) "^3X^3 ^ 

This equation may be taken to define (i + x)^^, i.e. the 
process of raising a quantity to the ('v/3)th power is such that when 
the process is repeated on the resulting quantity, the final result 
is the cube of the original quantity. 

Such a complex definition is of course not very satisfactory 
and it is better to proceed to the approximation of the irrational 
number \/3 by rational numbers. 

Now \/3 = 173205 . . . The numbers 17, 173, 1732, 
173205 . . . form a series of rational numbers, each member of 
the series being a closer approximation to V3 l^ban any of the 
members which precede it. Hence the series of values 

(I +xr\ (I +*)*n (I (I . . . 

are such that each member is a closer approximation to (i + 
than any member which precedes. 
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Now each member has a precise value, e.g. 

*73 

(I +Ar)*‘73 = (I +*)ioo _ 10^(1 +^)’73, 

173205 

(l + 2;)*'73205 ^ ^^100000 ^ loooo^^j _^^J 173205 

and so on. Also if ] * | < i binomial expansion is valid for each 
of the members since each index is a rational number. 

It follows that the binomial theorem will hold good for (i +x) 
as closely as we please if we substitute for -v/3 throughout a rationed 
number which is sufficiently near to it for the purpose. 

We consider now a formal method of obtaining the binomial 
coefficients. Suppose that 

(i + = do + a-iX + + • • • , | x | < i. 

Putting X ~ o in both sides of the identity, it follows that 
ao = I- Thus 

(i + = (i + y) where y = a^x + + ajX® + . . . 

Again (i + = i + Siy + a^y^ + . . . 

Now (i = {(i = (i +x)®. Hence 

X +3X + 3x^ +x^ 


= I + Ojy + 

+ a^y* + . . . 

= I + {OiX + ajX® + . 

. . + a„x’' + . . .) 

+ {ojx + ajjX® + . 

. . + a„x» + . . .)* 

+ Oj (a,x +a: a*® + . . 

• +• a„x’' + ...)» 

+ at {oiX + aa*® + • • 

• + a„xf* + ...)* 

+ ... 



== I + + Kaa + «2«i*) X* 

4- (aiOj + 2ai«2® + a3«i») 

+ («i«4 + ^ 

+ • • • 

Equating coefficients of corresponding powers of x 


3 = «i® (*) 

3 = «!«* (I + %) (ii) 

I = ffi (<*3 + 2«2® + «a«i®) (i“) 

o = ajat + + 2 <i^a^i + 3«i®«2«8 + a4«i* (iv) 
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From (i), = ^ 3 . 

From (ii), ^3 = « 8 (i + \/ 3 ). 

«ii = V'3/(i + a/3) = V'3(a/3 - 7 1 )/ 2 . 

From (iii), a, (o^ + Aj®) = — 2 aia*® + i 

= I - 2 V'3 (a/3)* (a/3 - i)*/4 
= I - 3 a/3 (2 - a/3) = 10 - 6 v'3- 
Hence a, = (10 — 6 a/3)/4 a/3 \ 

= (5 a/ 3 - 9)/6 = v'3 (a/ 3 - i) (a/3 - 2 )) 6 . 


Again = 


s _ a/3 ■(v'3 - i) 3 (a/ 3 - i) 




a/3 (a/3 -i) (2 - a/3) == - -K: 


«*|-1 + 2V3- 


a/3 (a/3 - i) , „ a/3 (a/3 - 


+ 9-^^ 


Z£)', 


= K {12 - 3 v'3} = l«8 {4 - a/3} 

= T«3 (I + 3 a/3) (a/3 - I)- 

From (iv), (i + zVz ) = - (i + 3 a/3) (a/ 3 - i). 
a/3 

i.e. a« = --^a3(v'3-i) = i(A/3-3)«3: 

4 

«« = a/3 (a/ 3 - i) (a/3 - 2) (a/3 - 3)/4 !• 

In a similar way further coefficients would be calculated. Thus 
the expansion of (i is 

X + Vs* + ^ (^3 - . 1) ^3 + ^(.V3^)..,(^-2)^ 

, a/3 (a/3 -I) (a/3 - 2) (a/3 - 3) . , 


3*51. Further Examples 

In this section we give further examples of expansions in series, 
other than direct binomial expansions. 

(i) Prove that = S {4»* -f 2) [ Lend , B , Sc .] 

n = I 

Now (I - - I + 3* + ^*« + 

(n -I- i) (w + 2) 


-f . . . -f 


-f * * *, \x \ < 1 . 
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III 


= + s i«±jy?LdL*u. 

n sss j 

In this product the coefficient of x'* is 

±J} ("_+_?) 3^ + i) , 3 (« — , (« - 2) (w — i) 

^ l" ^ ' 


= i (8n* + 4). 




(2) Expand (i + — ^*)® tw a series of ascending powers of x, 

<L±£ll = (L±?Hi±5)* (, + ;,) (I _ x)-» 

(I - xy (I -X)^ (I -f ^)® ^ ^ ^ ^ ^ 

00 

~ {i 4 - - 2 ^ 1^1 <1, 

r = o 

where == i (r + i) (r 4- 2), The coefficient of in the product is 4- 
i.e, i (r 4 - i) (y + 2) 4 - i 4 * i) = (>' 4 - i)*. 

00 

Hence (i 4- a')V(i — = Z* (r -f T)®4;^ 

r ^ o 

(3) Find the coefficient of x^^ and 4r>®i in the expansion of ( 14 '-*^ + ;»?*)•* in 
ascending powers of x. 

= (I - + *•) ^ I Jr + I * |< 1 

00 

= 4 - l) — 24 ?®’'+^ 4- 

y =r o 

The terms involving ;r*®‘ are obtained by writing r = 33 so that 
;,;ar+i ^,,100^ ;!?*’■+* = ;ir'®^ Hence the coefficient of x^^ is — 2 X 34 = — 68 
and the coefficient of x^'^^ = 34. 

(4) Show that the coefficient of x^^ in the expansion of 

ascending powers of x is 3 . 

o 14!} 

(i 4- x)^* 

The expression ^ ^ 

(I ~ x)^ 

To escape the difficulty of determining the required coefficient by dealing 
with two infinite series, multiply the numerator and the denominator of the 

expression by (i 4- at)^ which operation will give us an integral power of 
I 4 - Af for the numerator, leaving the denominator still a binomial. 

Thus the expression 

^ iL+-?)!j^+4L (L+£)!, =(. +.)*{! 

(1 + *)* (1 — »)* (1 — **)’ 

= (1 + 4;^+ 6** + 4^ + **)(» +1*’ + • • •)■ 1*1 < I- 
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Since even powers of x alone appear in the expansion of (i — the 

coefficient of required in the question can be got by multiplying the 
coefficients of (x^Y and (x^Y expansion by the coefficients of x^ and x 

respectively in the expansion of (i -f xY, and therefore the coefficient of x^^ 


1. 2. 3. 4 


+ 4 




7 » 9 >ii /'A j_ J 3 \ ^._ii .23 

(4!) ‘14-^ 8/ 


(5) Write down in its simplest form the coefficient of x^ in the \expansion 
in ascending powers of x, of \ 

(a + bx cx^ + dx^) (i — x)-^, — 1 < x < 1, 

00 

and determine the coefficients a, b, c, d so that this expansion reduces to S n^x^. 

w ~ I 

00 4-3 


Prove that S 
n — i 


26. 


[Lond. B,Scf] 


(I - - I 4- S 

r = I 


(-4) (-5) • • • (~ 4 - y + ') 

' r! 


(r- X)' 


i.e. (I - ;r)-‘ = i + S ( >- . + . D (>• + ^±j) 
r = 1 3 • 


“ (r+ 1) (>■ + 2) (>- + 3 ) ,.. 


r o 3! 

00 


^ (y -4- tW*” - 4 - 2 ) (r -4- 

The coefficient of x^ in (a -h bx-h cx^ + dx^) S —Vis 


{a (n 4- i) (w + 2) (« 4 3) + bn (n -f i) (« + 2) 

-i- c (w — i) « (n 4 i) 4 (w — 2) (w — I) n}. 

This expression is denoted by w„. Then 

00 

(a 4 4 cx^ 4 dx^) (i - == ^ 

w — o. 

Suppose now that = n». Since » of the third degree in n it is 
possible to choose the constants a, b, c, d so that this condition is satisfied. 

In the identity write 2, — i, o. i in succession. Then 

— 8 = — — 4<^, — I ^ ~ d, o = a, 1 4 Hence a — o, b = 1, 

c =s= 4, d ^ 1, 

00 00 

Since Uq — a it follows that S u„x^ becomes 2 n^x*^, when 

n = o n = I 

=s o, 6—1, c 4, d = i* Thus 
00 

S n^x^ ^ (x + 4X^ ^ x^) (I - x)-*, - I < < I. 

n = I 
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In this equation write x === i. Then 

s g - (i + I + i) (i)-* = 26. 
fl ~ 1 


3’61. Determination of a Binomial Function from its Expansion 

So far we have been concerned mainly with the problem of 
determining the expansion from the given function. We now 
consider some examples of the converse problem, i.e. given a 
binomial series to determine the function from which it is derived. 

If we are given a power series in x we can determine by a study 
of the coefficients whether or not the series is a binomial expansion. 
It must be remembered that the complete expansion may not be 
given and further that we may not be dealing with a direct binomial 
expansion of the form (i + The student must be guided by 
his previous experience gained in dealing with particular binomial 
expansions. 

If we are given a numerical series the problem is in general 
less simple than the previous case. For now another unknown 
factor has been introduced, viz. the particular numerical value of 
X which has been substituted in the power series to give the particular 
numerical series. 

Examples of both types of series are given below. In the first 
example we indicate the details of the analysis which enables us 
to decide the function from which the expansion is derived. 


Examples. — (i) Sum the following series to infinity ; 


•(3 1) 


1-3 


2*(4 T ) * + 2 


I-3-5 


(5 1) 


where \x\ < i . 


The general form of the coefficients suggests a binomial expansion. First 
we observe that the factors in the numerators of successive coefficients increase 
by 2. This suggests that the denominator of the index of the power of the 
binomial expression is 2. This is confirmed by the presence of the powers 
of 2 in the denominators of the coefficients. 

Next we observe that the terms are alternately positive and negative 
and that the powers of x increase by unity. This indicates that the expansion 
will be of the form (i + ^ distinct from (i — x)**. The fact that the 

terms are alternately positive and negative from the beginning does not 
indicate precisely whether « is a positive or negative. For some of the terms 
of the complete binomial expansion may be missing from the beginning of 
the given expansion. 

The next point to be observed is that the “ factorial " terms in the denomin- 
ators of the coefficients begin with 3 !. This shows clearly that three terms 
of the series are missing and that i/2»(3 I) is the coefficient of the 4th term 

T. A., II. S 
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of the complete binomial expansion. Thus we must multiply each term of 
the given expansion by and divide the resulting sum by a?*. 

Again if i /2*(3 I) is the coefficient of the 4th term there must be three factors 
corresponding to « (« — i) (« — 2). There are three factors and this indicates 
that two of the required factors are — for those num^rs differ by 

unity. The factor which is missing must either by — | 01^ -f |. This 
point is settled by the next coefficient which is obtained fronil the first by 
multiplying by ~ | and changing 3 I into 4 !. Hence we ntust take the 
value + I and the given expansion must form part of the binomial expansion 

of (i + x)^. 

The precise setting out of the working is as follows. 

Li3_^ . 

2^(3 !) 2*(4 !) ^ 2H5 !) ■ • ‘ 


/3 • _ UL-JL-i 1 - 3 .5 ^ _ 1 

12 »( 3 I) 2 ‘( 4 !) ^ 2 ‘( 5 !) •••! 


■ 34^’ l2*(3l) 

±. _ 
3** I 3! 

I / 1-^-1 


IS ^4 S * g * 2 * g ^5 


“=5^* ii — ^ ^ 

= ^ {<' + 1* + 1 ** - (I + 

(2) Evaluate i + ^ »” (”»-r ?) (>»- 4) • • : . (»«- + 2) , 

«=i "I**” 




W (w — 2) (w — 4) . . . (W — 2W + 2) 
n 1 2®" 


[Lond. B.Sc.] 


m(m \ (m \ Im . \ 

= tU- + V I 

n! ’a" 

= where ar = J. 


Hence 1 + E - 4)y - 2n + 2) 

, n ! 2®’* 


(3) Sufn the infinite series : 

Taking the expansion of (i — x)“", we have 


(1 - *)-« = I + n* + till + +jl(!LtJL^ • (!L±Z- L) ^ 4. . . . 

1*2 1.2.3. ,.f' 
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Here (i) the indices of the powers of x increase regularly by unity, the 
index of ^ in any term being the number of the factors in the numerator or 
denominator of its coefficient; (2) the numerator of the coefficient is the 
product of an a.p. of which the first term is «, and the common difierence is i, 
and (3) the denominator of the coefficient is also the product of an a.p, of 
which the first term is 1, and the common difference is i. 

In the series given for summation, the first and second conditions do not 
appear to be satisfied. We therefore modify it, by dividing by 3 each 
factor of the numerator of every coefficient, the requisite number of 3's for 
this division being taken from the power of Thus the series after modification 




(I - = (ir^ = (i)^ 


1.2.3 

(i)^ - 


+ • • • 


(4) Sum to infinity: 

. . 6.2 6.2.2 

25 H 

5.10 5-10-I5 




6 . 2. 2. 6 
5. 10. 15. 20 


The series = ' 


= 1+1 + 

+ 


.(?)* + 


.3 1,2. 3. 4 

•?•(-§) 


1.2 1.2.3 

§•§•(- I) (- g) 

1.2. 3. 4 




.(l)‘+**' 

I + 1 (t) lil-(i)* + + •• ■ 


(I + - (1) X (1)^ - UV5. 


(5) Sum to infinity: 

12 


, _ii 4-7 

12.18 ^ 12.18.24 


The series 


4 4.6 4.6.8 


The factors of the denominators are in a.p. ; but they do not begin with i. 
Hence one additional factor, namely unity, has to be introduced into the 
denominator of each coefficient ; and as the number of factors in the numerator 
is the same as that of the factors in the denominator, we have to introduce 
an additional factor in the numerator also, which factor is clearly, — f . 


Let 5 denote the series. Now 

— AC — (julhi 1 ~ (rJllili, (x)a -f in-t. ) * l . li (j)« — . . . 

~ 1.2 ** 1.2.3 I. 2 - 3‘4 

Again, since the index of x in every term must be the same as the number 
of factors in the numerator or denominator of the coefficient, we have 

4. . . . 

1.2 T 


- }S X J = 


1.2.3 
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Here the first two terms are evidently wanting. AMien we supply these, 
we find that 

_ |S X 4 + X + I (i) =» I + f (i) + + ■ • • 

- 45 + xj = (I + 4)* = (D* = 4^i8. 

A S - 3 (i4 - 4^x8) = 4 - 5^x8. 


3*62. Properties of the CoefBcients of Binomial Expansions 

We first prove that the sum of the first (r + i) coemcienis in 
the expansion of (i — a;)** is \ 

(~ i)*- (« — i) (w — 2) - 3) . . . [n --r)lr ! \ 




Now i—x)^ 


(- .)' 0 


(I - *)-i = Z X\ I I < I. 

f = o 

Since the series converge absolutely the product series also 
converges absolutely for lx! < I. Thus 

00 

(i— x)” (i— x)~^ = Z [Chap. I., § i-6] 

r — o 

where a, = i i)r 

00 

Now (i— x)” (i ~ x)-! == (i — x)^-^ = 2J bjX'', 

X = o 

where K = (- i)’' r^)' 

Hence a^. = (Chap. I., § 1-8). 

"■"“i.'- 7')- 

The remainder of the section is devoted to examples which 
indicate how the properties of binomial coefficients may be obtained 
and used. 

Examples. — (i) Find the sum of the coefficients of the first (r + i) terms 
in the expansion of (i — x^^. 

00 CX) 

(I — X)-^ = S i (r i) (r + 2) x^ ^ SaX and (i — x)-^ ^ S 

r ssz o #'=3 0 
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Using the product theorem for power series 

(i — x)-*— where a, = + 6, + . . . -f 6^. 

CO 

Now (i - x)-*‘ = S |(y + 1) (r + 2) (»- + 3) X’. 

S i (i + i) (s + 2) = J (r + I) (r + 2) {>- + 3). 
s = o 

(2) If denote the coefficient of in the binomial expansion 

2 f\ * 

where i > .r > — i, use the identity (i — ;r)” (i -}- x)^ = (i — ;t-)” to 
prove that 

CqC^t I 'h • ■ ' "f* ( l)* ^a^2r-» + • • • 

+ (- = 4 (- l)'Cr (I - C,). 

[Lond. B,Sc.] 

CO CO 

(i — ;f)" -= B (— i)*'CfX^, and (i + x)” = 27 

r = o r = o 

Since each series converges absolutely for \ x \ < i 

00 

(1 - xy^ (I + = 27 

y = o 

where Or = c,x:q — Cr-iC-i + + . . . 

+ (~ -1' . • . "h (— tyCrCo, 

Since this is true for all values of r, 

a^r ~ ^o^8r • ~H ( ^)* ”1* • • • “I" (”** l)®^ ^ar^O* 

00 

Now (l — XY (l + = (l — •;’^^)" == (~ 

y = o 

Comparing the two expansions, the coefficients of x^^ must be the same 
in each case. Hence 

+... + (- I)'C.C5,-, + . . .+ C,.Co = (“ 

2r 

i.e. S (- lYc^ir-, = (- 

s = o 

In the series on the left there are 2f + i terms and the terms equidistant 
from the end and beginning are equal. The middle term is obtained by 
writing s =* y and is (— lYc^^, Hence 

z 27 V + (- x)V = (- 

5 = 0 

y — I 

i.e. (- \Ycfitr-. = 4 (- (I - c,). 

s = o 

(3) IFyite down the expansion of (i — in a series of positive integral 

powers of x. If the coefficient of x^^ in this expansion is a^, show that 

«,«, + + . . . + «»«« =* I [Land. B.Sc.] 
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(I - *«) 


-i 


•-(-!-»■+ I) 
rl 


(- 


<i 


v i- 3 - 5 -( 2 »'- ( 2 *- - 0 


2 r y 


2 *r-l y 1 (f - I) I ' 




Next consider the square of the series JPa^***, Since the series converges 
absolutely for | ^ | < i the series obtained by considering the square will 
also be absolutely convergent. Thus \ 

{(i — X*) = ZbrX^^ where + . .y -f UfU^, 

Now {(r - = (l - xY^ = Sx*’. 

Hence 6, = i. Writing y = w; 

^ I =s ao^n + -f . . . + a«ao- 

(4) Find the sum to n terms of the series whose rth term is 
f (f + I) (r 4- 2) (r + 3)* 

Write = r {r + 1) {r + 2) (r + 3). 

Then «, = 4 |.!Jr_ti.)jL,+ iHl±i) 

. „-,,i5-6-7 *'(»'+ I) (*■ + *)(*■+ 3) 

.. u, = 4i. v^iyi 


Now 


(I -*)-•= ^ ^ (- 


^ J 5. 6.7 y (r + I) ( y 4 - 2) (r + 3 ) (y + 4) yw 

r = o 

I 

i.e. (i ^ 

4 ' r = o 

« n — I 

The sum required is Z ^ Z 
f =a I f — o 

If s denote the sum of the given series it follows that 

5 =». 4 1 X the sum of the first n coefficients of (i xy 
8= 4 ! X coefficient of x”'-^ in (i — 

i.e. s =i 4 ! X 


w (« + 1) (w 4- 2) {n + 3) {n + 4) 

5I 


in (n 4 - I) (« 4 - 2) (« 4 - 3 ) (« 4 - 4). 


3*63« Application of the Binomial Theorem to Approximations 

00 

The binomial expansion £ W is a series which converges 

r ssr O \^/ 

absolutely to (i + provided | ;<? ] < i. In particular from 
Ifae properties of convergence 
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lim. [ ” j Af = o. (Chap. I., § i'32.) 

Also we know from the properties of the coefficients that there 
is a numerically greatest term in the series, which may in particular 
be the first term, beyond which the terms steadily decrease. 

Further, it is clear that the smaller the value of\x\ the more rapidly 

will Z a;’* converge to its sum function (i + x)^. In other 

words, if I a; I is small enough we can obtain good approximations 
to the value of (i x)^ by taking comparatively few terms of 
the expansion. 

Consider the problem of finding the «th root of any number. 
Let N denote the number. Express N in the form a^ + b where 
a” is as close to iV as is convenient, while 6 is a positive or negative 
number which is small compared with a". 

Thus, e.g. if we require the fourth root of 626 we should write 
626 = 625 + I = 5^ + I. In general. 

JV = a" + 6, N” = («» + &)» = a 4- 

1 1 

== a (i + x)^, where x = 6/a^ and \x \ is small. 

It is clear that the number of terms which are retained will depend 
on the degree of accuracy required, since clearly the more terms we 
take the more closely do we approach to the precise value of the root. 


Examples. — (i) Extract by means of the binomial theorem the fourth root 
of 624 correct to six places of decimals, [N.Sc.] 

(6*4)^ = (625 - I)* = 5 (i - 


Zl± + 

5“ ^ 


' ' ■'V 5V 

-5(1-1-54+ Ji 58 31 5» + ---; 

^ _ _i 3 _ _ \ , f I _ 2 

2500 125 X 10® “ / JO® I 

=:= 5 (I — 0004 — .00000024 ~ . . .) = 5 X -99959976; 

.*. (624) i = 4-997999 correct to 6 places of decimals. 




( 2 ) Show that the error in taking “-qj— + * «« approximation to 

<v/(i + Af) is approximately equal to x*l2'* when x is small. 

By taking ^ = J, find a rational approximation to \/6 and state to What 
number of figures the result is correct. 

Now V'FT^ = (i 4* 

(I 4- ^)i a= I 4- — \x^ 4" — rit^* 4- • • • 
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Now 


2 + X 


+ 


I + ^ iJlf 4_ ^ ^ 

2 +^ 4 


+ 4 *)-‘ 


= 1±£ + Li-* (I _ . .) 

==i + i^ + i~l;r + 4- ^%x* + j 

= 1 + iAT - + *;r» 3 ^^^ . . 

Neglecting x^ and higher powers the difference between the t^o expres- 
sions is 


= ris^* = ^V2’. 

When .r = J, Vi -f = -/§ Jv^6. 


Also 


1 + * + 2 

2 f- ^ 4 


L±_i 4. ^ _ 3 4. 5 _ 1.22c 

2 -f i + -4 - ^ + -8- - I 225. 


Hence adopting the approximation we obtain \/^ “ 2*45. 

The error term is ;r*/2’ = 1/2^^ =* *00049 approx. Thus we would 
certainly expect the approximation to be correct to 2 decimal places and 
perhaps to 3 places. It is easily verified that y'b == 2*4495 ... so that the 
result is just correct to 3 places of decimals. • 


When I a: I is large we may approximate in a similar way by 
considering an expansion in ascending powers of ijx. 


(3) If X is very large, find, correct to the term in ijx^, the expansion in powers 
of ilx of i/(x + 3) X ^xl^(x ~ 2). 

+ 3 i_^ ^ ( x + 3 )^^ ^ 

- *) (*r _ 2)i ■ 

Dividing numerator and denominator by the expansion becomes 


- {■ + i-i* + - •} {- + 1 +!^+ + 


(4) Prove that 

+ c*) (F j (a* + 6* ~ c» - rf«), 

when X is very great. 

The expression = {x^ + {x^ -f 6*)^ — (x^ + {x^ + d^)^, 

= *:»(!+ «*/*•*)* (I + - ** (I + (« + 


- ^ (j + ^. + ~r) - (* + if)’ 



The Binomial Theorem for a Rational Index 


I2I 


reciprocals of powers of x higher than x^ being 
neglected, since x is very great, 

^ x^ — x^ ^ ix^ £ ^ ^ approximately 

— i (a* + ■— c® — if*) approximately. 


(5) If X be nearly equal to unity, show that - 


;»?»*+*» approximately. 


Let X ^ 1 y, where y must be small, since x js nearly equal to 1 ; 
/. the expression 


m (1 + wy 4- . . . )_ ~ji (i -f wy + . . • ) 
m — n 


_ m — n + y (w® ^2) 

m — n 

== I 4- 4- w)y, 

y* and higher powers of y being omitted. 

Also — (i 4- y)*"^** - I 4- (w + w) y, under the same assumptions, 
which prove the equation. 

The binomial theorem may sometimes be used to find approxi- 
mately the root of a given equation. 


(6) Given that a is small compared with b and c, find an approximation to 
numerically smaller root of the equation ax^ 4- ^bx -j- c ^ o. 

The roots of the equation are x=^{'-b±Vb* ~ ac}la. 

Since a is small the root required is {— 6 + Vb^ — ac}l a. 

It is clear that if in the quadratic equation we suppose that a -► o the 
equation would become 

o.x^ 4- ^bx 4- c = o 

whose roots are — c/26 and 00, with the usual convention on the meaning of 
the symbol infinity. 

It follows that the first term in the required approximation will be — c/26. 
Now 


(6> - ac)* = 6 (i - 1^) 

II 

0 * 

"*F* 


, I ac 




= - 

4 fts 




c ac< 

Thus the required root is 4 ^ i pr where a®/6* and higher powers 
are neglected. 


(7) Find an approximation to the small positive value of x which satisfies 
the equation 

(I 4"^)’ (I = 1*05- 
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(I + xy (I - x)-* = (i + 7 * + 2Mr* + . . .) (i + 42f + tox» + . . .) 

= I + ii;r -f (higher powers of x neglected). 

Thus the equation becomes *05 = iix + ^gx*. 

Solving this as a quadratic equation in x, we have 

^ = {- II ± V( 12 I + 4 X -05 X 59)}/ii8. 

The required root is clearly x = — ~i ^ 

From tables y/ 1^2-8 = 11-522 so that x — -522/118 = •oo442'4. If we 
had neglected x^ the approximation to the root would have been ;ir\= -05/11 
= *004545. 

The binomial theorem may sometimes be used to determine 
approximately the error term in equations which represent relations 
between physical quantities, due to small variations in the quantities. 
Problems involving determination of small errors are, however, 
usually solved most readily by calculus methods. 


(8) The pressure and volume of a given mass of gas are connected by the 
equation pv^'^ = c. If the volume is increased by 2 per cent., find the percentage 
change in pressure. 

Now pv^'^ ^ c, c being a constant. Suppose that when v changes into 
V h, p changes into p •\-k,h and k being small. Then 

(p + k) (v + = f = pv^’*. 




P 


A (1-4) (2-4) 




2! 


Now ^ since v increases by 2 per cent. 


A* 


Neglecting and higher 

powers, - — — . Now k/p is fractional increase in p so that percentage 

“ * p 50 

increase in ^ is 100 kjp. Thus percentage increase in ^ is — 2-8 per cent. 
The negative sign indicates that pressure is decreased. 

Observe that logarithmic differentiation would have given this result 
immediately. 


3,64. Approxixnatioii to a Function by a Series 

In approximating to any function by means of a finite number 
of terms of an infinite series, which is the expansion of the given 
function, the following points should be observed. 

The approximation will be required to some stated degree of 
accuracy, say r decimal places. Then it will oe necessary to 
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ensure that all terms which can affect the rth decimal place are 
included. Further, all the terms which are included should each 
be calculated to at least (r + 2) decimal places. This is to ensure 
that the accumulation of errors wiU not affect the rth decimal place. 

Again, in determining the number of terms which must be 
included it is necessary to know the greatest term of the expansion. 

Suppose, further, that it has been necessary to take p terms. 
Then we require some estimate of the remainder after p terms. In 
the case of the Binomial Theorem there is no single elementary 
formula which is applicable in ail cases. 

The ultimate behaviour of the terms of the binomial expansion 
as regards sign has been discussed in §§ 3*12, 3*2. There are two 
cases, (i) Terms alternately positive and negative, (ii) Terms all 
of the same sign. To (i) belong the forms (i +x)^, (i 
where n > o, x > o, while to (ii) belong (i — x)"'^, (i — x)^ 
where n > o, x > o. 

We have supposed that p terms are taken and we wish to 
estimate the magnitude of Rj,, the remainder after p terms. 

Case (i). We take p greater than the order of the numerically 
greatest term, and also greater than n. This second condition is 
to ensure that the terms have reached the alternately positive 
and negative stage. Under these conditions 

Rp — ^3)+l ^3»+2 ^3>+3 “!“••• 

or Rp = • 

where w* denotes the absolute value of the tth term. The former 
equation applies if the first term in Rj, is positive, the latter if the 
first term is negative. 

Now the sequence is monotonic decreasing, as once we 
pass beyond the numerically greatest term, the terms steadily 
decrease in absolute value. 

Taking the first equation 

Rp = (^j)+2 • • • 

== (^P+l ~ Wp+ 2 ) + (*^P+3 ^P+ 4 ) + • • • 

Hence < Rp < ^p+v 

Taking the second equation, 

Rp = — Up^i + (Wp+g — Wp+a) + Wp-rt ^ ^p-fs) + • • • 

== — ^p+«) (^p+a ^p+4) • • • 

Thus — (*^p+i ^p+2) ^ ^p ^ ^p+i* 
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Observing that in the first inequality is positive, while in 
the second it is negative, it follows that in both cases 

*V+1 ^3>+2 1 1 

In other words, if we stop the expansion at the pth terfk the error 
in the approximation is less than the absolute value of the\[p -f i)th 
term, and greater than the absolute value of the differenpe of the 
{p + i)th and {j> + 2 )th terms. 


Case (ii). All terms ultimately of the same sign. Consider 
first {i—x)^, and suppose p > n. This will ensure that the 
greatest term is passed. Also 

<x all r p. Hence 

Ur 


— '^v+1 

+ «J.+* + «J)+3 

+ . 




1 + 

r/ ' ^ z 

P+3 


.) 



^p+\ ^ 

P+1 




(1 + 

^3>t2 

P+3 

^ P-1-2 

-f-. . 




3>4 2 



< 

(l -t-A 

'+x^ + 

...) 

= U 



Similarly we may consider (i — x > o, n > o in which 
case all the terms are positive. As before 

I I ^ 

Thus in Example (i) of § 3-63 the error in stopping at the third 
term is less than 

iiiiJ V = 5 

3 ! 5""/ V 5V " 4 " X 5^' 10^* loio 


This error cannot affect the 6 th decimal place. 


37. Limit of a Quotient 

Suppose we require to determine the limit as x-^ a of the 
quotient of the functions / (x) and <f> (x) where / (x) and p (x) 
are continuous. We suppose first that a is finite. Then since the 
functions are continuous 


lim f{x)=f (a), lim. p{x) == p [a), 

X a X a 

f {a), p [a) denoting the defined values at x ^ a. Also provided 
6{a'\^o, f{x)lp{x) is continuous at x = a and 


lim. 
X a 


i> W («)’ 



The Binomial Theorem for a Rational Index 125 


Now suppose ^ (a) — 0. Then there are two possibilities. 
Either /(a) 4=0 or f {a}=o. 

In the former case it is clear that the limit does not exist, for 

fix) 

f(x)'^ ± 00 as a: a. 

In the second case f [x) has the indeterminate form o/o 
dii X = a. The equations 

f(x)^o, ^{x)r^o 

have a common root at x ~ a. We can say that x ^ a is a zero 
of both / (x) and (x), i.e. the functions possess a common zero. 
It does not follow that / [x) and p (x) have a common factor of 
the form x — a. This would only he the case if f [x) and <f» (x) 
were polynomials. 

f M 

To discuss lim. ---( in the case of the indeterminate form 

change the variable from x to h where x — a ^ h. Thus 
h-> 0 3 iS x-^ a. Then 

fjx)_f(a + h) 

P{x) <l>(a+ h) 


If we can expand the functions f {a -\-h)y p {a -\-h) as a 
series in powers of h, h being small, we can proceed further in the 
determination of the limit. 

Thus suppose that by means of the binomial theorem, or by 
any other method we can obtain expansions of the form 


/ (a + /^) = ao + aft + a , 

^ (tsf 4" ^) “ ^0 "1“ ^ 2 ^^ 4“ . . . 

Since is the value of f {d + h) when = o and / {a) 
it follows that = o. Similarly h^ = o. Thus 

/ (^ + *) _ ^1^ + ^2 ^^ + — • _ 4 - ^2^ + • > - 

p {a 4“ h) 


if h^Q] 


byh + + • • • ^1 + ^ 2 ^ + • • 

f (d + h) di -j j z. 

hm. = provided 61+0. 

A o 9[d + h) bi 

If 61 = 0 and then clearly the limit does not exist 

for the ratio f [d + h)lp(a + h) becomes infinite as A->o. 
If = o, ^1 = 0 we obtain 

/ {a 4" _ ^2 + djt 4 " • • • 
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and we may now argue as before. Thus 

lim. 77 — = 7^, provided and 


SO on. 


flm. (fe>. 


Next suppose that a is infinite, Le, we require , . 

J 00 ^ W 

This may be reduced to the consideration of a finite limit by the 
substitution x = ijy. As x -> + oo, y -> o througn positive 
values. Thus \ 


fix) 


lim. 

^ 00 ^ix) 


lim. 


/(j) 


as y tends to zero through positive values only. Similarly 


lim. 

* -»■ — 00 ^ W 




as y tends to zero through negative values only. 

3 * 7 L Application of the Binomial Expansion to Limits 

We give a number of examples illustrating the use of the 
binomial expansion in the determination of limits of quotients. 

Examples. — (i) Find lim. {(x h)'^ — x^}lh, where n denotes any 
o 

roHonal number. 






. •» + *)’ 
* 


n (n 


ji **«-• -I- 


/ terms in A* and*! 

V higher powers/' 


lim. 


(x + A)« 
h 


as 


l^ote . — ^The student will observe that what has been proved in the evalua- 
tion of this Umit is that if f (x) ^ x^, where n is any taiioncd number y then the 
^st differential coefficient f * {^) is ♦Mr'*-*, 
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(a) Prove that litn. = i. 

x-*o V(i -JT*) - V(i -tt) 

See § 2*641, Ex. 4. 

(1 + = I + (I + == 1 + ix* - ix* + ... 

(I — **)i = I _ ^ ^ (l _ — I _ Jj, _ J,.* ^ ; 

• V( i 4 - -y) — \/(i 4 -^*) __ — jx^ + higher powers of x 

^/(J — x^) — V(i — ~ + higher powers of x 


I — l -y -f po wers of 
I — }^ -f powers of 


Thus 


lim. 

AT -> O 


V(1 +Ar) ~ V(r +^*) 
V(i - \/(i —X) 


I 


/ \ n .. 1 . ^ 1- (i — w 4- ntx)^ — (i — M 4- , , 

(3) Pfove that hm. - — f — = J mn (n — m) . 

x-^ 1 (I — 

Write A? — I = A. Then 

(i — w 4- WA?)" = {i — w (i — at)}” s= (i 4- mh)^ 

= 1 + mnh + m‘h‘ - | mA | < i 


(i — w 4- nx)^ ■= {i — n (i — at))*” = (i 4- nh)^ 
— I 4- mnh 4- ^ ^ n*A* ... | wA | < i . 


The given quotient becomes 

w* — n*|A* 4- higher powers of aJ 

= i mn (w — w) 4 * powers of h 
Letting h o, the limit is 4 mn (n — m). 

(« + »> - - (» - »- _ W (-+ 9 ~ -(■-!)'} 

o^ir -(■-!)■ 

"(■+ir -(■-!)■ 
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Since x is large we may assume that j - | < i . Then 


I fn{m — i)j6^ 


2mb 


— — h terms in ^ and higher powers of 

Also ^ 1 +^^ terms in and higher poyers of 

Proceeding to the limit, we get 

lim T.i5„“ 1 _ ^ !” 

^ L ’ {x + h)^ {x — b)'' A znb n ‘ 


Alternately we may writ<‘ x ~ ijy and consider 

(3,-1 _ (y-l - fc)«- 

as ^ o through positive values. 


3*8. To find the number of homogeneous products of r dimensions 
that can be formed out of n letters, ai, a^, . . . and their 

powers 

Let Oi, a2, a^, denote n numbers such that 

I I < I, r == I, 2, 3, n. 

Then if | :)i; j < i, | | < i. Hence by the binomial theorem 

00 

(i — a^x)-^ ~ Z a/x‘ — i+a^ + a^x^ + • • • 

5 — 0 


n 

Thus the product J7 (i — a^x)-'^ = i + 

r = I 

where Sj = + • • • + ^n» *^2 = + ^1^2 + • • * 

+ f . . . 

S 3 ^(h^ + “t . . . 

Then Si, S2, • are the sums of the homogeneous products 

of one, two, three . . . , dimensions which can be formed out of the 
letters, Oi, • and their powers. 
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n 

It will be seen that in the product /I (i ~ we are 

r = I 

considering the product of a finite number of absolutely convergent 
series, the subsequent product being arranged in ascending powers 
of X. That this process is legitimate follows from the theorem 
on the product of two absolutely convergent series. (Chap. L, § 1*6) 
By repeated application of the theorem, the result clearly applies' 
to the product of a finite number of absolutely convergent series. 

To find the number of terms in S^, Sg, S3, . . . put =^1 and 
denote the corresponding values by ..., i.e. 

is the number of homogeneous products of r dimensions. Hence 

CO 

{(1 - x)~^}- ^ 1 ^ Z 
r I 

Now (I E ^ 

f — T. ^ * 

and from the theorem on identical equality of power series (Chap. I., 
§ 1*8), it follows that we can equate corresponding coefficients. Thus 

_n {n 1) {n + 2) . , , (n + r — 1) 


Note. — It will be observed that = n+r-i^r so that we can 
use the notation of Combinations in calculating the value in any 
particular case. 

3-9, To find the number of terms in the expansion of a positive 
integral power of any polynomial 

Let the polynomial be 

^0 + *+• ^2^^ + . • • f 

so that it contains r terms: it is assumed that the coefficients are 
all different from zero. We require the number of distinct terms in 

(«0 + + • • • + 

where w is a positive integer, i.e. terms involving the same power 
of X are counted as distinct if the literal coefficients are different. 

The expansion contains all possible combinations of the r letters 
• • • > 2tnd of their powers. Hence the total number 
of terms in the expansion is the same as the number of homogeneous 

9 


T. A., II. 
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products of n dimensions which can be formed out of r letters and 
their powers, 

; a _r (r + z) {r + 2) . . . (r + n - i) 

i.e. 

Note. — If all the terms involving like powers of x are grouped 
together and treated as a single term the number oft terms will 
in general be nr — n + i since the highest power of x is 
This statement assumes that none of the coefficients in\ the series 
so obtained, is equal to zero. If some of the coefficients vanish 
this would imply the existence of relations between th^ original 
coefficients a^, 

Example. — Find the number of terms in (a + & -f c)", n being a positive 
integer. 

The required number is 

= S+n-l^n = ti+2^n == *+2^2 — J (w + l)(w -f 2). 


EXERCISES III 

28. (i) Find the coefficient of in (i + x^Y (i — (ii) Use the 

binomial theorem to calculate the value of (8*4) ■‘2/® correct to three places 
of decimals. 


29. In the expansion of (i — find the conditions that the sum of 

coefficients of the first three terms may be equal to the coefficient of the fourth 
term. Find also the condition that the sum of coefficients of the first r terms 
may be equal to the coefficient of the {r -f i)th term. 


30. Find the coefficient of x^^ in {i x)l{i — xY- 

31. Find the coefficient of x^ in (i — xYI{i — 2;r)®. 

32. Find the coefficient of x^ in (i + 24 ? -f 34r*)/(i — a?)®. 

33. Show that the coefficient of 4?" in (i + 2x)l(i — 24?)® is 2" (2n 4* i). 

34. Find the coefficient of a?** in (i + 04? + a*4?® 4- ... to infinity)**. 


35. Show that the coefficient of 4f* in (i — 24? 4- 34?® — ... to infinity)"^ is 3. 

36. Show that the coefficient of4?**+‘ in the expansion of (i—x)Vir+lc is 

' ' • 2 "+‘ (« + 1 1 ) ^ '■ 

37. Find the coefficient of x' in the expansion of {(1 + x)/(i — x))^. 


38. Show that the coefficient of 4?®** in 7 rrrr“i — a is 

(I — 4?)*(I 4 - 4?)* 

J (n 4- I) (w 4- 2) (n 4- 3)- 


39, Show that the coefficient of 4?** in (i — 24?)*»/(i — 34?) is i and that 
of 4?"+*' is y. 
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00 00 

40. Prove that the product of S x* and H {r + i)x' is 

r = O y = o 

00 

J S (f + i) (r -f 2) x\ 
r — o 


41 - 

42. 


43 - 


Show that (, _ ly + ... 

Show that 

Show U., . , , 


44. Prove that 


I 2n , 

I + n— ~ + 
I -t* w 


s= I 4- w 


n{ n + 1 ) ( 2n \* 

1.2 \i + n/ • 

. n{n - 1) / 2 n y 
I — w 1.2 \i — w/ 


45. Find the first two terms in the expansion of 3 fL 

I - 4- (4 - 

in ascending powers of x. 


46. (a) Find the coefficient of x* and of x’^ in (i + ;if -f ;r* 4 * + Jr*)®. 

( 6 ) Show that the coefficient of ;r*’" in (i — 4- 4?* — is i. 

47. A student is examined in 3 papers with a maximum of n marks for 
each paper. In how many ways can he get a total of n marks ? 

[In each paper he may get o, i, 2, . . . or w marks. 

Hence the total number of ways in which he can get a total of n marks 
is the coefficient of x^ in 

(i + ^ 4 - 4 - . . . 4 - (i + ^ . 4 - (i 4 - ^ 4 - 4 - . . . 4 - x^), 

since every way of forming the coefficient of x**, say (x* x x^ x corre- 

sponds to a way of getting a total of n marks (2 marks in the first paper, 2 
marks in the second paper and « — 4 marks in the third).] 

48. A man sits for an examination in which there are four papers with 
a maximum of m marks for each paper. Show that the number of ways of 
getting half marks on the whole is 

J (m 4 * i) (2m* 4 - 4^ + 3 )* 


Prove the following results: 

49. i + i+ = 

50. » 1+ + • • • to i«fi«»ity. 


5 ^* 
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GO 

52. Find the value of £ r 

f = I 

the series converges to this sum. 



and state for what values of x 


53. Find, by multiplication or otherwise, the cube of 

I X* + — 1 -^ *»+... to infinity, 

3.0 3 *o *9 

as far as in its simplest form. 

54. Find, to five places of decimals, the value of -15^1003 — 

55. Find the value of (998) i correct to five decimal places 
the binomial theorem. 

56. Show that ^3 = X + -029) 1 , and hence find 

the cube root of 3 to four places of decimals. 

57. Prove that *$^2 = -J (i -f *024)^, and hence find the cube root of 2 to 
four places of decimals. 

58. Find the cube root of 29 to four places of decimals. 


•^ 97 - 

by means of 


If X be so small that and higher powers of x may be neglected, show that 


61. 


62. 


I -f iix. 


59. (l + 2 x)^ (I - 4Jr) ^ 

60. 

VI — X 


V i X + ^ I + 




I - 4 ^ + (4 - 


63. If y = xl{(x + i) (;r 4- 4)}. prove that y has a maximum value 
when X = 2. Show also that approximately, when x = 2 h, where h 

is small, y = 4 “ Tc • • • )• 


64. If c be a quantity so small that c* may be neglected in comparison 
with /*, show that 

V r|“c+ Vr'ii 

is very nearly equal to 2 + 3^^®/4^*. 


65. Prove that lim. {(i — x) {an^ — bx^)lix^ — x^)} « x. 

AT -> I 
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66. Prove that lim. ~ 5. 

X a a (^ax — 2;^;*)^ — 

67. If u = 1 -i- V I -f x\ u = I — \/(i show that as ^ co 

t|8w __ yZm ^ 2m («*"*+! — 

where m denotes a positive integer. 

68. Show that if denote the middle term of (i 4- xY^, then will 


f© + + ^2 4 - • • • == (i — 4x) 


N ^ n 




69. If N and n be nearly equal, then a (- J • — ^ 

\ n JV4'W ‘ w 

approx. 

70. If = fl 4- where ^ is very small, then \/N — ^ — 

71. If = a — X where x is very small, then 

2Ar -}- a® 

= "•N + 2a. aPP"°*- 

72. Prove that if M differ from by a small quantity, the square root 
of M is approximately equal to 

- ( 3 ^* - 
^ "SN* 

73. Show that if p — q be small compared with p or q, then 
„/p _(n i) />+(« — i)g 




(n — 1 ) ^ 4- (n 4- I) g 


approx. 


[vr- 


M. + ?) + ( />- ? )}" _ {! + (/>- MP + ?! 

{(/> + ?)-{/’- ?)}" {I - - ?)/(/> + ?)} 


■=...] 


74. Apply the foregoing rule to find to three places of decimals (a) the 
square root of Jg; (6) the cube root of |f; (c) 

75. If n is a positive integer, prove that the coefficient of in the expan> 

sion of (i 4- ;if)/(i 4- 4- in a series of ascending powers of x is 

J (w 4- i) (3w + 2). [Camh. Si;A.] 

76. If ;r, I — X, and (w — i) are all positive, prove that the remainder 
after r terms in the expansion of (i — is less than 

» (w 4- 1) . . . (1* 4 - — X) (i — xy^lr I {Lond,, B,Sc.] 

77. Write down the expansion of (i + a?)", | at | < i and n not an integer, 
in ascending powers of x. Prove that 

X H- I + I- A + l-Ti* A 4 - • • • == 8 V 3/9. 


[London, B.Sc ] 



CHAPTER IV 


INFINITE SERIES WHOSE TERMS ARE FUNCTIONS OF 

A VARIABLE \ 


In Chapter I. some of the properties of power series of l^he form 

flo + + «*** + •••+ + .. . 

have been considered. In particular if a„ — the power 
series becomes the binomial expansion 


(I +x)« 




The terms of such series depend on a variable x and yre have 
proved in the case of the binomial series that if x is any fixed value 
in the range — i < ^ < i the series converges absolutely. 


4*1. Meaning attached to the Sum of a Series 

Any series whose terms depend upon a variable x may be 
expressed in the form 

00 

(x) + Ui{x) + . • • + ««(*) + ■ . . = «„(*)• 

M = I 

Let us now consider precisely what is meant by the sum of such 
a series. 

Denote by S (x) the sum of the series, S„(*) the sum of the 
first « terms, R„(x) the remainder after « terms, 

a partial remainder, where p is any positive integer. Then when 
we assert that the series converges for values of x lying in a certain 
range, the following properties are implied. 

(i) We fix the value of x in the range, for which the sum is 
required and insert this value in each term of the series. 

(ii) The value of S„(x) is then found. 

(iii) Keeping X fixed, S (x) is the limit as «-»■ oo of S„(x), i.e. 
corresponding to the arbitrary positive number e there exists a number 

such that for aU « > «o 

I S (x) — S‘„(x) I < *. ~ 


»34 
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The conditions for convergence may also be expressed in the form 
I I < €, n p 3, positive integer; 
or \R^\<€, n> Wq. 

We have emphasised in Chapter L, the property that the 
number depends in general on c and this has been indicated by 
the notation (c). 

In order to fix precisely the number n® let us agree that it is to 
be the smallest positive integer with the property such that 
1 Rn[x) 1 < €, for all n > n^. 

Now the terms of the series EuJ^x) depend on x and conse- 
quently we would expect Hq to depend also on the particular value 
of X used in determining this sum. This is equivalent to the state- 
ment that is a function of x, i.e. if we alter the value of x, the value 
of is, in general, altered. Thus n^ is a function of both x and €. 
This is conveniently indicated by the notation n^ (x, c). 

Examples. — (i) Let the sum of a given series to n terms be i/(;r 4- n) 

where x > o. Thus SJx) ~ * 

X -j- n 

Clearly if a? > o, lim. S„(;r) s= o. The condition for convergence is 

w 00 

I I 

< €, i.e. X 4- n > — , i.e. n > x. 

X 4- n - 

Since x is a fixed positive number we can choose € satisfying x so 
that i — JT is positive, 

1 1 follows that This equation* shows that n® depends on x, 

00 

( 2 ) Consider the series £ where 

n — J 

«nW = ^/{(w - i)x 4^ 1) {nx + I}, 
for X > o. The series is 

XX X 

iT"! (* + j) ( 2 * + I) 4- I) (3* + 1 ) ■*■••• 

To find the sum to n terms of this series we observe that 

. . I l_ ; 

(n — i)4r4-i twr-fi’ 

• * + (r+Tf ~ 2X -f i) ( 2 ^ -h I 3;r + i) ‘ ' 

. (__L ? 

♦ Throughout this chapter the notation [y] will be taken to denote 
the integral part of y. 
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It is necessary to consider two cases. 

If X > o, nx OQ as n -> 00. Thus 

lim. SJx) == I — Urn. il{nx -f i) « i. 
n -V 00 M ->► 00 

If X ^ o, nx = o and 5 „(o) = o. Hence 
lim. • 5 n(o) = o, 
n -> 00 

and it is obvious in this latter case that the sum of the series is >, for each 
term is zero. \ 

If ;r > o the condition for convergence is \ 

I < *. i.e. n.r + I > i/e. i.e. « > {’ - i)/^) 

Thus «. = [(i-i)A] -f I, using the same notation as in Ex. i. 

From this equation it follows that the smaller x ts the larger will be n^. 
In fact 

lim. [(i-i)/-]= + CO. 


On the other hand | S (o) — 5»(o) | < € for every positive integer n, 
since S (o) = 5 „(o) = o. In this case Mq = i. 

This example shows that although all the terms of the series are continuous 
functions of x the sum function may he discontinuous. For in order that the sum 
function S (x) be continuous at x ^ o it is necessary that 

lim. S {x) ^ S (o). 

X ^ o 

The left-hand side is unity, while the right-hand side is zero. 

Let us next consider the approximation curves as in Vol. I., Chap. XIII. 

Write = S„(;v) — i — 

J'n / nx 

i.e. Cv,-i)(,. + i)= _±. 

We give the graphs for the cases n = 1, 5, 10, 30. The student will 
recognise that the graph of y = >'« is 3 - rectangular hyperbola whose asymp- 
totes are the lines x ^ ^ y = i. As w -> 00, — — o so that the 
n n 

line ^ “ approaches the line x ~ cr, z.e. the axis of y. As we now 

are only concerned with positive values of x only a part of one branch of 
the hyperbola is shown in each case. (See Fig. 5.) 


X = 

0 

0*2 

0*5 

I 

1*5 

2 

yi = 

0 

0*17 

0*33 

0-50 

o*6o 

0*67 

ys == 

0 

0-50 

071 

083 

0-88 

0*91 

yio 

0 

067 

0*83 

0-91 ! 

0-95 

0*95 

yso == 


0*86 

0*94 i 

0-97 

0*978 

0-983 
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As « 00, X > o the graph y — yn approach nearer and nearer to 

the y-a,xis between y == o and 3/ = i, and to the line y ~ i. 

If we argued from the approximating curves it would appear that S (x) = 1 
when X > o, while when x ~ o, S (x) might liave any value between 
o and I. Of course S (o) can only have one value since each term of the 
series is single-valued. 

The actual graph of the sum function y ~ S (x) is the line y = i for 
X > o, and the origin corresponding to = o. 



The example just discussed shows the dangers of arguing 
intuitively. Since SJix) S as w cx) for > 0, we would 
expect that if the curves y = ^ = 5 (:r) can be represented 

graphically the curves y = Sn[x) would approach more and more 
closely to the curve y = S (x) as n becomes larger and larger. 
Actually this is false as the example shows. 

The only sense in which we can assert that the curves do approach 
coincidence is that if we choose a particular value of x, then corre- 
sponding to € there exists an integer n^ such that for this particular 
value of X, the absolute value of the difference of the ordinates of 
y Sn{x) y S [x) will be less than € for all n > n^. Thus, e.g. 

it is clear if we take x == 0*2 and c = 0*15 that 

I 5 (^) Sn[x) I < €, for all n > 30. 

For 1 S(ir) __ = i — o*86 = 0*14 < 0-15. 

Also for n > 30 the corresponding approximation curve lies 
above y = y^Q and below y = i. 

4 * 2 , Repeated Limits 

The difficulties which arise in Ex. 2 of § 4-1 are due to what are 
called repeated limits. Let Zu^ix) be a series which converges to 
S (x) for each value of x in an interval (a, jS) and let a be a value 
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of X which lies inside the interval. In accordance with this notation 
S {a) will denote the sum, u^ia) the «th term, of the series corre- 
sponding to X ^ a, 

n 

If Sn(A;) = E Uf.{x), then by definitio^ 

r I 

S (a) = lim. S^(a). 

« 00 

This is a particular case of S {x) = lim. S^ix). Xn this last 

n 00 

equation suppose that x-^ a. Then 

lim. S (x) = lim. [ lim. S„(a;)]. 

X a X ^ a M-»-oo 

If it is legitimate to invert the order of the limits, i.e. let x-^ a 
first and co afterwards, then we would obtain 

lim. [ lim. S„(;r)]. ' 

« 00 X a 

Now SJ^x) = u^{x) + u^{x) + . . . + u^{x) and as Un(x) has 
been assumed to be a continuous function of x it follows that 
is a continuous function, being the sum of a finite number of con- 
tinuous functions. Hence 

lim. S„(*) = S„(a). 
x-*- a 

It follows that 

lim. [ lim. = lim. S„(a) = S (a). 

w-^-oo X a «->co 

Hence in order that we may assert that lim. S (;r) = S {a) we 

X a 

require that 

lim. [ lim. lim. [ lim. S„(a;)], 

X a n->oo «->oo x a 

that is, we must be able to reverse the order of the limiting processes 
without affecting its value. Ex. 2 of § 4-1 shows that this reversal is 
not always legitimate. 

4*3, Uniform Convergence 

The discussion of the previous section brings us to the notion 
of uniformity as applied to an infinite series. 

X 

Consider the series 2 -r, j — i — r? ; — r 

{(« - i) * 4- 1}{«* + 1 } 


Then it has 
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been shown in § 4"i that corresponding to c we can take 

such that I Rn(^) I < «. all n > n^, where denotes the 

remainder after n terms. Since 



becomes infinite as o it follows that there does not exist a 
fixed number such that /or all values of x in the range x > o, 

1 I < for all w > 

i,e, there is no number which will serve for all values of x in the 
interval. 

On the other hand if we exclude x =so and suppose that 
X > A > o we can find a number which will suffice. For in 

this case the greatest value of j x is 

y A and the value of is 

We say then that the series converges uniformly for all values of 
X in the range x > A > o. Thus we are led to the following 
definition. A series Eun[x) is said to converge uniformly in an 
interval a < x < if corresponding to the arbitrary positive number 
€ there exists a number n^ such that 

I I < €, all n > Wo, 

the same n^ serving for all values of x in the interval. 

The student should note carefully the extra condition which 
implies uniformity. Ordinary convergence asserts that correspond-- 
ing to each value of x we can find a number Wo, while uniform 
convergence asserts the existence of a number n^ which is the same 
for all values of x in the range, i,e. a number which is independent 
of X. Clearly uniform convergence implies convergence in the 
ordinary sense, but the converse is not true. 

Examples. — (i) Show that the series whose sum to n terms is is not unifomdy 
convergent in the interval o < ^ < i. 

Write o < ^ < i. 

Ifo<;r<i, lim. = o; if at =» i, = i and Urn. SJx)^x, 
CO n 00 

Thus the sum function is discontinuous at ^ « i. 
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Consider o ^ x < i. The condition for uniform convergence is that 
corresponding to e we can find w® such that 

I 1 < €, all « > Wo, 

the same rio holding for all values of x in the interval. j 

If X =: o the condition is satisfied for all values of n so that we may 
take Wq = I. \ 

If X > o, X** > o and | jtr" | = x\ Taking logarithms to pase lo, the 
condition x” < e becomes \ 

w log ^ < log £. \ 

Since o < x < i, logx < o. Dividing both sides of the in^uality by 
the negative number log x we obtain 

w > log c/log X. 

It will be observed that when c is small, log c < o so that the ratio 
log c/log ;r is always positive. 

As log;r->o and log c/log ;»r oo. 

For any fixed value of x between o and i we can take 
Wo = [log c/logAT] -f I. 

Since Wq -> oo as -> i it follows that no w® exists which will be sufficient 
for all values of x in the range o < at < i. 

On the other hand when x ^ i we may take w© ®= i ; for in this case 

= o- 

00 

( 2 ) Prove that the series S xY converges uniformly to i — 

w = I 

in o < < I. 

Now 5„(Ar) — (i — ;»r)2 -f (i — at)* -f . , . 4- — x)^ 

= (i ~ at)* {i 4- ^ + • • • + 

(I ~ xy (I ~ X-)l(l - ;r) « (I ^ AT) (I - X% 

If o < AT < I, lim. AT" = o, so that 
00 

S (at) = I — A? for o < AT < I. 

When AT = I, lim, a?” = i and 5 {x) = o. 
w 00 

Since i — at == o when at = i it follows that 
S {x) ^ 1 — X, o < AT < r. 

This proves that the series converges to (i — a) for o < at < i. 

To prove that the convergence is uniform in o < at < i it is necessary 
to find a number w® such that for all w > Wq 

\{I -X) - {I - X) (l -X”) \ < € 
the same w® serving for all at in o < at < i. 

Now (l — at) — (l — X) (l — AT”) = AT" (l — a;) > O, O < AT < I. 

Let e be an arbitrary positive number. Divide the interval (o, i) into 
two parts, 

0<Ar<I — €, I — €<A?<I. 
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Suppose that x lies in the first interval. Then 

(i x)x^ <x^ <6 provided n > log c/log x. 

Now the numerically least value of log x is log (i — c). Thus the greatest 
value of log c/log x is log c/log (1 — e). 

Hence we may take — [log c/log (i — e)] -f i. This value of n® will 
suffice for all values of x in the range o < ;ir < i — • c. 

Next consider the second interval i — c < < i . Since 4 ?" < i it 

follows that 

{i — x) x^ < € provided (i — 4 r) < e, i.e. 1 — e < x. 

This condition is satisfied for all values of n so that we may take « i. 

Since the former value of w© is in general greater than unity it follows that 
for all values of w > Wq where 

Ho = [log €/log (i - €)] + I. 

I (I - at) - (I - ;») (I - x") I < e. 

As we have found a value of Hq independent of x the property of uniform 
convergence is proved. 

4*31 . A Necessary and Sufficient Condition for Uniform Convergence 

Corresponding to the general principle of convergence for series 

00 

(Chap. L, § 1*3) we have the following theorem: Let E Un(x) be an 

II == 1 

infinite series whose terms are defined in the interval (a, jS). 
Then a necessary and sufficient condition that the series should 
converge uniformly in (a, jS) is that corresponding to the arbitrary 
positive number c there exists a positive number no independent 
of X such that 

1 Sn^pix) — Sn(x) I < € 
for n>no and every positive integer p. 

(i) The condition is necessary. Suppose the series converges 
uniformly to S [x). Then there exists a number n^ independent 
of X such that 

I S - S„(a;) I < i€, all n > n^. 

Let w, n + /) be two such values of n. Then 
I 5 „+p(a;) - S^{x) I - I Sn+p(^) - S (a:) + S [x) - S,,(x) | 

< I S„+^{x) - 5 (a:) I + I S (*) - S„(*) I 

< ie + = «. » > »o- 

Hence the condition is necessary. 
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(ii) The condition is sufficient First we observe that the given 
condition implies that the series converges for each value of x to 
some function S [x). The given condition is 

I Sb+pW - S„W I < € 

for n > and every positive integral value of p, beiifg indepen- 

dent of X, Thus 

s„(*) - e < < S„(*) + «. 

Now keep n fixed and let co. Since (x) as 

CO it follows that 

•SnW - € <S(X) < Sn{x) + €, 
i.e. \S{x) - Sn(x) I < €. 

Now n is any integer which is greater than or equal to n^, n^ 
being independent of X. Hence S„(^) converges uniformly to S (a:). 

4*32. Uniform Convergence in a Closed Interval 

We now prove that if the functions involved are continuous, an 
interval of uniform convergence is always closed. The theorem 
may be stated precisely as follows. Let Sn(x) be the sum to n 
terms of a series whose terms are all continuous in the closed 
interval a <, x < P, so that Sn(x) is continuous in this interval. 
Suppose also that Sn(x) converges uniformly to S (x) in the open 
interval a < x < p. Then Sn(x) converges uniformly to S (x)in 
the closed interval a <x < P. 

Let € denote an arbitrary positive number. Since Sf^(x) 
converges uniformly to S {x) in a <x < p there exists a number 
independent of x such that 

I - S„(a;)J < -Je 

for all « > Mq and for every positive integer p. 

Since Sn(^), •Sn+pW are continuous at x a, there exist 
numbers of •»?2 corresponding to c such that 

|5„W-S„(a)l<H 
for all X in the interval o < * — o < ijj, 

I ■S'n+.W I ^ 

for all X in the interval o < * — o < ij*. 

Let n be the smaller of -th and if, and let o < * — o < 
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Then 

I S„+p(a) - S„(a) 1 = 1 

- S„(X) + S«(*) - S„(a) I 

^ 1 ’^n+p(®) I 4" I •S'n+pW 

- S^{x) I + I Sn(x) ^ S,(a) 1 

^ “5^ 4" 4~ 

i.e. I Sn+p(a) — Sn(a) 1 < €, for n > n^, p a positive integer. 

From the way has been defined it is clear that it is independent 
of X. Hence S„(^i;) converges at a: == a, and further since 
is independent of x the convergence is uniform. Similarly for x p. 

4*33. Tests for Uniform Convergence 

As in the case of ordinary convergence, when we are dealing 
with particular series it is convenient to develop some simple 
tests which may be used in determining uniform convergence. 

The simplest test, and by far the most important, is known as 
Weierstrass’ M-test. Let {M^ denote a series of positive constants 
independent of x such that converges. Then if the series 

E Un[x) has the property that 

I «nW I < 

in some interval a < a? < jS, for all values of n, then the series 
Eujx) converges absolutely and uniformly in the interval (a, p). 
The property of absolute convergence follows immediately 
from the comparison test of Chap. I., § 1*35. 

To prove the uniform property we may proceed as follows. 

n-\-p 

I ^ «r(*) K ^ \ «r(*) 1 

r=n+i r=n+i 

n + p 

< 2 Mr. 

*-» n+ I 

Since 2?Af, converges, there exists a number n, depending 
upon an arbitrary positive e such that 
n + p 

2 M, < «, all M > «o. 

Since M, is independent of x it follows that «, is independent 
of X. Thus 

H’hP 

I 2 Ur(x) 1 < e, for » > «o, 
rmxn+i 
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the same serving for all values of x in the interval (a, jS). Hence 
the series converges uniformly in (a, j8). 


\respect to the 


Examples. — (i) The series Sr^cosnB, sinnO conve^rge uniformly 
for all real values 6 if o < r < i. 

It should be observed that uniform convergence is with\ 
variable 6. \ 

For I y" cos nd \ < y", since | cos | < i for all values bf 0 . 

Since the series JSr”, o < r < i, is a series of positive constants which 
converges, the uniform convergence of the series Tr**cosn0 follows immedi- 
ately from the M-test. Similarly for the second series. \ 

(2) Prove that the series whose nth term is xjn (i -{- nx^) converges uniformly 
for all real values of x. 

X 


Write 


: y. Then yn-x^ — x ny ~ o. 


M (i 4- nx^) 

From the Theory of Quadratic Equations [Vol. I., § 17-4] ^>?is real if i > 
Hence y^ < i/4»*, i.e. |y | < i/2«®. 


Thus 


I w (i + nx'^) 
Since Zn ^ converges, the series 


< — for all real values of x. 
2nt 


00 

S 


and uniformly for all real values of x. 


converges absolutely 


4'4. Continuity of the Sum Function 

So far we have not given any reason for the introduction of the 
idea of uniformity into convergence. The first reason is given in 
this section. It is that the sum of a uniformly convergent series 
is continuous. There are, however, many other important reasons 
which cannot be given here but which will become clear during the 
study of more advanced work. 

(i) Uniform convergence implies continuity in the sum. Let 

EuJ^x) denote a series of which each term is coniinuous in an interval 
a < a; < jS. Suppose further that EuJ^x) converges uniformly to 
S {x) in a < a; < jS. Then S (x) is continuous in a <x < 

Let € be an arbitrary positive number. Then there exists a 
number Wq independent of x such that 

I 5 (;r) — 5^ {x) 1 < Jc, all w > 

Now {x) is a continuous function of Xy being the sum of a 
finite number of continuous functions. Let a be a value of x in 
a < Jc < /S so that 

I S («) — Sn (a) 1 < ie, all n > % 
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There exists a number of r) such that 

I 5, {X) ~ 5, {a) I < 
for all X in the interval \x — a\ 

To prove continuity a,t x = a it is sufficient to show that 
corresponding to e there exists a number -q such that 

I 5 {x) - S (a) \ <e 

for all x in the interval | ^ — a [ < Now 

\S{x)-S{a)\^\S{x)~ SM + SM - SM + s^[a) - S (a) | 

< 1 5 (a;) - SnW I -I- I S^[x) - S^{a) | 

+ I — S {a) \ 

^ 

= c, for \x — a \ <,7}, 

Hence S (x) is continuous at a; = a. 

Since a is any value of at in a < a; < jS it follows that S (x) is 
continuous in (a, j8). 

In order to illustrate how the argument fails when Sun(x) is not uniformly 
convergent, consider the series 

00 n 

2 u„{x) where 2 (;r) — — o < ;r < i. 

1 r = I 

We know that the sequence {x'^} converges uniformly in any closed interval 
contained in o < < i which excludes x = i. We treat then — i as our 

testing point. 

n n ~ I 

U„{x) — 2 Ur{x) — 2 Ur(x) ^ — X”. 

r ^ i y ~ I 

Thus the given series is 

{i — x) + (x — x^) + — X®) 4- ... + — x*^) + . . . 

We need to consider | 5 W — 5„(Ar) |, | S^ix) — 5«(i) |. | S„ (i) — S (i) |. 
In the general proof each of these terms is less than Jc. 

Now S (x) — Sn(x) = (x^ — -f . . . 

= AT”, O < AT < I 

- S,( 1 ) = (I - - o = I - *«. 

5, (I) - S (I) = o. 


T. A., II. 


10 
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Clearly | 5„(i) — S (i) | < Jc, so that we need only consider 
I 5 (;ir) — Sn{x) I < Jc and | Sf^{x) — S«(i) 1 < Jc. The former requires 

< Jc and the latter i — at" < Jc, or x^ > i Jc. The two latter 
inequalities are contradictory and so the two corresponding steps are incom- 
patible. The fact is that x** < Je does not lead to the deterrpination of an 

independent oi x x 1 , Uniform convergence ensures Uhat the two 
inequalities \ S (x) — S (a) | and | 5„(;r) — S (a) | do not contradipt each other. 

(ii) Conversdy if the terms of the series are continuous and the 
sum function is discontinuous then the series cannot converge uni- 
formly in any interval which contains the discontinuity. 

For if the series converged uniformly the sum function would 
be continuous. 

(iii) Uniform convergence is a suflBdent condition for continuity 
of the sum of an infinite series whose terms are continuous, but the 
condition is not necessary. 

This property may be shown by an example. Consider the 
series whose sum to n terms is «%/(i + nH^). Thus 

Sn{x) = nHI{i + nV). 

If = o, S„(o) = o and hence S (o) = 0. 

If 4 o, Sn(:t) = -> 0 as n C 30 . 

Hence S (x) =0 for all finite values of x. Thus the sum 
function is continuous. 

We now show that the series does not converge uniformly 
at a; = o. The condition \S (x) — S„(x) [ < c becomes 

lx j 

I + n^x^ 

Suppose there exists a number ng such that this condition is 
satisfied for all « > n^, the same serving for all values of x in 

the range x>o. Write x = ijn^- Then 


W* 1^ I ^ 

1 + I + 

Taking n = «o> this gives f n^, the least value of which is J. 

n^ \ x\ 

Thus if « < i the condition — -, -k < e is not satisfied. 

I -f- n X 
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Since i/no^-^o as 00 it follows that the series cannot 
converge uniformly at = o. 


Example. — Express (x) = xjinx + i} {(n + i) at -f- i) {(w -f 2) at -f 1} 

as the sum of three partial fractions, x > o. Hence find the sum of the series 
00 

£ Mn (x) and show that it is not uniformly convergent at x ^ o, 

w = I 

X 

{WAT 4 * 1} {(W -f 1) at + 1 } {(M + 2) aT^- 1} 

A B C 

s — — H 4 ^ 

WAT -f- I (« 4- l) AT 4 * I (« -f 2) AT 4- I 

i.e. Af s ^ {(n 4- i) ^ 4- 1} {(w -h 2) AT 4- 1} 

4 - B {«Af 4- 1} {(n 4 - 2) A? 4 - 1} -f C {nx 4- 1} {(n 4 - 1) ^ 4 - i}. 

The expression on the right is, a quadratic equation in x so that if we equate 
corresponding coefficients on both sides of the identity we obtain three 
equations to determine the quantities A, B, C. 

It is simpler to write == — ijn, — i/(n + i), — i/(« -J- 2) in succes- 
sion. Thus 

1 .. =^b( B = (« -f I), 

w + I \ft -f 1/ \ n 4 - 1/ > • / 


I 

n 4 - 2 




- i (« + 2): 


». W 


— jw , w + 1 

nx 1 ’• (« + 1) AT 4- I 


+ 2): 

{n + 2) X + 1 


S,{x) 


n 

Z M, (*) 

f — I 


+ _i_ + — L 3 

Ar4-i 2APHri 3^+1 




- 

2Ar 4- I 


3* + » 


+ ..J— + -i :4 
ye + 1 +» + I 

4 . ..-4 — ^ hAiL 
+* + I 5* + » 


4. - * 4. ” - « 4. - 

■'■(« — 2)* + !^ (n — + + l 

4 - i <" - ») 4. «» 4. - i (” + i) 

(»-l)* + l'’'»W + I^<H + l)* + I 

4. -i” + ” + « ' 4. .ri-j? ±J1) 

^ »Mf + I ^ (« + 1) *+*(» + »)* + * 
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- i , t , K” + I) _ i (” + ^) 

(w-l-2);r4-i 


1- 


(*+l)(2*+j) ^’{(h + I);r + 1} {(« ^ 2)jr + i}' 

Hence provided * > o 

= S (X). 


n^^'oo ^‘(^ + i)‘(2* + i) 


\ 


When X ^ o each member of the given series is zero so that 5 (o) = o. 

,'“o ‘■(«-nri5F+-r‘’ 


Thus S (x) is discontinuous at = o. 

Since ujx) is continuous for x > o it follows that the series cannot 
converge uniformly at x ^ o. 


4 * 5 . Tannery’s Theorem 

The student will observe that this useful theorem is similar 
to Weierstrass* M-test : Let f (n) denote the sum of the series : 

%(n) + u^{n) + . . . + u^{n), 

where Ur(n), r = i, 2, 3, . . . denotes a function of n, and p is an 
integer which tends to infinity as « 00. Then if for fixed r, 

lim. Ur{n) -- v^, 
n -> QO 

then lim. /(w) = -f- ^2 ■+* ^3 "I" • • • infinity, provided 

M -> 00 

ao 

I «,{«) I < Mr where Mr is independent of n and 2 Mr converges. 

r ^ I 

00 

Since Z converges there exists a number vg such that 

t ^ 1 

00 

Z Mr < e, all V > iq. 
r ~ V 

Let V denote a fixed value which satisfies v > vg. Since p co 
as « 00 we can assume that p > v. Thus 

!/(»)- - Ma(«) - ... - I 

= I »v{n) + Mi-+i(«) + . . . + ujn) I 

< I Uv(n) I + I Uv+i{n) I + • • • + 1 Wj,(m) | 

< Mv -j- M p 

< C, p > V > Vg. 
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Again, since = lim. u^{n), r fixed, and | u^{n) | < 
w 00 

where is independent of n, it follows that | t'r I < Hence 


1 Vy + IVrt + + • • • 1 

< 

+ 


00 





Hence E Vr converges. 

Let its sum be denoted by V. Then 

V — I 





V — T. 

P 


V — I 

00 

1 

II 

+ 

E 

Ur 

- 2 Vr- 

■ 2 Vr\ 

r — 1 

r ~ V 


>■ = 1 

r -- V 

V ~ l 

V ~ 1 


P 

00 

<\ 2 Ur- 

E 

Vr 

1 + 1 ^ «r 

\ +\ 2 Vr\ 

r—J 

I 



r:i=‘V 

V — I 

V — I 




A 

1 

E 

r “ I 

Vr 

1 + 2€. 



Now the only restriction whicli has so far been introduced on 
n is that p > v. Since v is a number which does not depend on n 
we may let n tend to infinity in this last equality. Now 

»' — I V — 1 V — I 

Z Ur — E Vr-= E (Ur — 1^^)- 

I f = j 

Since Ur Vr as « -> cx) and there are only a finite number 
of terms, 

1/ — I 

E {Ur — Vr) o as n -> CX). 

y = I 

Hence there exists a number such that 

V — 1 

I E [tlr — I^r) 1 < all n > Wj. 

f = I 

Hence | / (w) — V \ < Se, all n > 

Thus / [n) V as n oo. 


4’6. An Important Application 

In Chapter II., § 2*2i, it has been proved that 


lim. 

« -» 00 



I 

n 


exists and lies between 2 and 3. We now consider a proof of the 
existence of the limit, by means of Tannery's theorem. 
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Expanding by the binomial theorem, n a positive integer 

This expansion contains (m + i) terms so that in th^ notation 
of Tannery's theorem p — n -{-i. 


«,(m) 




(r-i) 

Keeping r fixed, lim. «,(«) = 


W-** 00 

I 

(r - I) ! 

are all positive and less than unity. 


Ag^n 1 m,(m) I < 


(y - I) ! 

since the other factors of Wy(n) 


Since the series Z 7 ^ 


converges, the conditions of 


Tannery's theorem are satisfied. Hence 

lim. (1+-)” 

V n) 


II '"I 


We can generalise the result by considering the case in which 
n tends to infinity in any way, not necessarily through integral 
values only. Consider then 

lim. (i + 

V -> 00 

where v tends to infinity in any way and 
lim. (vS) — I. 

V 00 


We first consider the case in which v takes integral values «. 
Write = A where n is a positive integer where n^-^x as 
00, Then proceeding as before 







Infinite Series whose Terms are Functions of a Variable 151 




2\ / _ r - 2 \ j 

n/ ‘ \ n / (r — ij ! ‘ 


< 


ia::m 

- I) ! 




(r-i)! 


where p is the greatest value of | A | for all values of w. The 
number p can obviously be chosen independent of w. 

Since p is a constant the series E — i) ! converges and 
the conditions of Tannery's theorem are satisfied. 


Also 


lim. 
n -> 00 


Ur(n) 



i)i 


lim. 

M 00 


A^-i = 


(r-i) 


Hence lim. (i + ^)” = i i ^ +•• • 

where as oo, n being a positive integer. % 

If v--> cx) through values other than integral values we can 
find at any point in the process an integer n such that n <,v <n + 1 , 
Then with the usual interpretation of the index (i + will lie 
between (i + and (i + 

Also <v^ <{n + i) 

Thus lim. (n^) = lim. [n + i)^ = I. 
n 00 n 00 

From the argument given above 

lim. (1+^^)^=- E i/r!= Urn. 
n~> 00 r ~ o n^oo 

As (i + lies between (i + and (i + and both 
these expressions tend to the same limit it follows that (i + 
tends to this limit. Hence 

lim. (i E ijr ! 

V 00 r == o 

where v tends to infinity in any way and hm. (»«f) = l. 

V-* 00 


4‘7. Properties of Power Series 

We now consider some properties of the power series 

00 

«o + + «t** + • • • + ««*" + . . , = £ 
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I. If lint. I I" = i/p tlie power series converges absolutely 
n 00 

if I ^ I < p, omd cannot converge for \x\ > p. It |s assumed 
that p is finite and positive. \ 

First we observe that the series S converges al^bolutely if 


lim. I I” < I . and diverges if lim. 


«« I” I . 


For let the limit be A < i. Choose c so that ^ ^ < i, e.g. 

take € = J (i — Aj). Then there exists an integer Wq such that 
for all « > Wq 

1 

\an\^ <k + €; i.e. | 1 < (^ + e)". 

Sin?e i 7 (^ + €)” converges, 0<^ + €<i, it follows that 
U is absolutely convergent. 

I 

Now consider the power series and write lim. | 

« 00 P 

Applying the previous result, the series will be absolutely con- 
vergent if j 

lim. I I” < I, 

« 00 


i.e, lim. | | ” | | < i, i.e. 

w 00 


<p. 


If lim 1 I > I, the limit as n tends to oo of the wth 
» -> 00 

term of the series does not tend to zero. Hence the series cannot 
converge. [Chap. I., § 1*32.] 

The interval (— p, p) may be called the interval of convergence 
of the power series. Inside the interval the series converges abso- 
lutely, outside the interval convergence is impossible, at the end 
points the power series may or may not converge. 

In dealing with power series it is sometimes convenient to 
replace the interval (— p, p) by the interval (— i, i). This may 
be done by substituting xjp for x in the given series. For the 

condition of convergence [ a: [ < p is equivalent to [ ~ | < i. 

The behaviour of a power series at the end points of the interval- 
of convergence is illustrated by the following examples. 
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CO 

Examples. — (i) 2 (w -f i) at” ^ 1 4 2^ + -h • . • 

n = o 

The series converges absolutely for \ x \ < 1, diverges for | | > i and 

the interval of convergence is (—1,1). When ;r = i i the series becomes 

I 4- 2 -f* 3 + • . • 

I — 2 -f 3 — . . . 
neither of which is convergent. 

00 „2 ^8 

( 2 ) £ — X - -I- h • . . 

n i 23 

In this case also the interval of convergence is (—1,1). When ^ = -f 1 
the series becomes 

I 4 i + i 4 i + • • • 

which is divergent. When ;r = ■— i the series becomes 
- I 4 i - ^ 4- i - . . . 

which is convergent, but not absolutely. Thus the power series converges 
at one end of the interval and diverges at the other. 

00 ^ 

(3) 2: = 

The interval of convergence is (— 1,1). When ^=41 the series becomes 



both of which are absolutely convergent. 

II. If the power series E converges for x ^ \ it is abso- 
lutely convergent for \x\ < A. 

For 1 «„*" I = I a„A". I <^ (^) * ^ ^ constant, since 

a„A" is finite for all values of n, and tends to zero as « ->■ co. 

I ^ In 

Since <i the series i? -J is convergent. Thus 
A Ml 

£ I 1 is convergent, giving the required result. 

Corollary. If the series does not converge for * = A it does 
not converge for any value of x such that | z: | > A. 

III. If (— p, p) is the interval of convergence of the power series 
Za^ then the series converges uniformly in any closed interval 
entirely inside (— p, p)- 
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The result follows immediately from the Af-test. Let S be a 
number as small as we please. Then in the interval 

— p -f- S ^ X ^ p — 8 

the series is uniformly convergent. 

For I a^x^ | < 1 ~ S)” | which is the «th of an 

absolutely convergent series, as p — 8 lies inside the interval 
of convergence. ' 

From this theorem we deduce the following result. 

IV. A power series Za^x^ is a continuous function of x in any 
closed interval lying entirely inside the interval of convergence. 

V. Abel’s Theorem. If the series Za^x^ converges for \ x\ < p, 
and the series converges at x = porx=— p then the interval of 
uniform convergence extends up to and includes thal point, and 
continuity of the sum function f (x) = Za^x^ extends up )to and 
includes that point. 

The proof depends on Abel’s test for uniform convergence 

(§7-81). 

Thus suppose the interval of convergence of Za^x^ is (— i, i) 
and Za^ converges. Then from Abel’s theorem the series is 
uniformly convergent in the closed interval — i + 
where 8 is an arbitrary positive number. Thus if / (x) = Za^x^, 
then lim. f(x) = Za^. 


4 * 8 . Application to the Binomial Series 

It has been proved in Chapter III. that if \x\ <i 

The series converges absolutely in the open interval, -—i<x<i, 
and uniformly in any closed interval lying inside (— i, i). 

Now in Chapter I., § 1*52, it is shown that when ^ = i and 
00 /ft\ 

« + I > 0 the series Z i jx^ converges. 

Thus if w + I > 0 the value x^i is a point of uniform 
convergence and consequently (i + x)” is continuous at 1. 
Hence if n + i > 0 
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Again, it has been shown in Chapter I., § 1-52, that the binomial 
series converges at x — — i if » > o. Thus (i + *)" is con- 
tinuous at X — — I and hence by Abel’s theorem 

0= 2 (-!)-(”), M>0. 

r xst o 


EXERCISES IV 

I . If the sum to n terms of a series is nxl{i -f for all finite values of ;r, 

find the sum of the series to infinity and prove that it is continuous for all 
finite values of x. Prove also that the series does not converge uniformly 
to its sum. 


2. Prove that the geometric progression i + x x^ + . 
uniformly to i/(i — x) in the range o < ;r < A < i. 


converges 


3. Prove from first principles that series £ (— i )"“*/(« + ^*) con- 

« = I 

verges uniformly for > o. 


4. Prove that the series 


cos $ + 


cos 26 , cos 3^ cos 4^ 


+ • • • 


2** 3** 4*^ 

converges absolutely and uniformly for all real values of if p > i. 


5. Prove that the series whose «th term is i/(n* + n*x*) converges 
uniformly for all values of x. 

6. Show that the series £ (n uniformly convergent for all 

real values of x. 


7. Prove that the series whose wth term is Ar*/(i -f x*)**^^ converges 
for ail real values of x, but is not uniformly convergent in any interval which 
contains the value x o. 


00 

8. Find the sum of the series £ ;r*» (i -- x*^) for •> < ;ir < i. Show 

« = 1 

that it is not uniformly convergent in this range. 

g. Show that the series whose wth term is x/(i -f n*x*) converges 
uniformly if ;r is finite and x > ^ > o. Does the series converge uniformly 
at X o? 


10. Show that the exponential function defined by the s^ies 
contiguous for all finite values of x. 


n 



is 
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II. Show that the cosine series 

(- 1 )"-'- 


X* , X* 

*-T! + 4! 




(2n — 2) ! 

converges absolutely and uniformly for all finite values of x. 


12. Assuming that the series 

. 1 . I . I *3 . I • 3*5 . 

sin“i;ir = + 4* _ . 4. _ + ... 

23 2.4 5 2.4.6 7 

converges at x = prove that the expansion converges absolutely and 
uniformly in the closed interval 0 < at < i and hence show that 

j,= i + _L + _L 3 _+l- 3 - 3 _^_ _ 

* 2.3 2.4.5 2. 4. 6. 7 

It is assumed that the given expansion holds for principal values of sin“* x. 




CHAPTER V 

THE EXPONENTIAL AND LOGARITHMIC SERIES 
It has been proved in Chap. IV., § 4-6, that 

(" + ») + + 

where n may tend to infinity through any set of values. The value 
of 1 he limit has been denoted by e and it has been shown in § 2'2i that 

2 < c < 3. 


5 * 1 . The Exponential Series as a Limit 

We now show that if x is any real number such that 

Urn, (yy) = X 


CO 


then Urn. (/ 4 j')*' i + *■ + f i + 17 + . . . + . . . 

i;_>00 b , o I If* 

This is a generalisation of the result just stated. 

First suppose that v is a positive integer n. Then by the 
binomial theorem 


(l +jy)n = I + wy + 

n {n - 




2 ! 






In the notation of § 4-5, 
n{n- 

«r+i(») 


•••{«-»' + 1) 

•1 

f r-J 


* \ n 

Jtt 


[\ Z' 

\ n 

Jr!’ 

as 00. 



It follows that 2 is finite for all values of n and is bounded as 
K ->• 00. Hence we can find a positive number p such that | 2 j < /j 
for all values of «, p being independent of «. 

* Hence | 1 < " 
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Now it has been proved in Chap. I., § i-53, that the series 
Z p^jr ! converges for all finite values of p. Again, for fixed r, 


lim. =r lim. lim. ["(i — . .(i{— ^ 

«^oo L«^ CO »'! J »-> 00 LV n) n )} 


— x’'lr !. 

Applying Tannery’s theorem it follows that 


lim. (i + y)" 
n CO 




Now suppose that the index v is not necessarily an integer and 
that V cx) in any way. Then at any point in the process we 
can find an integer n such that « < v < n + i. 

Thus (i +y)*' will lie between (i +jy)" and (i 
This is on the assumption that the positive value of (i + yY is 
taken. The result is clearly true if v is rational, while if v is irrational 
the result is also true since we may approximate to an irrational 
number as closely as we please by rational numbers. 


Again ny < vy <, {n + i) y. 


Since vy as v->oo, y-^o as v-^oo. 

Hence lim. ny ==* lim. {n + 1) y. 
« 00 n 00 


Since lim. py = x, lies between these values it follows that 

W “► 00 

lim. ny = lim. (n + j)y ==^x. 
n ^ 00 w -► 00 

But it has already been proved that 
lim. (I +y)" = I +* + + . .. 

+ — + ...== lim. (i +y)"+^ 

^ 00 

As (i +yY lies between (i and (i it follows 

that (i +yY tends to the same limit. Thus 

00 

lim. (i -f s= Z x^/r !, where lim. {yy) = x, 

y-4.00 r mti o V-^OO 

In particular, if v^nx, ijn it follows that 
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/ I \ ^ 

We now proceed to prove that if ^ = lim. ( i + * J then 

w 00 ^ 

== lim. (1 + ~\ • 

It has been proved in Chap. II., § 2*5, that if / (w) ->/,/> o as 
n -> 00 then {/ (n)}^ where k is any rational number. Let x 
denote any rational number and write 

Then f (n) - • e as co. 

Hence {/ {n)Y -> as n 00. 

/ j.nx CO 

Since lim. ( i + - ) == 2 1 

r — o 


it follows that 

yA yT 

e*=i+x + -,+3-} + . 
the expansion being valid for all finite values of x.* 

5 * 11 . The Remainder in the Exponential Series 

Let Rn denote the remainder after n terms. Then 

vn+2 vn+r 

+ I) ! ' (m +^! (n + f) I • 


= x + 


‘ n I 


w + I (w + i) (w + 2) 


+ (« + i)..:(n+r) + 

I + _M- +_ili!_+ 

^ + I ^ (m + i) {« + 2) ' ’ 


+ j., 

^ + I) ...(« + r) ^ ' 


«! I r* r/«' I*|/«<1. i.e. 1*1 <«. 

* In the last part of the argument a theorem proved only for rational 
values of the variable is used. The theorem is, however, true for all real values 
and enables the exponential theorem to be deduced for all real values of x. 
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Since x is fixed and w oo we can always find a value of n 
such that \ x \ < n. 

Again, if a; > o all the terms in the series are positive. Hence 
Rn>x^ln\, 1 

If ^ < o the terms are alternatively positive and negative and 
steadily decrease in absolute value. Put x — y so th^t y > o. 
Thus 

jR = (— i)" / 1 




‘ n ! ( 


+ 

« + I (» + i) (n + 2) 

. 

n + 


•••} 




\ 


_(x_ -£-) 

I \ M + 2/ 




(n + i)(w -+ 2){n +3) 

Since it has been assumed that | | <n, i.e. y < w it follows 
that the factor of (~ i)” y^/n ! is less than unity. Hence 

I Rn I <y^ln\, i.e. \ Rn\ < \ x\ 

Combining the inequalities, we have for \ x \ <n, 

x^ . ^ 

r, X > o; 


ni 


< 


^ {n-i)\ (n-x)’ 


Rnl 


ni 


X < o. 


Thus, e.g. if X = 1, « = 5 the remainder lies between ,41, 


and yV- 


i+i+-j+..-+^-i+ Rm 


5'12. The Number e is not Rational 

For suppose e = pjq where p and q are positive integers. Then 

t 

<1 

where , — --- p, < ,ri 

(? + I) ! q (q !) 

— i) ! = ? ! + 9 ! + + • • • + 1 + 9 ! Rt+f 

Now all the terms in the equation except the last are clearly 
integers. Hence 9 ! i?j+i is an integer. But 9 1 iSg+i < 1/9, 
which is a fraction. Hence we have a contradiction and e cannot 
be of the form pjq where p and q are integers. 

5*13. The Exponential Theorem for Real Values of x 
We have proved that when x is rational 
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Now take the expansion and suppose the function to be 
defined by it for irrational x. The series has been proved to be 
absolutely convergent for all finite values of x. Further the M-test 
shows that it converges uniformly for all finite values of x. Hence 
the sum function is a continuous function for all finite x, since each 
term of the series is continuous. (Chap. IV., § 4-4.) 

Thus the expansion defines a continuous function for all values of x. 

Again, / (x) is a strictly monotonic increasing function of x. For 
suppose x^>x^> o. Then 

/i- S x,frl S x^^lrl 

y ~ o r =: o 

Since x{ > x{ it follows that e’^ > 

Again, if x^ <X2 <0 write y^ ~ — x^, y^^ — x^ so that 
yi > jVg > Thus > <5*^2 from the first case, and 
e ^ <e % i.e. e ^ <e 

Thus the function steadily increases with x, for all values of x. 

Hence to any given x there corresponds one and only one value 
of the function e®. 

Thus adopting the exponential series as a definition of the 
function we have shown is a %mique continuous monotonic 
increasing function for all values of x. 

Again, if x = o, — i. 

If X > 0, > I and it is clear from the expansion that by 

sufficiently increasing x we can make e® as large as we like. In fact 
it is clear that 

lim. ^® = + 00. 

X CO 

Next consider x <0 and write x ^ — y where y > o. Then 
as y increases from o to + 00, steadily increases from i to 00. 
Hence == steadily decreases from i to o, 

i.e. lim. e® = 0. 

X ^ 00 

Thus we have shown that the function 5® can take any value 
between o and + 00. 

Hence corresponding to any value y > 0 there will exist a 
number x such that 

y = e®, i.e. = log^y. 

It follows that corresponding to any real positive number there 
exists a unique number which is its logarithm. 

T. A., II. 


II 
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Now let a be any positive number. Then 

a* = I +*log,a + ^ (log.a)* + •••+“, (log«a)’' +,• • • 


for a" = c*°®*“*, from the definition of a logarithm! Thus 

Substituting in the exponential series we obtain the expansion 
for a®. Thus ' 


00 

£ 


r ! 


(log. «)’■• 


The series being uniformly convergent for all finite values of x, 
it follows that a® is continuous for all finite values of x, a > o. 

Arguing as before it follows that there exists a unique logarithm 
of any positive number to any positive base. 


Example . — From the expansion of e^ in ascending powers of x, deduce the 
expansion of a*, where a denotes any positive number, and hence calculate the 
hundredth root of loo to four decimal places, given log^io t= 2*3026. 


Now, writing a 



OT^U i 


=. o^' 

i l/lOO =S 10”*, 

00 

2 (log, ioo)**/(w ! lo*"). 


« = o 

The second term is (2 log, io)/ioo = *046052. 

The third term is 4 (log, 10)*/ (2. 10*) = *001060, to 6 decimal places. 
The fourth terra is 8 (log, io)®/(6.io®) = *000016, to 6 decimal places. 
Clearly higher terras will not affect the fourth decimal place. Thus 


lootiiy S3 1 4- *046052 4- *001060 -f *000016 4- • • • 
sas 1*0471 correct to four decimal places. 


5’14. Illustrative Examples 

(i) Find the coefficient 0/ x’ in the expansion of (2 + 3^:) «' *•. 

I 2‘X‘ 

(3 + 3^)e-** ^ l2 + 3x) - 2X+ jY - ■ ■ ■ 

(- i)''-! ( - iy2'x' ■> . 

ri +•••/• 

/, the coefficient of =« 3 . — 4 - 2 . ^ 




» (•-l)^2'"» (4 - 3r)/rU 
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(2) If X is a quantity so small that powers higher than its square may be 
neglected, show how to find A, B, C, so that 4- + Ce^+**, 

to this degree of approximation, a, r, s being supposed known. 

In particular, find A, B, C so that in the circumstances stated above, 
«•+• = Ae*+ Be*+1* + Ce«+i*. 


^a+x = 4. 4- is equivalent to « >4 4- Be^* 4- Ce^*, 

Expanding each term and neglecting powers of x higher than the second, 

, X . X^ >1 I d/ I I .A'/ I 

* + n + T! = ^ + ® (‘ + ir+ TT ) + ^ I’ + n +TrJ- 

Equating coefficients of corresponding powers of x, 

I = ^ 4- B 4- C. 

I s= yB 4“ sC, 

I == r^B 4- s^C. 

The solution of these three linear equations determines A, B, C in terms 
of r and s. 

In particular if r — i, 5 = 1, the equations become 

^4-B4 -C=i (i) 

3B 4- 2C = 6 (ii) 

9B 4- 4C = 36 (iii) 

From (ii) and (iii) B = 8, C = — 9. Substituting in (i), A 2. 

(3) Show that the relations ^ = 14- 2*5/(io — x) and 3/ = *94 4- 
are approximately equivalent to the linear relation ^ = 1*25 4” *025;^ for small 
values of X. 

Obtain the expansions of the two expressions a 4- 2>/(io ^ and p 4- qe^* 
in ascending powers of x up to and including the terms in x*. Show that p, q, r, 
can be so chosen that the two expressions agree for the terms obtained, and that 

the latter then takes the form a 4- ^ (i + e^^)l2o. 

Now ^^ = I 4- 2-5/(io - ;«r) = I 4- *25 (I “ iV)~^ = i 4* *25 (i + ^x), 
neglecting x* and higher powers. Thus y — 1-2^ ^ •o2$x. 

Again if = '94 + ^ = *94 + *31 (i + *08^?), by the exponen- 

tial theorem, if x^ and higher powers are neglected. 

Thus y ~ 1*25 -f •0248;»r = 1*25 4- '025Ar approximately. 

Expanding a 4- bj (10 — x) and p 4" 4^’’® as far as terms in x^ we obtain 

a 4" 6/(10 — x) sss a -^b (i — = a 4 — ~6 4” ~^~bx 4 ^ — bx*, 

p 4- ^ 4- ^ (i 4- 4- ^ p q -ir qrx iqr^xK 

If these expressions agree then 

^ 4> y = a 4- y\j6, qr « 

This gives three equations to determine p, q, r. Hence p, q, r can be chosen 
so that the two expressions agree. Solving the three equations, r « i, 
q = 206, ^ « a 4* p 4- becomes 

« 4* ® 4" 6 (i -f- e^^/zo. 
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(4) Show that the expansion of (i + :V - 4 - ^ + JjV*) in ascending 

powers of y agrees with that of up to the term involving y^. Hence find 
approximately the value of x which satisfies the equation e* ~ 1*1 and check 
your result by using tables of logarithms, assuming c = 2‘7i8. ^ 


(I + y + -y + iy^)^(i-hy 4 - iy^) {1 - y {1 - iy)}~^ 

= (I + y + iy*) {1 + y (1 - iy) + y*(i\- iy)’ 
+ y*(i - iy)* + y‘(i - iy)‘Vi- • • • > 

«= (I +y + 4 y*) (1 + y + |y* + iy* + |y*'vf . . ■). 
ie. (1 + y + Jy®)/(i - y + iy*) = i + 2y + zy* + |>» + }y* + \ . 


Again — i _{_ 23; + 


(2y)a ^ (2y)» ^ {2y) 


2 ! 


3! 


+ 


4! 


+ ... 


= I 4 - 23/ + 23/2 -f I3/3 + f 3 ;« + . . . 

Thus the expansions agree as far as the terms in y*. 

Next consider the equation i*i. Write x ~ 2y. Then approximately 
I 4 3 ' 4 - ly^ ^ i*i (I ~ y 4 iy^). 
i.e. 3/2 — 633; -f 3 o. 

Hence y — {63 i \/(>3^ — i2}/2. 

Since x is small the negative square root must be taken. Thus 
= 63 (i — (I — 12 / 632 ) 4 }. 

By the binomial theorem, 

(i — 12/632)4 =: I — 6/632 approximately. 

Hence at = 63 x 6/63* = 2/21 — *0952. 

To check the result, we have 

AT logio e = log i-i, i.e. x = • 04 i 39/'43423 -OQSS- 

( 5 ) Show that the coefficient of x^ in the expansion of e^^ %s 

ii(r! + fi + T'! + ••■)• 


£•2* ^8* ^«x 


3 ■ 

+ ... 


+ (i +* + £! + ... + + ...) + j, (, + 2^ + + ... 

I / Jf 2*" y \ 

Hence coefficient of x^ in the expansion is ^j\71 2 ~i ^ ^ ^ / 

(6) Show that the coefficient of x* in the expansion of e** is 5^/3 !. 

S ___ I 4- AT 4- A?2/2 ! 4- . , . _ A? 4- X^l2 I 4^ A?*/3 ! 4- . . . 

® + + •••)■*■ 2!(* + r!+ ■••) + ^ + +••■): 


coefficient < 






The Exponential and Logarithmic Series 


165 


Note . — From Ex. 5, 


;n(i‘! + 2n + 3 i+---y- 


Ex. 6 gives an alternative way of obtaining the power series 
which is the expansion of 

Since the power series converges to the same function it follows 
that they are identical and that coefficients of corresponding powers 
of X are equal. (Chap. I., § i-8.) In particular, if we compare 
the coefficients of 


5 ^ = 



(7) Write down the first five terms in the expansion of pe^’’ -f qe^’^ in 
ascending powers of x. 

If p, q are the roots of the quadratic equation 

— aA “h “ o 

show that the first four terms of the expansion are 

a + 2hx + i abx^ -f lb (a^ — 2b) x^, 
and express the coefficient of x* in terms of a and b, 

I 4- qx H- j 4 - . 


[Lond, Inter. Econ."] 


4 1 




= ^> + ? + + pq(p -V J)^', + Pi + «*)3-! 

+ Pi (P* + • ■ • 

Now if p, q are the roots of the equation A* — aA 4 - 
p -^q a, pq==-b. 

Also p^ -\~ q^ — (p + S')* — 2pq a* — 2b, and 
+ = {P + q) ^p^ - pq q^) = {p + q) {(p + qY - ipq) ^ a (a* - 3 *)- 

Thus the first four terms become 

a 4- 2bx 4- \abx^ 4- — 26) x^ 

and the coefficient of x^ is ^-^ab (a^ — 36). 


(8) Sum to infinity the series 
2 ! 


. , I + 3 , I + 3 - 3 * I » + 3 +3* + 3’ I 

rr— +••• 


The «th term is 

1 + 3 + 3’ + • ■ • + 3 "-’ ^ £ 3 "- 1 ^ £ f S” _ M. 

'~n ! 2' nl 2 \n ! n 1/ 
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Hence the required sum 

“ *((n + ri + fi + •••)■■ (n'+ n + ^ + :;n 

(Chap. I., § 1-36.) 

= i((i + 3 + 2 , + + ■ • • ) - {j + ‘ + 7, + 3-, + ;ij+ ■ • • ) ) 

(9) Show that « + ^ = 2 |i + 


(log.n)^ , {iog. ny 


2 I 


In a* = I + (log, a) ^ + 


(log, g)^ (log,a)» 




2 1 


3! 


- -}- 


first pc'!: a =•= n, 


and X ^ i ; and then put a = n, and x — — 1. 


Thus « = I -4- log, n + 


(loge n) ^ ^ (log, «)s 




and «-• := 1 - log. « + - (‘°8* «»“ + . . . 

By addition, we get the required result. 



5*2. The Graphs of and e-® 

Using the series for e we may approximate to e as closely as we 
please. Thus correct to ten decimal places e = 27182818285 . . . 
Using a suitable approximation for e we can construct a table of 
values and plot the curve y = 

It should first be observed that a number of properties of the 
curve are already known. Thus e* steadily increases from o to 
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+ 00 as % increases from — 00 to 00. Also is never negative for 
real values of x. Thus the graph lies always above the X-axis and 
steadily rises as x increases. Further, since — i, the point 
(0, i) lies on the graph. 

These facts in themselves give the approximate form of the curve. 
In constructing a table of values we observe that = i/d® so 
that values of the function for negative values of x are readily 
obtained when the values for the corresponding positive values of 
X are known. The table given below is obtained by taking e = 2718. 


X — 

0 

•5 

I 

1*5 

2 


I 

1-65 

2-72 

4-48 

7*39 

e-* = 

I 

o-6i 

0-37 

0*22 

0*14 


In Fig. 6 the continuous line shows the curve y = a®, the dotted 
line y = ^~®. If we plot the 

graphs of y = a > 0 we 
obtain similar curves. 

Example. — Show on a rough 
sketch the general form of the graph 
of the expression (c* — + i). 

Draw carefully, on a suitable 
large scale, the graph of 

3 (10* - i)/(to* +• i) 
between x ~ o and == i. Use 
this to solve the equation 
3 (10* — i) = (3 - 2x) (10* -f i). 

3^ = (<!» - l)/(£J* 4. I) = I ~ 2/(^* + t). 

As X ranges from — oo to +00, e* ranges from o to 00. Hence y lies 
between ± i and tends to these values as x tends to ± 00 respectively. 
When AT = o, y o\ when x > o, y > o and when x < o, y <0. Also 
if we change x into x, y changes into — y. This enables the curve to be 
sketched. The lines y = db i are asymptotes. (See Fig. 7.) 

y « 3 (10* — i)/{io* +1) (i) 

The following table of values is first calculated. 


X 

0 

025 

0*5 

0-75 

I 

y 

0 j 

1 0*84 

1-56 

2 -08 

2*44 


3 (lo* — i) = (3 — 2 X) (10* -f i) is equivalent to 

3 - 2;r =# 3 (10* - i)/(io» + i). 


zi 


;-0 

Iy' 

Fig. 7 
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The required solution is 
given by the point of inter- 
section of the graph of (i) and 
the straight line y = 3 — 2;r. 
(See Fig. 8.) The solution is 
X = o*6i correct to j two deci- 
mal places. I 


5 ‘ 3 . The Application of 
the Exponential \Expan- 
sion to Limits \ 

We now prove an im- 
^ portant property of the 
Pig. 8 . exponential function true 

for real values oi x: As 
x-> 00, tends to infinity faster than a positive integral power of x. 
In symbols, if n denote any positive integer, 

lim. -jp = lim. — 0. 

JC 00 X 00 

Now = I + 


where Rn+i(x) denotes the remainder after (n + i) terms. 

No matter how large x is, the expression 

Xn + -f-X + 2~! + • • • + « T ^ ^ 

is always finite. In fact, as a: -> oo this expression approaches 
nearer and nearer to i/« ! . » being a fixed positive integer. 

Now R„,,(x) = 

^n+1 

Hence e* > x“/(x) + where /(*) is always finite 

and positive. Then 

_ _ ^ (« + 1 ) ! 

0“ ^f{x) +xl(n + i) \ ' X 

Since ifx^o as *->oo and all the quantities are positive, 
it follows that 

lim. = 0. 
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It follows immediately from this result that if v is any positive 
number, {x^/e^} = o, 

X CO 

for there exists an integer n such that w < v < w + i, and since 
lim. {x^+^je^} — lim. {x^je^} = o 

X CO X CO 

the result follows immediately. 

The limit proved above may be expressed in different ways by 
means of substitutions. Thus, c.g. if we write y == e^, loge y == x 
the limit takes the form 

1 

lim. (log,y)^ly = o or lim. (loggy)/y” = o, 

y -> GO y -> 00 

where n is any positive integer. 

Substituting y ijx the limit takes the form 

lim. {x (loge x)^} ==o. 

-> -f o 

In particular, if w = i, lim. x log jc = 0 

x-> -f o 

j 

Another limit which is of importance is lim. — ;;; — , a > o. 

Now a* = I + % loge ^ + ^1 (loge '*)* + + • • • 

Thus = log, <* + (log. «)’’ + ^ (log. «)* + .• 

The series inside the bracket converges for all finite values of x 
and hence is finite if x be finite. Hence 

a^ — I 

loge^J! < Ax, where ^4 is a constant. 

X 

Since x-> o, so also does Ax. Hence if a > 0 

a* — I 

lim. = loge a- 

X ->■ o * 

Example . — If y = x {i e“®)/(i — e”®), find the limit to which y tends as 

X tends to zero. 

If y is expanded in a series of ascending powers of x, show that the coefficients 
of all the odd powers of x are zero and determine the expansion as far as the term 
involving x^. [Lond., B.Sc.} 

y ^ x(i + e-*)/(i - «-') =x{e* + !)/(<• - I). 
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Now lim. {e" + i) = 2, since e* is continuous and = i. 
;r o 


Again lim. 


lim. 
X o 


I 4 . ^ + . . . - I 


lim. 

X o 




Hence lim. y 
X o 


2. 


Now I — 


X* x^ 


;r* , *» 




? 4. _ £ 4. ? 

2-3! 4I 5 




/ .AT* X^ , X* \ / / X . X^ X^ , X* \ 

Now it is easily verified by the ratio test that the series 
3 J ^ 4"! 5 I ‘ 

converges absolutely for all finite values of x, and hence is finite. Thus the 
expression 


-x{ £ 
l 2 ! 


£4. £* 
3! 4 


* \ 


£ 4. £! — ^ j- £* 


can be made as small as we like by taking x sufficiently small ; in particular 
there will be a range of values of x such that 



Let y =s ao + a^AT 4- a^x^ + . . . + . . . 

Changing x into ^ x,y becomes 

- * (i + «*)/{! -e”) =x {e* + !)/(«• - I) 
which is y itself. Thus y is unaltered if x is changed into — at, i.e. y is an 
even function of x. Changing x into — at in the expansion we have 

y « ao — + ajAT* - . . . a2„_iAr*«-J 4 . 

Since both the expansions are power series and converge to the same 
function the expansions must be identical (Chap. I., § 1*8). Hence 
** i*®* ^2n~i == for all positive integral values of n. Thus 

the coefficients of odd powers of x are zero. 

Now y = + •')”*' where ] 4 | < 1. 

Expanding by the binomial theorem 

y ^2 — AT 4- ^ ~ -f ^ {i + -8' 4- -y® + + r* I- . . .} 

7 6 24 120 


Now e 
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Thus + + = + - . . . 

Hence y ^ 2 x + + o — . . . 

— ;r — — -^^x^ + o ... 

+ ix^ + . . . 

- 

+ 

.% :V = 2 + lx* - 5 |o;r« . . . 


5*4. Series Related to the Exponential Series 

There are two important series which are closely related to the 
exponential series. They are the expansions of the trigonometrical 
functions sin^if, cos%. Thus 


a:® , jc® x’ , 

smx = Ac---i + ^---j + 

00 

= £ 
r ^ 1 

.2r-l 

l)’*-! 

^ (2r~i)! 

, X* ;c« . 

cosx=i--, + ^-g-r + 

00 

= i: 

r =* I 

.2r-2 

( 2r 2)!* 

x denoting circular measure. 

We first observe that each of the series is both absolutely and 
uniformly convergent for all finite values of x. For consider the 
first series and let u^ denote the rth term. Then 

Hf+i **’''*'^ ( 2r 

Ur \ 2r + I) ! 

-I)! 

2r-l 

2r (2r + 1) 

Thus lim. 

*r+l 

0 


and the series converges absolutely for any finite value of x. Uniform 
convergence follows immediately from Weierstrass* M-test. (Chap. 
IV.. § 4-33.) 

The second series may be considered in a similar way. It follows 
that the sum function in each case is continuous for all finite values 
of X . 

One method of discussing these trigometrical functions would 
be to define sin x and cos x by the corresponding series and show 
by algebraic methods that the functions so defined satisfy the 
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fundamental properties of sin x and cos x as defined by elementary 
trigonometrical methods. Thus, e.g. write 


S(x)^ S {-xY 


y2r— 1 




First we observe that 5 (o) — o, C (o) == i. 

Then we can show that S {x) is an odd function, i.e, 

s (-. x) = - S {x), 

while C {x) is an even function, i.e. C [x) — C {— x): for\ 

CO 2r-l 

= z {- i)-x 

r ^ 1 


[ 2Y — l) !’ 


i.e. 5 ( -- x) — S (x). 


As for C {x) it will be observed that only even powers of x' occur 
so that the substitution oi ~ x for x does not alter the series. 

Next it may be proved by using the theorems on the product 
and rearrangement of absolutely convergent series (Chap. I., §§ i*6, 
1-34) that ^ {c (x)Y = i. 

S (x) 

Finally we consider the property, lim. — = i. Write 

;r-> o ^ 

f (x) — S {x)lx. Then 


/w = 


CX) 

U 


r = o 


v2r 

( — j\r 

^ ^ {27 + I) ! 


The ratio test shows that the expansion of / {x) is absoltdely 
convergent for all finite values of x. From the properties of power 
series it follows that the series is uniformly convergent for all finite 
values of x. Hence / {x) is continuous^. 

In particular lim. f (x) ~f (o). Now / (o) == i, since 
x~>o 

all terms of the series after the first are zero. Hence 


lim. 

X —> o 


X 


The student will now observe that the functions S {x), C (x) 
defined by the series given at the beginning of the section satisfy 
the following fundamental properties of the sine and cosine. 


(i) sin 0 = o; cos o = i. 
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(ii) sin {— x) = — sin x; cos (— x) = cos a;. 

(iii) sin^ji; + cos^;^; = i. 

(iv) lim. = I. 

x->o ^ 

The results (i)-(iii) would be true for both degrees and radians 
if we adopt the ordinary elementary definitions, since the trigono- 
metrical ratios sine and cosine are independent of the units in which 
x is measured. On the other hand, (iv) is true only if x is measured 
in radians. It follows that the number x in the given series must 
represent an angle measured in radians. 

Example. — U f (^) = ■' x ^ o, and / (o) i, prove that f {x) is 

continuous. 

Since cos .a? is continuous for all finite values of x, so also is i — cos;>r. 
Also I jx^ is continuous provided x ^ o. 

Hence (i — cosx)lx^ is continuous, except possibly for x == o. To prove 

continuity at at = o, it is sufficient to show that lim. ? = / (o). 

X o ^ 

Now cos;»r — i — -j- where O {x*) implies a function 0 (x) 

which is such that ^ (x)lx* is bounded 2 csx o. 

Hence i + O (x^), x o. 

Letting x o, ^ cos^ ^ which is the defined value of / (o). 


5.41 The Hyperbolic Functions 

The hyperbolic sine and cosine, sinA x, cosh x, are defined by 
the equations 

sinhx — — e~^), coshx — J (g® + ^-®). 

Now .* = 1 + ^^ + *-! + ^’ + ^+... 

, X ^ X* 

e- 

Thus =ar+^+^ + ... 


J(e* + e-») =1 + 
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The expansions are absolutely and uniformly convergent for 
all finite values of x. Thus the hyperbolic sine and cosine are 
defined and are continuous for all finite values of x. 

Since the expansion for sinA x contains only odd powers of x, 
smh is an odii function, i.e. sink (— x) = — sin/^^Ji;. Similarly, 
since the expansion of coshx contains only even powers \of x, this 
function is even, i.e. cosh (— ^) = coshx. Further, since \ 

x^ \ 

cosAa; = i + -7 + 7[+ ... \ 

2.4* y 

it follows that cosA x is least when x = o and its value is then unity. 

As X increases from zero cosA x 
steadily increases, since each 
term of the expansion steadily 
increases. Similarly, as x 
decreases from zero, cosA x 
steadily increases, since the 
expansion contains only even 
powers of x. Thus cosA x is 
monotonic decreasing for ^ < 0 
and monotonic increasing for 
x>o. The graph of y=cosA;if 
is shown in Fig. 9 by the 
continuous curve. The curve 
is symmetrical about the y- 
axis since the function is even. 
Next consider 

. , x^ x^ 

smA X = x — tH — r + ... 
Fig! 9. ^3! ^5!^ 

When X =iO, sinA a; = o 

since each term of the expansion is zero. 

When a: > o, all terms of the expansion are positive and steadily 
increase with x. Thus sinA a; > o for a? > o and is a monotonic 
increasing function of x. When a; < 0, all the terms of the expansion 
are negative since it contains only odd powers. 

Further, as x decreases, | x [ increases and each term of the 
expansion increases in absolute value, so that sinA x steadily 
decreases as x decreases. 

It follows that sinA a; is a monotonic increasing function of x 
for all values of x. 

The graph of y = sinA x is shown by the dotted curve in Fig. 9. 
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5 ‘ 42 . The Expansion of x/(e® — 1) 

Now (c® - i)/* = I + ^ ^ 4., . . = I say. 


I I +y 


I— y + y*— y®+-.. 


provided | jy ] < i. Thus the expansion will be valid for \x \ < X 
where 




Now-j + ^,+^ 


+ ...<iA{n-^+0 +...| 

= iA/(i — JA), provided A < 3. 


The equation - - -r = i give A == i*2. Hence the expan- 

I — ^A 

sion is certainly valid for \x \ < 1*2 . The important point here 
is not that we should know the best possible value of A, but that 
there should be some definite interval of convergence. 

It is clear that the coefficient of is — Hence we may write 

= I — ia: + ajjar* + + . . . + + . . . 

C I 

Consider the function / {x) = r Then 

— I 

... —X . ae® . 

/(-*)= jTi — r - = ;i — r - i* 

X xe^ —x , x , - 

_i_ -|~ ^X m 

gX j “ j * 

Hence f{x) =/(~-^) and f (x) is an even function. Thus 
the expansion in ascending powers of x contains only even powers. 
(Chap. I., § 1*9.) Thus 

— - = I - I* + £ 
e — 1 w = I 


Write a^n == B^^l(2n) \ so that 

X 

= I - 

— I 


00 
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Thus if n >1, -Bgn is the coefficient of x^^l{2n ) ! in the expansion of 
xj(e^ — i) ill ascending powers of x and, for particular values of n, 
can be calculated from the identity 



The identity asserts that the coefficients of x^, x^, 
on the left-hand side are zero. Thus 



= I. 



I 

3I 


I 

5! 


I 



1 =« 


2 2! 

2! 


I I 

B2 I , 

^4 


. - - 4 - 

-f =0 

2 4! 

2! 3! 

4 ^ 


2*6! ~ 2! *5! ^ 4! ‘3! ^ 



I 

(2n -f i) I 


2 * (2n) i ^ 2 1 * (2n — i) ! 4! ’ (2w — 3) ! 

I ^2n— 2 ^ 

(zn — 2)1*3! 


1 

(2n)! 


= 0. 


Considering these equations in succession we find 


5, =^,5, 


L B. = —.B^ 

30 * 42 




30 


66 ' 


B, 


12 ' 


691 

2730' 
7 


Bu = 


6 ‘ 


The coefficients B*, B,. — B^n. ... are called BernomUian 
numbers. They have important applications in the expansions of 
trigonometrical expressions. 


Example.— 

the expansion 


‘Prove that tanh x — 2 coth 2X 
X _ ^ . SR 




cothx, and find by means of 
where H-- is the Bernouilli 


number of order 2n, a power series for tanh x. 
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* cot* « - cot* , = 

e= ^ 4- I 

— I e®* — I 

_ («** — i)* c®* — I _ 

— e4x _ I " e®* + I ” » 

provided 5®® — i 4= o. Hence the result is true for real x provided ;r *♦= o. 

2 


^2 X I j ^ 

Now cotA X — — = I -f ; cotA 2;r — - i -f 

e®* — I <;®* — I ( 

Hence tanA x — 1 A — ^ ^ # o, 

^4x „ I g2x _ j* 


>4x ^ ' 


== I +- 


^X I 

— I x'e 

Using the expansion of xl{c^ 


2X 


Jf 

— 


== I 


i) we have 
00 

2Ar 4 - £ 


, AT 4* O. 
I 


^an^2n 

( 2 n )4 



It has been shown above that there exists a number A such that the 
expansion of Ar/(e® — i) is absolutely convergent for | a? | < A. Hence the 
expansion of ^xj(e^^ — i) is absolutely convergent for | 4Ar | < A, and that of 
2A?/(e®* ~ i) for I 2Ar I < A. Thus both expansions arc absolutely convergent 
for I AT I < A/4 and it is legitimate to write 


00 R 

n = i {2")' 


00 

2; 


B, 


00 


Hence tan*^=i + i [i - 


n = i 


(2®« — I)A^®"~1. 


This is the required power scries for tdjxhx. Substituting the values of 
Bj, B4, Bfl, Bg, . . . found above we have 

tanA AT == AT — -r* 4 —at® i^Ar’ -f- 

3 15 315 

More than one notation has been used for Bernouillian numbers. 
In the above definition the Bemouilli number of order n, n > i, 
has been taken to be the coefficient of x^jnl in the expansion of 
xl(e^ — . i). This gives = o, and ^tre alternately positive 
and negative. 


• T. A., n. 


12 
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An alternative way of writing the expansion of a:/(e® — i) is 
as follows: — 


- = !-- + B'A 

I 2 2! 


B'sgj + ••• 


5 ! 

+{- i)»-^ B\- 


+ . 


This form has also been used for a definition of Bemouillian 
numbers and in accordance with it, the number of order is 

the coefficient of (— The relation between \the two 

notations is 

B\ = B„ B\ ^-B, B'„ = (- 

Bemouillian numbers can be expressed as series by using the 
following expansion of xl{e^ — i). Thus* 


+ ^ ~« 


2 X^ 


This series of rational functions is absolutely convergent for 

I ^ I < 277, 

Now for w > I, and | | < 277 we can expand each term of the 

series by the Binomial theorem. Thus 

I _ I / x^ 

+ 4^2772 4^2,72 4^2772/ 

4n*7r* L (4n2w*)* ^ ^ ’ (4« V)--! ' J 


By expanding for « = i, 2, 3, 


00 

the series U 


2 X^ 


can now be represented as a double series in the following form. 


2^2 2X *' _2:v® 

^ (47r*)* (47r*')» 




2 X^ 


+ . 


2 X^ 


2 X^ 


+ 


2 X^ 


4.2V* (4.2%*)* 




2 X 


2r 


+ 


2 X* 


2 X^ 




2 X^ 


4.3*^* ( 4 - 3 *^*)' (4.3M* 


1)'-^ 


(4.2 V)'- 

2 X^ 

(4.3*^)^ 


+ . 
+ . 


♦ A proof of the expansion is given in Bromwich, Theory of Infinite Series 
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^ , 

4«*ir* (4M*ir*)* ^ (4n*w*)* • • • ^ ^ + • • • 


The sum by columns is 

Oj** — + aj*® - ... +«, (— ly-^x*' + . . . 


where Oj = 


( 271 -): 


;• «*== 


(27r)' 


y ^ ^ r ^ 

, n*’ * { 27 r)« , n»’ ' ' ' 


Z ^ 


{2nr„^,n^’ •••• 


Hence, if B\ denote the coefficient of (~ lY"^ x^^l{2r)\ in the 
expansion of xje^^ — i) in ascending powers of x then 

B' I JL 


(27rY 


^ r 


This provides a general formula for the Bemouillian numbers, in 
the form of an infinite series. 


Now write 

X 


y2n 


l-^+ Z - +(-l)rF,(*) 


(2M)! 


and Fr(x) = BV+i 


,.*r+2 


(2r + 2) ! 

= Z (-i)'-i B', 


B' 


y2rhl 


' (2r + 4)! 


y2rf‘28 


+ • • • 


’’■'^{2r + 2s) ! 


The function (— i)*’F,(x) represents the remainder after (r + 2) 
terms of the expansion of x/(e* — i). We now prove that Fr(x) is 
a positive function whose magnitude is less than its first term, 
i.e. B\+jX^*l{2r + 2) !. 

ri 


Put 


2X^ 




X* + 4 «* 7 ) 

in the identity 

1/(1 + y) = 1 — y + y* — . . . + i)*‘->y'‘-i + (— l)'y 7 (i + y). 
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Then 




^ — r j — ^ + (— Y ^ 


f ^ 

r 4 

5^ ~| 

V4«®^*y 

' x®\ 

4^ 4«®it® J 


The series U 

« = I 

following array. 




x^ + 


can then be represented! by the 


2a;* 

477^ 


+ 2 


2X^ 


2 / jc* Y 


2X‘' 


K* I- 4.2V 


+ • 


+ ~ 2 { ~~iZ2 J + • • • 


4 mV \^ 4MVy 

+ <- ■>'" + 1- ■>' (5.^?)' ? 




+ 4w V 


+ . 


Adding by columns we have 


-1 




"2! 


.2 \r 2X’‘ 


4! 


y>2r 


wher. FAX) = (^)' . 


:* + 4^^ 


+ (- + (- ^mx) 


, + 

^ V4-2VV a:* + 4.2M 

/ a:* Y 22:* 

\4M*7r*/ 2 :* + 4«®jr® 


+ 


+ .... 


All the terms of this expansion are positive, since x is real. Hence 
Fr(x) is a positive function for real values of x. 
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Since 


+ 4mM 4n^7r^' 

X real and n a positive integer. 

^r(«) < j -i + (^7^; + • • • 


\4«®ir*/ 4n*ir* 


- y 2 f V - _ R' 

■ „ , U«V; - (2^)^+** „ t , ^ ’ 


^Sr+S 

’■+•(2^+2)! 


Thus -7 .)-.B’. ^j] _ (- .).f,w, 


where o < Fr{x) < 

If r is even so that (— !)»■ = + i, it follows that 

__7„. - [. - i. + J (- .)-.B,-5-,] < 

while if n is odd so that (-- !)*■ — — i, 

Y r~ ^ y2n “1 y2i 


yir+i 


Y2r+2 


■ + 2 )! 


The expression in square brackets is the expansion in powers 
of X of xl{e^ — i) to {r + 2) terms. Hence if we stop the expansion 
at this point we see that the magnitude of the error term is less than 
the numerical value of the next item in the expansion. Thus, for 
example, writing B\ — B'g = 3^-, we have 


^ r _ ^"1 

— 1 L 2 J 12 

_i — ri_?+q>_^ 

— I L 2 12 j 720 

^ fi ^ 

— I L 2*^ 12 180 J " 30240’ 


and so on. 
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5‘43. Bemouillian Polynomials 

Consider the expansion, in ascending powers of t, of 
F {x, t) = t — i)/(e‘ — i) 

and denote by ^„(x) the coefficient of <"/«! in this 
Then ^„(x) which is a poI)niomial of degree n in x 
Bemouillian pol}momial. 

00 

Writing e®* — i = Z x”t”lnl, 

n = I 

F(x.f)= Z = I + 

w = I * L. ^ ^ • 


fcpansion. 
called a 




Equating coefficients of /"/w!, 
Ux) = 


, « (« - I) (« - 2 ) « - 3 ) ^ ^ ^ 


the last term in <l>n(x) involving either or x, depending on the 
value of n. If w > i this polynomial has (w + 2) or ^ (n + 3) 
terms according as « is even or odd. The first four polynomials are 

<f>i{x) = X, <f>i(x) = X* — X, <j>a{x) = *» — |x* 4 - i*. 

^4(x) = X* — 2*» + X*, 

When X = I, F (x, t) = t and hence (i) = o, » > i. 

^{x+l)t __ j ^aji __ X 

NowF(x + i.f)-F(x,<) =''*‘ 


CX) fh 00 

Hence Z (x + i) - <^„(*)};^ = B . 

n = i n = o 

Equating coefficient of t” in the two power series, 

<l>n (* + i) - 

Using the known values for ^„{x), « = 2 , 3 - 4. we have 
^j(x + i) = ^j(x) + 2 * = X* + X 
^,(x + I) == ^(x) + 3X* = x» + |x» + ix 
^4(x + l) = + 4*® = ** + 2X® + X*. 


(I) 
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Changing n into {n + i) in the difference equation (i), we have 

+ l) - <f>n+i(x) =(« + !)*» (2) . 

Now take to be a positive integer and write ^ = i, 2, 3, ... in 
succession in (2). Then 

^n+l (2) ” <l>n+i W = (n + I) 

^n 4 l ( 3 ) - (2) = (n 4 l).2^ 


+ I) - <f>n+l{x) == (n + l).^« 

Adding, and observing that (i) = o, 

I” 4- 2« 4- 3” + . . * 4- <^n+l(x 4- I) == — — 4-^”. 

This gives a formula for the sum of the nth powers of the 
positive integers. The function is the coefficient of 

/n+i/(^ 4. i)j in the expansion of F{x, t). Hence the last equation 
can be written in the form 


X 

Z r 

r = I 


n 


n + 1 


\! 


n+1 


n + i_ 
2 


[n + i) n 
2! 




+ i) « (« — i) (« — 2 

4! 


B'**"-* + 




„ + J + !*• + + . 

“/*■■** + »*" + If I,**"’ - +■■■ 

Writing / (*) = a:", this formula becomes 
/(i) +/(2) +.. .+/(«) = j/{x) dx + y(x) + —V' (*) 


B'. 

4! 


*/"'(*)+.... 


where Sf{x)dx denote the indefinite integral oif{x}, and f (x). 
f"'{x), ... denote the differential coefiSdents of f{x). Every 
term on the right-hand side is ultimately divisible by x. This 
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result extends immediately to any polynomial in x since multiplica- 
tion of by a constant a does not affect the result and a polynomial 
is made up of terms of the form ax^. The result, proved for a 
polynomial, is known as the Euler-Maclaiirin summation formula. 

In practice the majority of the most interesting applications 
are to transcendental and dgebraic functions which on expansion 
give an infinite series and not a polynomial. In these cases questions 
of convergence arise and it is necessary to consider the mWnitude 
of the remainder term which expresses the error committed \yhen an 
infinite series is stopped at a particular term. 

n 

Example. — If denotes E prove that S,^ -f ™ 

X — 1 

Applying the Euler-Maclaurin formula for/ {x) •=- x^, x^, and x^ in succession, 
we have 

5.3 = [^x^dx -I- \x^ -f (yc^), X = n, 

Sg --r ^x^dx 4- -f- [ 5 ^*) - (5.4-3^*). ^ 

S, - + ix^ + (yx») {7 ■<>■5**) 

+ !;»'> ( 7 - 6 - 5 - 4 - 3 ^’*). X 

Substituting B\ ~ B\ ~ B\ — these expressions reduce to 

S3 == 4. x)2, S5 = { 27 t* 4 - 4 - 5 n 2 - i), 

4 

S, ^ — »* (3w« 4 - i2w‘^ 4 - i4n* — 7«* 4 - 2). 

24 

S5 4- 5 , = — (3W* -f i2w» 4 - 4- I2W® 4 - 3^*) (w 4 - 1)* = 2S,®. 

2^ O 

5*5 The Logarithmic Series 

We now prove that if ) x | < i, 

logt (1 + ^) == ^ “ ”• 

00 

= u 


• In more advanced mathematics the base of a logarithm is always taken 

to be e unless otherwise indicated. Thus in what follows, when the base is 
omitted the student should understand that the base is e. 
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i.e. (i + a:)» = I + >> log (i + *) + {log (i + *)}» 

y 


+ ^, (log (!+*)}» + 


(i) 


Expanding (i + xY by the binomial theorem we have 
y{y-i){y-2 


(i +;«)» =x+yx + “21 


3! 


, I * I < I. 


(ii) 


Assuming that it is legitimate to rearrange this series in ascend- 
ing powers of y it follows from Chapter L, § i*8 that coefficients of 
corresponding powers of y in (i) and (ii) are equal. In particular 
if we equate coefficients of y, we have 

log (1 +x) -lx^ + ... 


We may justify the rearrangement of the terms of the series by compar- 
ing term by term the binomial expansion of (i - 1 - x)^ with that of (i — 
where ^ zr-. \x\, 7) — \y\, the expansions being valid for |;r|<i. The 
(y + i)th term is 17(1? + i) . . • (t? + — i) 1’’/^ I which is the product of a 

series of positive factors and when written in powers of rj contains (r + i) 
positive terms. This series can accordingly be rearranged in powers of tj 
and by comparison the result follows for the series in y. 


Note , — It will be observed that we can obtain series for 
{log (i + x)}^ and for higher powers by equating coefficients of y® 
and higher powers of y. Thus from the coefficients of y®, 

I {log (i + x)}^ = Ix^ — Ix^ (i + I) + (i + i + 1) — • • •» 
and so on. 


Validity of the Logarithmic Series. — The series converges 
absolutely and uniformly for \ x\ < p < i. Hence log (i + x) is 
a continuous function of ^ for [ | < i. 

When X = 1 the series becomes i — 4 + J — 
which is known to be convergent. Hence by Abel's theorem 
(Chapter IV., § 47) the interval of uniform convergence extends up 
to and includes x ^ 1 and 

lim. log (i + ^) = I — J i — i + i 

I 

i.e. log2=:i — J + J- i+T — *- - 
When X ^ — i the series becomes i+i + J + i+ Y + **- 
which is divergent. 
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Thus the series is valid in the range — i < < i and in this 

range log (i + x) is continuous. 

It is convenient to remember the form of the series in the case 
in which x is negative. Thus 

log (i — == — X — Ijc® — Jjic® — . 


i.e. — log (i — x) 


00 yr 
2 


5’51. Inequalities for log (i + x) 

^2 ^3 y4 ^5 

Now « - log (l+ a:) = 

= ** (J - i^) + ^*( J jAf)+,..>o, 

for — I < A? < I. Again if o <x <i, 

X — log (l + a:) — (i Ja;) — . , . < O. 

Hence o < x — log (i + x) < Ix^, o < x < i. 

Now suppose that — i < < o and write y ^ x, so that 

o <y <1. Then 

log (I + *) = log (I - >») == - >- - i/ - iy® — i/ — . . . Hence 
— y - log (i - y) = iy® + iy® + iy* + . . . 

< iy* (i + y + y® + • • •) 

= Jy/(I -y), I y I < 1 . 

Thus 0 < a: — log (i +;«:)< J x^l(i + a;), — i < * < o. 


Example . — Prove that if n is a positive integer 
o < ^ 


, n + I ^ I 

H — n— < 


n ^ n 
and o<i + J+ J-f... 


2n* 

— log n < i 


n~i [M.r,] 

The first inequality follows immediately J>y writing x = i/n in the first 
inequality proved above. 

Now put « = I, 2, 3, . . . ~ i) in succession. Then 

O < 1 - logf 


o < J 
o < i ‘ 


logf < 
log| < 


2 . 2 » 


2 . 3 * 


O < 
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Adding, © < i + * + J . . . + — 

ft — I 


— log « < 4 


n — 
S 


r = 


L 


Now 







<i + 2-2T+4.-V+--- 
- I + i 4- + . . . = 2 

M — I j 00 j 

Now Z - 5 - < 2 - 5 , i.e. < 2 and result follows. 

r ^ \ ^ r ^ 1 ' 


5 * 6 . Modification of the Logarithmic Series 

For purposes of numerical calculation the logarithmic series is 
inconvenient for two reasons. 

Firstly the series converges very slowly, i,e. it would require 
many terms to obtain a good approximation. 

Secondly the series is not directly available for the cases in 
which ^ > I. 

To obviate the first difficulty the logarithmic series is replaced 
by others which converge more rapidly. 

^2 ^3 

log (I +2:) = 2; \x\<l, 

y2 /yZ y4 

Thus log (i + 2;) — log (i — 2f) = 2 -12; + ^ -I- j + . . . j- 

Hence log = 2 j* + ^ + ^ + . . . | (i) 

the expansion being valid for \x\ < i. 


Example. — Show that the logarithms of all integers from i to lo can be calculated 
by putting at = 4 i ^he expansion 


, \ X (x , x^ , x^ , \ 


Write /(») = log, Then 


/(i) = log I = log 3 - log 2 . 

/(4) = logs = log? - logs • 

f{\) log t » 2 log 2 - log 3 

/(4)*10gf=»2log3-log7 


..(i) 

.( 11 ) 

.( 111 ) 

.(iv) 
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All logarithms are to base e. The left-hand side of each equation can be 
calculated as accurately as is desired by considering the corresponding series. 

From (i) and (iii) log 2 and log 3 are found : then log 4 = 2 log 2 is known. 
Eliminating log 7 between (ii) and (iv), log 5 is found: then i 
log 6 = log 3 + log 2 

is known. Log 7 may be found from (ii) since log 5 is known. Also 
log 8 ~ 3 log 2, log 9 = 2 log 3 and log 10 = log 5 + log 2 are determined. 

From (1) we may deduce series which are useful in Numerical 
computation, and which converge when the variable involved is 
greater than unity. 

Write X == il(2n + i) so that (i + x)l(i ■- x) ^ [n + i)/ti. 
Then 

^ n+ 1 fi I I 1 /s 

Og ^ ^ 4 ^ + . . .| .( 2 ) 

the expansion being valid provided | i/( 2 w + i) | < i, i.e. n > o 
or « < — I. 

Example. — By means of the expansion of log {{n -f i)/n} in ascending 
powers of i/(2m -f 1), evaluate log^J correct to lour decimal places. 

To find log | write w = 3. Then 



The work of calculation may be set out as follows; 

1/7 = -142857. 

1/72 *020408, 

1/73 = *002915, 1/3*7® ’OOO972. 

1/74 — *000416, 

1/7* = *000059, 1/5*7® ~ *000012. 

Clearly the next term of the series will not affect the fifth decimal place. 
Adding log | = 2 (*143841) = *287682 = *2877 correct to 4 decimal places. 


We now deduce another formula suitable for numerical 
computation. In (i) write (i + x)l{i — x) == m/n so that 
(m -- n)l{m + n). The condition for the vahdity of the 
expansion is | (w — n)l(m +n) \ <1, i.e. 


/m — w\* /m ■— n 

\m + nj \m +n 


K m — n 
m + n 



<0. 


Multiplying throughout by the factor (m + w)* which is positive 
for real m and n, this condition reduces to mn > 0, i.e. m, n either 
both positive or both negative. It will be observed that this is“ 
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the condition that the logarithm be real. For mn > o implies 
mjn > 0, when m and n are real. The expansion becomes 

, m Vm — n ^ . (m — n\^ , ^ fm — ti\^ , "1 

~ ^ L”* + » ^ + «/ ^\m + n) ■■■J 

the expansion being valid for mn > o. 

Example. — Show that log ^I'Oi and log^i'oz can he calculated correct to 
five decimal places by using only the first term o f the above series, and that log^i'i 
can be calculated to the same degree of accuracy by using the first two terms. 

Write w — lOT, « — loo. Then 

m — n = 1, m n — 201, (m — n)lm + n) — 1/201 

Hence ^ — 0 000001. <o*oooooi. Cleat ly 

this and higher terms cannot affect the fifth decimal place in the deter- 
mination of log 1*01. 

For log I 02 write m — 102, n — 100. Then 

* 

Thus the second term will not affect the fifth decimal place.* 

For log i*i write w = ii, « = 10. Then 

I {^-^y = I < 5 -(A)' = I X -ooooi < -000005. 

Hence this and higher terms will not affect the fifth decimal place. 


The series (3) may be represented in a slightly different form 
by writing m/n = x or we may deduce the result by proceeding 
directly from the expansion 


= 2{y + ty® + + • • •} 


by writing (i +y)/(^ — y) == so that y = (x — i)l(x + i). 
In either case we obtain the expansion 


: jc ~ 2 


lx -f I 


+ l 





■ (4) 


ihe expansion being valid for all positive values of x. 

The condition a; > o may be deduced from the validity con- 
dition of either (i) or (3). 


* A discussion on the conditions under which we may approximate to the 
expansion by the first term of the series is given in § 5-9. 
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Eacample. — Show that in the series 

when X SK 2 , the remainder after n terms is less than i/{ 4 ( 2 « -f- /i) 

\Lond, B.Sc.] 


When X ^ 2, log^x = 2 




i.e. log 2 « 2 27 

r « . -f I 

The remainder after n terms is 


CO 

2 5_,__ < 


2 

2n + I 


00 

2 ; 3-(2r+l), 

r = n 


Summing the series as a G.P. we obtain required result. 


We can deduce from (i) another form which is sometimes 
useful. In the expansion 

^°s~^ = 2 {y + iy^ + iy^ + ^--}.\y\ i. 

write y = 1/(22: — i) so that (i +y)/{i — y) = xl{x — i). 

The condition | jy | < i becomes | 1/(22: — i) | < i, i.e. 
(22; — i)* > I, i.e. 2:(2: — i) > o. Thus the expansion will be 
valid provided 2: < 0 or 2; > i. Hence 

+ ■•■}. ( 5 ) 

provided x <0 or 2^ > i. 


57 , The expansion of loge(a + x) 

If a> o and \x \ < a we can obtain from the logarithmic 
series an expansion of log (a + x) in ascending powers of x. Thus 

log («+«)= log {«(i + xja)} _ 

= log a + log (i + xja), if a > o. 


If ]x\ < a, log (i + xja) may be expanded as follows: 
Thus log (a+x) — loga + S (— ~r * 1 ^ I < 


If a < o but a + x > 0 and \ a \ <x we can obtain in a 
sim ilar way an expansion in ascending powers of ijx. 
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Example . — From the expansion 


%.(i + *) = j 


deduce the expansion of logy^(a + x) in ascending powers of x, 
of X is it valid ? 


4. 4- 

2 3 4 


For what values 


Given = *30103. — *43429 calculate log^^z-i and log joi'S, 

without using tables. 

logio(« -f ^) = loge(a + ^)/log.io == logio^ .loge(a -f x) 


•= /* log.{ “ (^ + f )}• p = ^oSio^- 

= /I log,o + fl log,(i + i ) 


= fl log^fl + fl 


00 

s 

r = 



kl < l“|: 


thus logio (a + X) = log,„a + /t £ ^ 

Write a = 2, = O'l, ;p/a ^ 0*05. Then 

logio2*i = logio2 + u {*05 - i (*05)“* -f i (*05)® ~ i (-05)* + . . .} 

= -30103 4- *43429 {*05 — *00125 4 -000042 — 

Clearly higher powers of -05 will not affect the fourth decimal place. Thus 
logie2-i = -30103 4 *43429 X -048792 

s= -3222 correct to four decimal places. 

To obtain logioi*8 write a — 2, ;r = — 0-2, xja = — o-i. Then 
logioi *8 « logio 2 4 *43429 {- *i ~ i {*!)* - i (•!)* - i (•!)* *“...} 

= -30103 - *43429 {*i 4 *005 4 -000333 4 *000025 + • • 

= -30103 - -43429 X -10536 
= *2553 correct to four decimal places. 


5*8. The Application of the Logarithmic Series to Limits 

When X is small log (i + ^) = x, provided x^ and higher powers 
may be neglected. If this approximation is not sufficient for the 
purpose the next term must be added. Thus as a second 
approximation 

log (i + a;) = 2 ; — ^x^. 

The application is shown in the following examples. 

Examples. — (i) Find the limit as x 1 of (log x)l{x^ ~ 3;^ 4 2). 


Put X ^ i + h . 
lim . 


log <1 + h) 


Then 

■ tr+T)' -y(t + ») +T 


lim. 




I 4 ^ 


-> o 

— I 


A I 4 A) 
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( 2 ) Prove that log, (i — «-■“) = — * + Jjr* + Jat* . . and deduce the 
limiting value of 

[log, {(I - 3ce-*) (i + xe^)}]lx^ 

as X tends to zero. 

Now log (i — xe-*) = — xe-^ — — \x^e-^^ — . . | 1 < i 

= — X {i — X ^x^ — ^x^ + • • •) 

- ix^ {1 - 2X i.4X^ - . . .) 

- - 3^ + • • •) 

- ^ 4X+ ...) 


— X -h ix^ ix^ . 

Changing x into — x and assuming that | xe^ I < i» 
log (i -1- xe') = at + _ J.^-3 

/. log {(i — xe~^‘) (i 4- xe^)} ~ log (i — xr~*) f log (i f xe’^) 

— x^ "f terms in and higlier powers. 

Hence lim. [log {(i — xe-^) (i 4- xe^)}]lx^ = i. 

A -y o 


( ^_Lj\n / 2\ 

^ j = 4“ ‘^^ 2 / approximately, when n is large. 


Write M = {(w 4 - i)/(w — i)}«; 

log w == n log {(« 4- i)/(m — i)} = n log (i 4- ? ) — n log (i — 2) 

/ I . I . ^ t ^ . 2 

= 2 n i - 4~ — i *4" — R “}*••• <'~24“ — .>* 

I n 3w® ) sn^ 

where i/w® and higher powers of i/w are neglected. 

Now when n is large, log 4- ^2* 

/. logM = 2 4 - log (i 4 - -^^2) approx., i.e. w = + ”-o)* 

(4) Prove that lim. yi/i-i-? == e^, 

AT -> O I — 

Write u = 

I — A 

Then log m - ^ log {(i 4 - x)f{i - ^r)} - ^ {a; 4- + 1 -^* + . . . } 

-2 4 - 1 ^* + !^* + -(i) 

Letting X o, log w -> 2. Hence lim. m = 

AT -> O 

Alternatively we may proceed as follows. From (i) 

« = *2 + + • • • = «» X ei*’ + !** + ••• 

As -+ o, e*^’ + 1^* + • • •-► e” = i. 

Hence lim. « = «* as before. 
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{5) Find Urn. {{e=^ — c^j/log (i + x)}. 


— = 2 


. x^ . , 

'+n + ?i + 


■) 


log (1 + *) = * - - . . . , I ;r I < I . 

( . \ 
'-.irA.. _ V "sT*" • V 


Thus 


log (I + I _ ^4: + . 

'T'l. 1* 

Thus lim. , — i , = 2. 

o (I + 

The student should note that in a case like this we are assuming that series 
in the numerator and denominator represent continuous functions so that 
the limit as x ^ o is the actual value of the functions at ;r *= o. 

(6) Defining log^a = lim. {(a* — i)lx}, prove that 

AT o 

log^ah = log^a -f- logjb. 

Now log,ri6 3=s lim. -- i)lx; 


— lim. 

X -y 0 

{(rt* — t)lx} + lim. {(6* - i)lx) 

A? 0 

X 0 

lim. 

{(a* 4 6* — 2)fx} (Chap. II., § 2-63) 

X ^ 0 

*= lim. 

{(a®6® — I 4 a» 4 — «*&•* — i)lx} 

AT 0 

= lim. 

{{a-b^ - I)/Ar} 

A? -> 0 

log^ah. 

4 r lim. (1 —&*)'][” lim. {(a* 

i- Af -► 0 ^AT ->o 


since lim. (i 
X o 


b-) 


o and lim. {(a* — i)jx) =* log^a, which is finite. 
a; o 


5*81. Miscellaneous Examples 

(i) Find the coefficient of x^ in the expansion of log^ (1 + at + at* 4- x^) 
in ascending powers of x, (i) when n is a multiple of (\i) when n is not a multiple 

0/4- 

Now I 4 AT -f a ;2 4 - AT® = (i — Ar*)/(i — x). Thus 


log.(i 4 ^ = log (i — AT^) — log (i — X) 


00 

Z 


r == I 



r 


4 


QO 

Z 

r ^ 


£ 


xf 

r ’ 


Hence if n is a multiple of 4 there is a term from each expansion. That 
from the first is — 4Ar«/w while that from the second is a?"/w. Thus the 
coefficient of at" is — 3/«. If n is not a multiple of 4, then there is no corre- 
sponding term in the first expansion, and the coefficient is i jn. 

T. A„ II 


13 
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(2) Find the ranges of values of x for which log^ {1 -- yc -{- x^) can he 
expanded in a series of ascending powers of x and give the expansion as far as 
the term involving x*. [Lojtd. B.Sc.] 

GO I 

log (i - 3X + x^) = log {I ~ x(3 ~ at)} = - 2 Ar’'(3 f- x^jr, 

y = I 

provided \^x — x^\ < 1 , i.e. {^x — at*)* — i < o. 


Now (3Af — AT*)* — I — (3 a; — AT* - 1 - i) (3Ar — at® — i) 

= (Af 2 - 3 Ar - i) {x^ 3^ + 

The roots of at* — 3Ar + i — o are x ~ J (3 ± V 5), while t^e roots of 
~ 3^ — I = o are at == J (3 ± \/i 3 )- Arranged in ascending order, let 
the four roots of (at* — 3Ar — i) (a;® — 3A? -f i) = o be a, p, y, h and write 
E - (x* — $x — i) (Af* - 3Ar + i). 

For X < a, E > o] for a < x < p, E < o\ for p < x < y, E > o\ for 
y < AT < 8, E < o, while for x > B, E > o. Hence 

E < o provided a <x < p or y<Ar<8, 
i.e. i (3 - Vn) <x <i{3- Vs) 
or i (3 + V5) < ^ < i (3 + ^ 13 )- 

For these values of x 


log (I - 3^ 4- = -* {^(3 - 4- lAr*(3 - x)^ + i^®(3 - ^)® 

4- 1^*(3 ---^’) 4- 

* - 3Ar -f A® 

““ 2^® 4- 3^® — 

— 9Ar® + 9Ar« 4* . . . 

— ^x* -f* • • • 

/. log (i - 3Af 4- A®) =* - 3Af - JAT* - 6Ar* - . • • 


(3) Expanding log (i — x*) in power series in two different ways, prove 
that for any positive integer k, 

2 : ( -1)^-^ ( n- I)! 

where p is an integer. 


"-TAfi = * »/* = 3/- ± I 
- I if k = 3P, 


CO „3f 

log (l ~ AT®) ~ £ , |a| < I. 

Again log (i ~ at*) *= log (i — at) + log (i -f ^ 4- ^®). 


00 


x^ 


log (I - ;ir) = - 2! - 

r — 

log (X +« + **) = log {I + «r (I + *)) 

CO 


[M. r.] 


s {- +#)•, |*{i +#)! < 1 . 

BBS I * 
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Thus £ (~ I)* ™(i i: L _ 2; ~ 

S=I ^ i ss: j ^ 


Now (i 4 - 4 r)* = S 


Thus S (— i)* - ' (i + xY ■ 
s = I ^ 


( — iV ® 


Consider the coefficient of x^ is this expansion. Then « + 5 ~ A. The 
coefficient is 


(- lY r 4. c -4- 

— V — ifc'-'o “r -T r- fc-1^1 ~r “r"- — ;r it 


nPk-n + * 


The last term will correspond to w = Hk] where is the integral 

part of ^k. 

Kow (— c -tiJ)"- —”J L_»)lL»j=_0L 

« n (A - n) ! (in - A) ! ~ (A - «) ! (in - A) ! 

Thus the coefficient of 4 r‘ may be written in the form 

Z (_ i)« 

iA<«<A' ' (A -«)!{!« -A)! 

CO 00 ^ 3t 

Now if ^ s= 3^ i 1 the coefficient of x^ in Z Z is 

r i ^ t i * 

CO I 

the coefficient of x^ in Z — , i.e. 

r — I ^ ^ 

If k ss there will be a term from the second series and the coefficient 
1 I 2 

“ k 'ik~ A ■ 

(4) Show that if e* == i + xe**, and x^ and higher powers of x may he 
neglected, 3' = ^ 

x^ x^ x^ 

Now — I = 4? H , + — , H i -f • • • Thus the given equation 

21 3 ! 4 ! 

is equivalent to 

'(■ + n + i:-^S + -) — 

If 4? = o, the given equation is true for all y. Assume then that 4? +0. 


Then i + n + fr 


+ . ■ ■ = e*". 


Taking logarithms to base e 

w-i«e{> + ;(i+i + n+ ■)} 




[1+ 3+15 + 
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— I 1_ terms in and higher powers. 

2 24 

I X 

, , + 1 + terms in x^ and higher powers. 


Hence y 
Obser\ 

as for x*^ because of the factor x which is divided twice. 


2 ! ■ 4 ! 

Observe that in the exponential expansion it was necessary toj take terms 


(5) By using the fact that (1 + prove ih^ 




\ 


if i/n* and higher powers of ijn are neglected. 


[Lond. B.A.'] 




n log* (i 4- xfn) 


(X , ,x^ 1 A'* , \ 

= e^ ^ n^ ^ n^ ^n* ' ‘ 




•« 


_ g n * n^ 

where i/n* and higher powers of i/w are neglected. 

Similarly (* - */«) 

(x . , X^ . . X^ . . X^ , \ 

e”(n+^»*+in» +*■«*+•••] 

X^ x^ x^ 

= / + in + i¥* + i«»- 

It will be observed that this result may be deduced from (i) by changing 
n into — n. 


X -f I 1- -« u 

e ^ ^n\(e 4 0 . 


H„=. (■ + i)' + (■-.')■■- 
.hm . . jJ(i + i 

Expanding in accordance with the exponential theorem and neglecting 
I /«* and higher powers it follows that 

(■ +*.)■+ (■ -:- r - -(■+*$)(■+ 0 - “•{■ + i -( T + v ))- 


(6) If X and y are small, show that 

(i 4 + x)y ^ i xy {y - x)lz 

provided the ratio xjy is finite, and that terms of the fourth and higher orders 
are neglected. [Lond. B.Sc."] 

Now (I + y)» = «* log (» + 5 ') (>' - ij'*). 

where y^ and higher powers of y are neglected. 

Apin (I + xy = ey l°e {^+») = ***), 

where at® and higher powers of x are omitted. 
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(I + y)“/(i + *)’ = e‘y ~ *'*'>'* -^y + ^ ei^y (*■ - y) 

“ I H~ iAry (;r •— y) 4- higher powers of ;r, y 
~ I — ixy (y — at) as a first approximation. 


(7) In a population of N persons, where N is large, one person out ofp dies 
each year, one person out of q emigrates each year^ tamd one out of r is born each 
year. Show that the population after s years is 


N 


Find the number of years which elapse before the population doubles itself if 
p = 46, y 33 and there is no emigration. 

Let be the population at the end of t years. Then in the {t + i)th year, 
Xflp die, Xtlq emigrate and Xtjr are born. Tlius at the end of the (t + i)th 
year the population is 


' r I ^ t 


Hence at the end of s years the population is 

N { I - * - * + i|'. 

I p q f) 

If /> = 46, r = 33, there is no emigration and the population doubles 
itself in s years then 

{I - *6 + is)’ = 2JV, i.e. (i + -jIJb)' = 2. 

Taking logarithms to base e, s log^ (i 4 xifs) == log^2. 

Now 13/1518 = 0-0085639 . . J (13/1513)® == 0-0000367 , . . 
log (i 4 T^fs) = xiTW — • • • 

It is easily seen that if we work to four significant figures, the third and 
higher terms will not affect the fourth significant figure. Thus correct to 
four significant figures 

5 (-008527) = log,2 = logio2/logioe. 

Taking e = 2-718, s = •3oio3/(-43423 x -008527) =* 81-3 approximately. 
Hence the population will be doubled in 82 years. 


(8) By u^ing the expansion of 

log [{I - (6 - C)x]{i - (c - a)x}{i - {a ■ 6)2;}] 

prove that 

{b — c)* 4 (4; — a)* 4 {« — ^)* = 2 Ipc 4 ca 4 — a* — — ^*)*- 

[Lond. B.Sc.] 

log[{i - (6 - c);r}{i - (c - a)ar){i - (o - 6)*}] 

- log {I — (6 — c)x) + log {! — (« — a)x} + log {I — (o - h)x). 

Each logarithm may be expanded by the logarithmic series provided x 
is small enough. Thus 

00 

• log {i — (6 — c)x} « 2? (6 — cyx^jr, 

r =5 I 
CO 

— log {1 — (c — a)x) 2 (c - ayx^jr, 

y I 

2 {a^byx^lr. 

y = I 


— log (i — (a — h)x) 



The Exponential and Logarithmic Series 


Each series is absolutely convergent for | x | su£&ciently small and con* 
sequently the three series when added together and rearranged in ascending 
powers of x converges to the original function. In this expansion the coeffi- 
cient of is / 

a)^ + i(a^ fe)*. 

Now {i — (6 — c)x){i — (c — a)x){i — (a — h)x} — i — A;tr*W fix^ 
where A = a* + 6® -f- c* — — fee — ca, /x — (a — fc) (6 — c} {c — a). 

If X be sufl&ciently small, log (i — Xx^ — fix^) may be expanded by the 
logarithmic series. Thus 

00 \ 

— log (i Aat® — fiX^) — 27 x^^{X + fjLxy/r 

r 5= I 

= x^ (A fjLx) + ix* (A + fixy -f- . . . 

The coefficient of x^ is JA®. Now the two expansions which have been 
obtained are power series which converge to the same function for \x \ 
sufficiently small. Hence the two powers series are identical and the corre- 
sponding coefficients equal (Chap. I., § i*8). Thus 

4A® = 4 (6 - -f i (c - a)* -h i (a - 6)*, 
giving the required result. 

(9) // a -1- 6 -f c == o, prove that 

4 (fl* + + c®) * 4 (a® + 6* -f c®) X 4 («• 4- fc* -f c»). 


Now -- log (i — ax) = 27 


\ax\ < I. 


— log (I — bx) 




I I < !• 


- log (I - c;r) « 27 - . \cx\<i. 

r = I 

Whatever the value of a, b, c it is clear that by taking x small enough, all 
the series will converge. Thus 


log {(I - ax) (I — bx) (I - cx)} 


a** + b'^ -f , 


The coefficient of x^ in the expansion is J (a® -f- Now 

— log {(I — ax) (i - bx) (I — cx)} 

= - log {I - (a + & + c)x {ab + be + ca)x^ - abex*), 

s- — log {i — x^ (abex ^ ab be — ca)}, 

since a -f 5 -f c = o. 

Again for sufficiently small values of x 

— log {i — x^ (abc X -- ab ^ be — ca)} 

*s x*{abc X — (A> — be — ca) -f- j^x* {abc x -*• ab — 6c — ca)* 4" • • • 

The coefficient of x^ in this expansion is — abc {ab + 6c -f ca). 
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Since both expansions represent the same function for sufficiently small 
values of ;r« 

— abc (ah -f 6c -f ca) = J (a* + 6* -f c*). 

Since « + 6 + c = o, we have 

a* ^ 52 ^2 ^ _ 2 (a6 + 6c + ca), 

~ 3 abc. 

Substitution gives J (a* + 6* + c*) x i (a* + 6* + c*) = J (a* + 6* + c*). 


(10) Prove that log 2 = — H — i- H — V + • • • 

Since the logarithmic series is valid for = i (§5-5) 
log 2 ~i "i + J — J + 

= (I - i) + (i - i) -f (i ~ i) + . . . 


1.2 ^ 3.4 ^ 5.6 ^ * 

Note the groupings of the terms in this way has not altered the arrange- 


ment of the terms in the original series. The series JS (— i)*‘'’^/n is 

n == I 


only conditionally convergent and a rearrangement of the terms may produce 
a series with a different sum. The series obtained by grouping the terms is 


absolutely convergent, for all its terms are positive. Thus the two series are 


not equivalent, one being conditionally convergent and the other absolutely 
convergent, but they have the same sum. 


(ii) Prove that 

t ^3 + +17677 + ■ ■ ■ = ’“s** - *• 

[Camh. Sch.] 

2log2 = 2(i— i + + i — 

= 2 - I -f I ~ f + * ~ 1+ . . . 

This is a new series which is different to that in the line above, but it is 
clear that they converge to the same value. Bracketing the terms without 
altering the given order. 

2 log2 - 1 4 - (I - 4 ) ~ (i - i) + (i - i) - (i - J) + (4 - i) - . . . 

_ j Lj-J — 

**"^"^1.2 2.3''3.4 4.5 5.6 

Bracketing the terras again but still keeping the same order we obtain 

* + + (374“4‘^) + + • • • 

. 2,2,2, 

^ 1.2.3 3 - 4-3 5 ' 6-7 

Dividing throaghout by 2 we obtain the required result 
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(12) Find the sum to infinity of the series 


4, 4. 

1.2.3 3 * 4-5 5*6.7 7 * 8.9 

/ 

If Un denote the «th term of the series 

„ - 4 !LZ 1 3 ^ 2(2w + 1 )\~ 5 

(2W — l) 2n (2« -f l) (2M — l) 2ll\zn -h l) 


Hence 

n 


2 

(in — i) 2« 


00 

i; «„ = 2 


= I n 


GO 

2" 


(in — i) in 


5 

(in — i) in (in -f- i)‘ \ 

00 \ 

5 r - , 

„ = I ( 2 n - i) 2n (2n + l) 


provided the series on the right converge. It is easily seen that they are both 
absolutely convergent. From Exx. 10, ii. 


I 

log 2 = 27 , r , log 2 

lUn -1)2% 


i = 


M = l(2M - l) 2 % ( 2 % + I)' 


00 

Hence S == 2 log 2 — 5 (log 2 ~ ^) = J — 3 log 2. 
n — j 


5 * 9 . Construction of a Table of Common Logarithms 

Using the series (2) of § 5-6 or one of the related series we can 
calculate the Napierian logarithm of a number, i.e. the logarithm 
to base e, to any desired degree of accuracy. Then to obtain 
logarithms to base 10 we would multiply by i/loggio, i.e, by 
logio^. This number whose value is -434,294, . . . , and which may 
be calculated by one of the series indicated is usually denoted by 
jx and is called the modulus of the common system. 

In practice it is more convenient to proceed directly. Thus 
suppose we wish to construct a seven-figure logarithm table of 
numbers from i to 100,000. First of all we observe that it is 
sufficient to consider numbers from 10,000 to 100,000; for an 
earlier number will only differ from one of the later numbers in its 
characteristic. Thus, e.g. the mantissa for 53 will be the same as 
that for 53,000, that for 6394 will be the same as that for 63,940, 
and so on. 

We take the expansion 


log 


M + I 
n 


[_2M + I 


3(2« + l)* 


5 (2M + 1)“ ■ 



what is known to be valid for w > 0. (§ 5.6.) The error due to 

neglecting all term^ except the first is now estimated, when n 
is not small. 
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5 (2M + l)' 


_ . E , 

3 (2n + i)® 3 {2« + i)‘ 


(2M + l)* 


I_ 1 

^ (2«+i)*; 


— 1 ^ ^ 

® {2n + i) w [n + i) ivfi- 

If n ^ 10,000 llie error term is less than lO”"^^ and so cannot, 
e,g. affect the eighth decimal place. Thus if we retain only the 
first term of the series 


w + 1 2 . , n 4 - 1 

== „ — ^ l e. logio 

n 2 n + I ^ n 


or logio (^ + i) = logioW + ~ 
Now log 10,000 = 4 and hence 

211 

log 10,001 = log 10,000 d = 

^ t) ® * 20,001 


2W + I 


20,001 


log 10,002 == log 10,001 + ^ , and so on. 

^ fc> > • 20,003 


5*91. Proof of the Method of Interpolation 

We first show that if h <N numerically, then 


logic + h) - logioN 


h 1 


For log lo(^' + h)- logioN = logio(i + ^) = m log,^i + 

^[N 

Next we estimate the magnitude of the error obtained by neglect- 

h I 

ing all terms of the series after the first. Write ^ = w. Then 
the absolute value of the terms is less than 

IfJLU^ [i+iu + + ...]< [!+«+«* + ...] 

= - «)• 
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If u < — u) < • 45 /* 9 » i-e. — «) < 

Hence the error in writing 

logio(-^ + A) — logioN = fik/N 
is less than J h^/N^, provided | hjN | < 

‘ Now suppose that o <h < lo and N > 2000. fhen 

and thus correct to four decimal places 

logxo(iV + A) - logioN = fihIN, 

If, on the other hand, we take N > 10,000 and 0 < A < i, then 

<i.io -8 

so that the equation would be true correct to eight places of decimals. 

For practical purposes it is convenient to represent the result 
in slightly different form. If ^ is a number which satisfies the same 
inequality as h, 

logio(iV+/e)-~logxoiV = ,i*/iV. 

Then if 0 < A < 10, o < A < 10, N > 2000, 
logxo(jV + A)--logx^ _ M/iV h 
log JN + k) - logxoN fikfN ■ A ' 
correct to four decimal places. Again, if 

o<A<i, o<A<i, n > 10,000, 
logio(iV + h) — logioN ^ h 
i^«(iv + ft)-iogioN r 
correct to seven places of decimals. 

In particular, if we write k = i, the equation becomes 
iogio^^j:^io^_. 

logio(^ + I) - logioN • 

Suppose that in a table of seven-figure logarithms it is known 
that log 10421 = 4-0179094, log 10422 = 4-0179511, and we 
require the logarithm of 1042 1 -31. Write h = 0-31 in the formula. 
Then 

log 10421 -31 - log 10421 ^ 
log 10422 — log 10421 ^ ’ 

i . e . log 10421-31 = 4-0179094 -f 0-31 X 0-0000417 
= 4-0179223. 
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Example.— GzWw that logy^2/^oo^y^^02, calculate the values of log^oM^S* 
logio24oy, and log^Q2^io correct to four decimal places, {fi ^ 0*4343.) 

We know that if N > 2000, o < A < 10, 

logjo(N 4- A) = logioN 4- tih/N, correct to four decimal places. 

Put N = 2400, and A ~ 3, 7, 10 in succession. Then 

logio2403 = 3 3802 4 - 3 X 0*4343/2400 = 3*3807. 

Iogio2407 === 3*3802 4 - 7 X 0*4343/2400 = 3 * 38 i 5 - 
logio24io = 3*3802 4 - 10 X 0*4343/2400 « 3*3820. 

The results could be calculated directly from the logarithmic series. Thus 
log 102403 = logic {2400 (1 4 - 3/2400)} 

= logio240o 4 - A* log«(i 4 - 3/2400) 

= 3*3802 4 - *4343 - i 4 - . . .}• 

Clearly the second term in the expansion and higher terms will not affect 
the fourth decimal place. Thus logio2403 =* 3*3802 4 " 0*4343 X 3/2400, 
as before. 


EXERCISES V 

I . Expand in ascending powers of x up to, and including 

the term in If the first three terms of the expansion are ^ 4 * 4 - rx*, 

where p, q, r are supposed given, express a, h, c in terms of p, q, r. Hence 

find a. b, c so that = 2 4 - 3^ 4 - 4^* 4 ... 


2. If f(t) = 4 - prove that /(/) =-/(- 0 * 


3. Prove that, if c„ be the coefficient of {x 4 - i)" in the expansion of 
gm^ + 4- 2X 4- 2)* in a series of positive powers of (^ 4 * i). = o 

if M be odd, while 



I) (w j:^) » 

I) (k^m)\ * 1 


o, 1, 2, . . .). 

[Camb. Sch ] 


4. If X be very small, show that = e (i 4- very nearly, 

5. Show that the coefficient of x*» in the infinite series 

t 4. ^ 4. 4- ... 4- 4. ... is e“6"/n ! 

1 1 2 1 

6. Find the value correct to three decimal places of - e^*) when 


X » 0*5. 

7. Calculate the value of e"*** when xe*o, x~ i,x==2, and x « 3; 
and sketch the graph of for all values of x, positive and negative. 
[Take e *=» 2*718.] 
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8 . Show that— = ~ — | A ^ 

e 1.3 1. 2. 3. 5 1.2. 3. 4. 5. 7 

9. Show that e-i = 2^— + |j + 1 + . . 

10. Sum to infinity L + 1 + A + + ... 

11. Prove that i + ... — ^e. 

2 1 3 ! 4 ! 


+ 


12. Sum to infinity ^ + ^f+^+^+ -- 


to infinity. 


^[Lond. B,A.] 

\ 


\ 


13. Sum to infinity i + + • • • 

14. Given that cosA^ — 1 («* -f £-*) and sinA x == i — e-^^) prove 
that cosA 2x — cosA* x -|- sinA* x. 

Show that = I + ^ -f 1^* + • and obtain the coefficient 

of X*. 


15. Show that the difference of the coefficients of x” and x^~^ in the 
expansion oi e^l{i — x) is ijnl 

16. Find the coefficient of x^ in the expansion of i/{(i + x) e*}. 

17. (a) Prove that e^'x^ ~ Uq -f where 

__ J , I 

« !o ! — 2) ! 1 ! (w — 4 j 1 2 ' 

the last summation extending over all terms -7 - , , such that r > o, 

[n — 2r) \ f\ 

n — 2r > o. 


(6) By combining expansions of trigonometrical and exponential functions, 
or otherwise, sum the series 


(i) I +' 


+ — + — + 
^ 8! ^ 12! ^ 


F. + 7 


T + il! + 


[Lond. B.Sc.] 


18. By equating the coefficients of x^ in the expansions of 

(e* - I)** = (X ^x^l2\ +^1^/3’. + 


prove that n" — « (w — i)" 4- 


n (n — i) 


(« — 2) — ... = « ! 


19. Find the coefficient of x^ in the expansion of 

log (I 4 - + log (I + hx) -f log (I -f cx). 

Deduce that if a -f- A + c = o, when 2 (he 4- ca + ah)^ = a* 4. ^4 4. ^4 

[Lond, B,Sc.] 

20. If a = - log (i - 3 * 5 ), A = - log (i - tJ^), c = log (i 4- ^), show 
that log 2 = 7a ~ 2A + ^c, log 5 == i6a — 4A 4- 7c. Hence use the 
logarithmic series to calculate log, 10 to four significant figures. [M.T.] 

21. Prove that, if be positive, e > x^l*. 

22. Prove that 2 log, m — log, (w 4 - i) — log, (m — i) 

— / I I I I , \ 

^ I2W* — I 3 (2m* — i)* 5 (2m* — i)® 
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23. Prove that log^ (« 4* i) — log, (n — 


I) = 2 (i + + - o 

\w 3w» 5w® 



24. Given log, 2 = 0*69315, log, 5 = 1*60944, use the series 


log — - — 2 

^ 1 — X 




to calculate log, 7 and logi, 


3 5 

7 to five places of decimals. 


25. Write down the expansion of log, ^ j in ascending powers of 
i/(2n 4- i), and state the range of values of n for which the expansion is valid. 

Prove that, if n is positive, the value of log,^i 4- ^ li^s between 
(2« + i)/2w (n + i) and 2/(2w 4- i). [ M . T .] 


26. When X is small, expand log (i + 2;r 4- 2X^) in ascending powers 
of X up to the term containing x^. 


27. 


Prove that if — i < 


4 


log. 


/ (I + xy 
^ I + 




•^*4- 




4- 


...y 


By putting at ™ 1/7 calculate log, 1*28 to four figures. 


28. Expand log, (i 4- 4;^ 4- ^x^) in ascending powers of x, and state for 
what values of x the expansion is valid. Find the value of the function 
when X — A correct to three places of decimals. 

29. Using the identity log 5 - 4 log | — log calculate log, 5 correct 
to four places of decimals. 

30. Use the series for g* in ascending powers of x to calculate the loth 

root of e correct to six places of decimals. Show that, if log, ^ = 2/(2 p), 

where p is small, x is given approximately by the equation x == e (1 — ip)- 


31. Prove that 




1-^4-^ 


20 


to 00. 


32. Assuming the logarithmic series and the conditions for its conver- 
gency, obtain the expansion for log;r in ascending powers of (x — i)/{x 4- i). 
giving the range of values of x for which it is valid . Prove that for this range 
of values of x , the sum of the infinite scries, whose rth term is 

r (X - 

4r* — I \4r f 1 / 

is [(AT* + I) log,* - ** + i]/4 (* - I)’- 


33. Given log, 10 = 2*30258509 ...» calculate log, loi correct to seven 
decimal places. 

34. Prove that log, (i + *)i (* + *)+ log, (i - x)i 
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35. If m and n be the roots of ;r* -f />;r ^ = o, show that 

log,(i — + qx*) = (m + «) 4? — i (m* + n*) x* -j- i (m« + «») . 


36. It a = 


-f . . . , prove that 

+ • • . 


, a* . a’ 

a 4_ 

2 ! 3 


37. Expand log^, ^ ^ series of ascending powers ^f x. 


38. Assuming the expansion of log,(i 4- x ) 


prove that 


\ 

•i* 


It being given that log*2 — 0*693 15. obtain the values of log,3 and logio< 
correct to four places of decimals. 


39. Show that, when x is positive and less than unity, — log,(i — x ] 


exceeds x + 1^* + 1^* + • . • + x”ln by less than 


« + I 


(I - xy 


40. What is the least number of terms of the series 


I 


I 

i ! 



-f ... 


necessary to give an approximation to e correct to seven decimal places 
Give reasons. 


41. Expand e(i +*)log(i + *), where \ x \ < J , in ascending power 
of as far as the term containing x*. If x is small enougli for x^ and highei 
powers to be neglected, show that to this approximation 

(i -f ;r)*+* = I X — X log,(i — x). [Land. B,Sc. 

42. If log, be expanded in ascending powers of ;r — i, prov< 

that the first term in the expansion will be J (4? — i)*. 


43. Show that 

44. Sum to infinity ^ + gL + . . . 

45. Sum to infinity - + . . . 


46. A sum of money £P is invested at r per cent, per annum compounc 
interest. Find an expression for the amount after n years if interest is addec 
quarterly; in how many years will the principal double itself if the rate i 
3J per cent, per annum. 
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47. It is given that y is the positive value of (i + * + *•)**. By means 
of the expansions of log,(i + x) and c®, prove that when x is small, 


i+i 

y= (I 


[M.ro 


48. Show that ( I + log* (i — i == — ^ ^ , 

^ y V I / j 2 2.3 3.4 4.5 

49. Prove that the coefficient of x" in the expansion of {log* (i + is 

[* +i + i+ 

50. Show, by equating the coefficients of in the expansions of 2 log*(i — x) 
and log*(i — 2;»r + x*), that 

, _ „ jn-, . ? (” - 3 ) 2,-. _ Jl 2— + . 

- - 1.2.3 

51. Show that 4 (a’ 4 - -f- c’) =» J (a^ + 6® + c®) X i (a* + 6* 4 * c*) 

if a 4 - & 4 - c 

52. Prove that, when n is large, ^ 14 -^^^”^“=*^ approx. 

53. Prove, by taking the logarithms of both the sides, that 

® /i 4* X 

^ -... T -- > ^ y proper fractions and x > y, 

54. Find the value when x tends to the limit i, of the expression 

log (x* - i) — log {x^ — i). 


55. Show that lim. | 


e* — I -- log (i 4- 1 

X* J 


56. Find the limit as x -► o of 


i 


{log (I 4 - w - (I + + i}/^* 


57. If « > I, show that 
I . I 


n 4“ I 2 (n 4- i)* 3 (« + i) 


, , _ *. , ^ 1 L 4. ± ^ 

3 ‘ o /-ti j- ^ 1 


3 W* 


58. Evaluate lim. 

x-^ a 


^ a** — x^ 

logw^' 


[Camb. Sch,[ 


59. Prove that the limiting value of (a^ — i)lh, as h tends to o, is log*a. 
By putting (i 4 - for a, deduce the expansion of log* {i 4 - in powers 
of X, stating between what values of x it holds true. Assuming this 
expansion, and being given that log*io =5 2*30258, find log*ii to 4 decimal 
places. 



2 o8 


The Exponential and Logarithmic Series 


60. Draw carefully the graph of y = log,o(i + 2X^) for values of x between 
o and 5. Hence find an approximate value for the positive root of the equation 

log, (i + 2^*) = - 3, (logj„e = *4343)* 

By using the series for log, (i + -?) or by any other method, obtain from 
the approximate value found from the graph a closer approximation to the 
root of the equation. [Clamb. Sc/t.] 

in 2w -f I \ 

61. Show that H (— 1)*-^"“^ < log, 2 < U (— \ [M.TJ] 

r = I r = I \ 

62. Find the sum of the infinite series whose nth term is (n i)x^ln, 
X being numerically less than unity. 


63. Prove that -h A + . to 00 = *i. 

3 ! 5 ! 7 * 2^ 

If Sf S3 + «“*■*, express (e* + in terms of s^, s„_a, etc. 


64. Prove that, if n is large, 

/ I \ , n + I 

r » ) log — ! — 2 + 

\ 3n/ n — I ^ 


45n^ 


‘4 + 


and 




+ 


8 

45”* 


+ 




[Lond. B.Sc.] 


65. If p is small, so that is negligible, prove that an approximation 
to a solution of the equation »» = a* is 

= a — \ap log,a -f \o,p^ (2 + log,a) log,a. [Camb. 5cA.] 

66. Show that, if i > ;r > o the remainder after two terms in the 

expansion of log,{i/(i — x)} is less than x^j^ (1 — x) and greater than 
x*l 3 (I - lx). [Lond. B.Sc.} 

67. If a, 6, c, d are four real quantities whose sum is zero, show that 

a» 4- -f fUM* _ gs -f 4 -f gg 4 4 4 d^ 

5 3 ' 2" 

If d is zero, show further that 

tfL— g* 4 4 g* gg 4 62 -f- ^ g* 4 6* 4 c* a* 4 6* 4 

7 I * 2 ~ 2 “* 3 ’ 

[Camb. Sch.} 


68. Taking the identity (i — g;r) (i — = i — 4 qx^, where 

p a b,q ^ ah, expand the logarithms of both sides of this identity in 
powers of as far as x^, and hence write down the values of g* 4 and 
g4 ^ ^4^ in terms of p, q. 


69. From the identity 2 log (i — jt) = log (i — 22? 4 x^), prove that 
4. g. (” - 3) 2.-4 _ 5] 2._, + 2. 

[Cgw6. Sch.] 


1.2.3 


70, Find the coefficient of x"* in the expansion of log (i 4 6;r 4 1 4 6^*)- 

[N.Sc.^ 




CHAPTER VI 

FUNCTIONS FROM EMPIRICAL DATA 


I N this chapter we first elaborate some properties of a linear 
graph. Then we consider functions which by suitable trans- 
formations of the variables may be reduced to linear functions. 
These methods are then applied to determine functions which fit 
certain empirical results. 

6'1. The Equation of a Straight Line 
It is known that the equation 

ax -\-hy = c (i) 

represents a straight line. The letters a, b, c represent constants, 
X and y are the variables, each variable occurring to the first degree 
only. We may regard x as the independent variable and y as the 
dependent variable, or vice vensa. 

If « = 0, the equation reduces to y = cjb. This represents 
a straight line which is parallel to the *-axis and distant cjb from it. 
If cjb > 0 the line is above the a:-axis, while if cjb < o the line is 
below it. If in addition c = o, then the line becomes y = o, i.e. 
the A:-axis. 

Again, if 6 = o, (i) becomes x — cja. This represents a line 
parallel to the y-axis and distant cja from it, the line being to the 
right or left of the y-axis according as cja is positive or negative. 
If in addition c = o, the line becomes * == o, i.e. the y-axis. 

Now suppose that a, b are different from zero. Then if c — o, 
the equation is satisfied by the coordinates (o, o), i.e. the line passes 
through the origin. 

Suppose then that c+o and let the line cut the ;t-axis in A, 
the y-axis in B (Fig. lo). Suppose further, that the line makes an 
angle ^ with the positive direction of the ;r-axis, where o < ^^^ < w. 

To find the coordinates of A, B, put y = o, » = o in succession 
in (i). Then when y = o, x = cja and when x = o, y = cjb. 
Thus A is the point {cja, o), B the point (o, cjb). 

If cja > 0 , A lies to the right of the origin 0, while cja < o, 
A is to the left as in Fig. lo. Similarly B is above or below 0 
according as cjb > o or < o. In Fig. lo, cjb > o. OA and OB 

209 *4 


T, A., II. 
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are called the intercepts on the x-axis and y-axis respectively, and 
may be positive or negative. 

If ^ = 0 , the line will not meet the ^r-axis at a finite distance 
unless it coincides with it entirely. It will be observed tnat 0 = 0 
corresponds to a = o. \ 

If 0 = Jtt then the line will not meet the y-axis at a finite 
point or else coincides with it entirely. This value of 0 corresponds 
to 6 = 0 . [ 

Next, suppose that o < 0 < ^tt. Then 0 is an ac^e angle 
and tan 0 > o. If Jtt < 0 < tt, 0 is an obtuse angle and tan 0 
is negative. The quantity tan 0 is defined to be the gradient of 

the line. 

As 0 ranges from o to 
TT, tan 0 ranges from o to 
+ 00 and from — oo to o, 
so that the gradient may 
have any value between 
+ 00 and — 00 . The 
gradient is always finite 
except in the case in which 
the line is parallel to the 
y-axis. 

Whether 0 is acute or 
^obtuse, it is easily seen that 

OB OB 





OA 


cjb ^ a 
cja b* 

Thus if the equation of the 
line is given in the form ax + by its gradient is — a/ 6 . 

Now if 64=0 the equation may be written in the form 

a . c 

Thus ii m denote the gradient, k the intercept on the y-axis, 

y z= mx -\-k (ii) 


Note . — In the discussion given above it has been assumed that 
the scales of representation for x and y are equal. If this condition 
is not satisfied the angle the line makes with the ^u-axis will depend 
on the scales of representation and will not be the angle* 0 
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considered above. The scales of representation used do not affect 
the equation of the line, in particular also the gradient and the 
intercepts on the axes. The distances from the origin to the points 
where the line cuts the axes will always represent the intercepts 
when interpreted in accordance with the scales used. A similar 
remark applies to the gradient. 

It will be observed that the equation of any straight line contains 
essentially only two arbitrary constants — the third apparent 
constant in (i) being eliminated by division to obtain the two 
constants m, k in (ii). By giving m and k all possible values we 
would obtain all the lines in the plane considered. It follows that 
a straight line will be completely determined by two conditions. 
Thus, e.g. we may determine its equation if we know (a) two points 
on it, or (b) one point on it and the gradient. 

Consider [a) and let the two points be y^), {x^y y^. 

From (ii) it is easily seen that the equation of the line may be 
written in the form 


y - 


yi 

yi 


X —x^ 


.(iii) 


X2-X1 

Now consider (b): in this case m and (%, ^j) are given and the 
equation of the line can then be written in the form 

y-yi = m{x-Xi) (iv) 


It should be observed that no matter what the scales of repre- 
sentation are, the above results are true provided (xj, y^) and 
(^2» y^) 2tre the actual coordinates of two points on the line and are 
thus independent of the scales of representation. 


6 - 10 * Determination of the Constants in the Equation of a Straight 
Line, from the Graph of the Line 

There are several ways in which this may be done. 

(a) The intercept in the y-axis can be measured giving k directly- 
The length has to be interpreted in accordance with the scale used 
to represent y. Thus, e.g. suppose that the actual length measured 
from the origin to the point where the line cuts the y-axis is 1*6 inches 
and that the scale of representation for y is i in. represents 2 units. 
Then the intercept is 1-6x2 = 3-2 units. Thus k = 3*2. 

In determining the gradient we are concerned only with the 
tangent of an angle and not with the angle itself. Thus it is best 
to measure m by taking the coordinates of two points on the line, 
at a convenient distance apart and then calculating m by means 
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of the relation w = (jVa — ~ %)• single itself should 

be wanted, it is best to calculate m first and then determine^ from 
trigonometrical tables. 

(b) The intercept on the Af-axis, i.e. — klm can b 4 measured 
directly. Thus, e.g. if the length measured from the origin to the 
point where the line cuts the ^c-axis is ■— 3*5 in, and the scale of 
representation for x is 1 in. represents 1*5 units, then the^intercept 
is — 3*5 X 1*5 = — 5*25. Hence — klm — — 5*25. Then m can 
be determined as in {a) and so k may be calculated. \ 

(c) m and k can both be calculated by taking two points 

{^2» JV2) using the relations 

»» = (>'2 - yiWt - %). k = - Xiy^)l{x^ - x^). 

In the majority of cases it will be found that (c) is the most 
convenient method. Now in order to obtain accurate results the 
factor {X2 — Xi) in the denominators should be taken as large as is 
convenient, i.e. the two points (Xi, yi), (^^2, ^>'2) should he chosen as far 
apart as possible. 


y y 



6*1 1. Method of Least Squares 

Suppose we are given a set of points in a plane, ix. a scatter 
diagram as in Fig. ii, and we wish to determine by calculation, 
the line of ''best'' fit, ix. the straight line which gives the "best" 
approximation to the set of points. To make the problem explicit, 
suppose we are given a set of JV points. Take an arbitrary point 
0 as origin in the plane with rectangular axes Ox, Oy and let the set 
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of points be Pi{x,, y,}, z ~ i, 2, . . iV. The problem is to find 
an equation y ^ mx + c, i.e. determine constants m, c such that 
the equation gives for each value of x, the best average value of y. 
Take Qi{Xi, Fig. 12, to be the point on y = mx + c corre- 
sponding to Pi (Xi, yi). Then the line of “best” approximation is 
interpreted in accordance with the principle of the method of 
least squares, i.e. the m, c are to be chosen so that 

N N N 

Z P,Q,^ - 2: (y, -- y ,)2 - Z {yi ~ c)^ 

1=1 t=i »-i 

is a minimum. The condition for this is that the partial derivatives 

with respect to m and c will both be zero. Hence the equations for 

determining m and c are 

3 3 

- c)® = o. —Z (yi - mx, - c)* = o, 

or Zx, (yi — mx, — c) — o. Z (y, — mXi ~ c) — o. 

Write I^Xi '-= Nx, Sy^ = Ny so that x, y are the means of the values 
of Xi, yi respectively. 

The equation S {y^ — mx^ — c) = o 
may be written 

Eyi — mExi — Nc = o, 

or y z=mx + c (i) 

Hence the straight line required passes through G (x, y) the mean 
of the given set {Xi, yj. 

Now transfer the origin from 0 to G by making the transformation 

Xi=-x + yi = y + rji. 

The equation 

(yi ““ — c) — o 

then becomes 

0 = 2: [(% + ^i) (y + rji - mx- m^i - c)] 

= E [I, (y -- 2mx -c)+ rjiX + (xy - mx^ -xc) 

= (y -• 2mx - c) Eii + xErn + N(xy-mx^ -xc) - mE^i^ + E({qi. 
Since the new origin is the mean of the values of (f,-, rji), 

Eii = 0 , Erji = 0 . 


Write 
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Then the condition becomes 

xy — mx^ — cJt + /X — aa.2 = o (ii) 

Observe that is the sum of the squares of the devialaon of the 
values of x from the mean of x and that fi is the sum of the products 
of the deviations of x and y from the corresponding means. Every 
individual term in is positive or zero whereas the td^s in ^ 
may be positive, zero, or negative. 

Equations (i) and (ii) then determine m and c. 

Eliminating c between them, w = /i/cxa.*. 

Hence the equation of the required line is 

y-y = ~(x-x). 

In practice the only problem in determining the constants 
X, y, /X is the tedious arithmetic which may be involved. The 
technique of an assumed mean has been evolved to reduce the 
arithmetic and details may be found in standard books on 
statistics. 

In the above calculation we have assumed that the value of 
X is accurate and determined a best possible value of y by expressing 
the condition that the sum of the squares of the deviations for y 
shall be a minimum. The straight line obtained is called the 
line of regression ofy on x. 

Alternatively we can approach the problem by assuming that 
the values of y are accurate and calculate the best possible value of 
X using the condition that the sum of squares of the deviations for 
X shall be a minimum. It follows from what has already been 
done that the equation in this case would be 

x-x^^-'^iy- y). 

( 7 / 



This second line is called the line of regression of x on y. It 
is, in general, different from the first line but both lines pass through 
the mean {x, y). 

The following example illustrates the method of calculation 
involved in the determination of the best straight line. 
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Example . — Use the method of least squares 
to find a linear relation between the two 
variables x and y which are found experimental- 
ly to be related as set out in the following table. 


X — 

I 

2 

3 

y = 

0-4 

07 

0-9 

X = 

5 ' 

6 

7 

y = 1 

17 

1-9 

2-3 


The table on the right is arranged so that 
both lines of regression can be calculated. If 
only y on is required then the column 
can be omitted, if only on y is required 
the column can be omitted. 


Number of terms (or total frequency) — 8. 


36 

X — 'g- -- 4-5; ^ ■ 


12-0 

_ : 


/i = ” 


42*0 

4*50 

"8 

1375 


8 


= 5*25; 

:£i:0-56; 

172. 


The line of regression of y on ^ is 

= - 1-5 = 0 - 33 (■»- 4 - 5 )- 

The line of regression of on y is 


* - a = -t (y - j>). 

or y — J' — — (x — £), 
i.e. y 1-5 == 0-33 (x - 4 - 5 ). 


In this particular example, the two 
equations are the same, correct to the order 
of accuracy considered. 

Observe that in the above calculation a 
different criterium for line of “best"' fit has 
been used for each line, but that in both, all 
observations have been given the same 
weight. It is important to realise that other 
criteria for line of “best" fit could be 
postulated. 
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6*12. The Gradient at a Point of a Non-linear Graph 

Let P be any point on a curve, PT the tangent to the curve at P. 
Then the gradient of the tangent PT is defined to be the gradient 
of the curve at P. , 


(a) Suppose, first, that the equation which represents\ the curve 
is known, and let it be expressed in the form y~hx). The 
gradient at any point is then found by differentiation. \ 

Let (x, y) be the coordinates of a point P on the cur^e whose 
equation is y =/(:t). PT is the tangent at P meeting tile a; axis 
in r, ^ a point on the curve near P, its coordinates being 

(:r + 8x,y + 8y). (Fig. 
13 .) Suppose that the 
chord PQ meets Ox in 
5, that M and N are 
the feet of the perpen- 
diculars from P and 
Q to Ox respectively, 
that PT meets QN in 
U and that R is the foot 
of the perpendicular 
from P to QN, Then 
PR = Sx, RQ -= hy. 
Write /_NTP—^, 
Z_ RPQ = e. Then 
RQ 8y 
PR^hx 



tan 6 - 


The gradient of the curve is 
8v 

/' (x) ” lim ^ ™ lim tan == tan 
hx-^o 6-^ 

The gradient at (xq, y^) is /' (x^ and the tangent at this point is 
y -3'o="/'(*o) (X—Xo). 


(b) Suppose next that the curve is given but that its equation 
is not known. Then we may determine the gradient approximately 
at any point P by drawing the tangent to the curve at P and then 
by taking two points on the tangent calculate the gradient. 

Example . — A certain function of x is equal to ax* for values of x less than i, 
and to bx — ax* i for values of x greater than i . Find the values of the 
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constants a and b in order that there may be no discontinuity or abrupt change 
of slope in the graph of the function at x ^ 1. 

With these values of a and b, find the values of x for which the function is zero. 

[Camb. ScA.] 

The function and its differential coefficient are to be continuous a.t x ^ i . 
Differentiating we see that the gradient of the graph is 2ax or b — 2 ax 
according to the equation taken. If they are to be the same at ~ i, 

— b (i) 

In order that the curves may be continuous a.tx~ i, 

a = b ~ a — 1, i.e. 2a ~ b — 1 (ii) 

From (i) and (ii) b 2, a — Thus y ~ ^x^, < i ; 

.*. y ^ 2x — ix^ — i, X > I. 

Hence the function vanishes when x ~ o and when 4;^ — •— 2 = o, 
i.e. X ^ 2 ± \/2. Since 2 — \/2 < i the value x ~ 2 — must be 

excluded. Thus function vanishes when x ~ o and wlien x ~ 2 \/2. 

6*2. Functions from Empirical Data 

Suppose that we have two variables, x and y, which are 
connected by a relation which can be represented in the symbolic 
form / (x, y) — o. Then it may be possible from theoretical 
considerations to find the form of the relation except for certain 
constants, say • • • » Then as the function depends 

on these constants the relation may be represented more con- 
veniently in the form 

f{x,y. «i, a„) = o. 

In order to determine these constants we require n values of 
X, y. In this way we would obtain n equations involving the n 
unknowns, a^, 

As the values of x and y are determined by observation and 
thus subject to experimental error, more than n values should be 
obtained. Taking these values y should be plotted against x and a 
curve as smooth as possible should be drawn among the points, 
i.e. the curve should be drawn in such a way that the plotted points 
are distributed equally as far as possible, on both sides of the curve. 
Then take n points on the curve drawn at convenient distances 
apart and in this way obtain n equations for the n unknowns. 

The precise determination of these n unknown constants and the 
facility with which this can be done will depend upon the form of 
the equation, the number of unknowns involved and the way in 
which they occur in the equation. If the equation is linear in the 
constants the values can always be found as accurately as is desired. 
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But if irrational and transcendental functions of the constants 
occur then the solution of the equations may offer serious difficulty. 

There are certain special cases which occur frequently and which 
can be treated simply. Some of these are indicated belo^? 

6 * 21 . Two Constants Involved Linearly 

Let f{x, y), <l>{x, y), iff {x, y) be three functions oA:x; and y. 
Then the type of equation contemplated can be expressed i^ the form 
aj (X, y) + a^<l> (x, y) + ^ (x, y) = o, 
and this may be written as 

f(x,y) 

Writing v = tl/(x, y) If {x,y), « = ^ (x, y)lf (x, y), m 
k = — Oi, this equation becomes 

V — mu + k, 

which is the standard linear form for the variables u, v.' Using 
the method of least squares, or a graphical method, we can 
determine our line of best fit which expresses the linear relation 
between u and v. Hence m and A, and so ai and Uz can be found. 


Examples. — (i) Given - = -f b. Then writing w == a;*, ~ i/y the 

equation takes the form v === au b, which is linear in u and v, 

( 2 ) y = ax^l(c 4- where c and n are known. Then 


c -f 6 ;r” 


c „ , & 


Writing cx- 


u, I /y = v the equation takes the linear form 


I . b 
V = - w 4- 
a a 


( 3 ) y r= a cos ;r 4 - 5 sin x + sec x. Dividing both sides of the equation 
by cos X. 

y sec X — sec*;i? = a 4- 6 tan ;r,_i.e. v — a + 6 m 
where u = tan;r, v — y secx — sec*^. 


6*211. Numerical Examples 

(i) It is suspected that two variable quantities denoted by x and y are connected 
by a relation of the form y ~ axl(i 4 - bx), where a and b are unknown constants^ 
and the following experimental values of x and y are given : 
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Verify the form of the relation, by constructing a suitable linear graph, and 
deduce the probable values of a and b. 

The relation y = axl(i -f bx) may be written in the form 

1—2 Ljl — 
y a’ X a' 

Writing ify ~ v, ijx ^ u, the equation takes the linear form 



We first construct a table of values of u and v. 


X 

I 

2 

4 

6 

8 

9 

10 

y 

0-39 

0-668 

1-04 

1-28 

1-44 

1*5 

1*55 

u 

I 

0*5 

0-25 

0-167 

0-125 

O-III 

O-IO 

V 

2-504 

1-497 

0-962 

00 

6 

0-694 * 

1 0-667 

0-645 


The plotted points are found to lie very approximately along a straight 
line AB which is drawn as evenly as possible between the points. A, B are 
the points (o, 0-433) and (i, 2-564). The intercept OA on the v-axis is 0-433 
and the gradient of AB is (2-564 — o-433)/(i — o) = 2-131. Thus 
I la — 2-1 31, bja — 0-433. These equations give 

a — 0-469, b — 0-203 approx. (See Fig. 14.) 
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(2) Two quantities x and y are measured experimentally and the following 
values obtained. 


X 

8 

10 

12 

14 

1 16 

1 

18 

1 

20 

y 

32 

60 

82 

108 


1 ! 

172 

1 

:20 

L._. 


It is expected that they are connected by a law of the form y — a ^ bx^. 
if this ts so and find the probable values of a and b. ' 


Test 


Which values of y have probably been misread, and what shokld be their 
correct values? [N. 5 c.] 



The suggested law is y = a bx^. Write x^ — X so that the equation 
takes the form — a + bX, which is a linear relation. 

A table of values is first constructed from the given numerical values. 


X 

» I 

10 

12 

14 j 

i 


20 

X 

64 

100 

144 

196 1 

256 

324 

400 



j 

82_ 

108 

1 t38 

172 

1 220 
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All points except the first and last values lie very approximately along a 
straight line. (Fig. 15.) The intercept on the y-axis is 10 units. Thus a = 10. 

To find the gradient of the line consider the two points A, B, whose 
coordinates are (o, 10) and (400, 210) respectively. Thus the gradient is 
6 = (2 TO — 10) I {400 — o) — 0-5. 

It follows that the probable law is y = 10 -f- (i) 

The values which have been misread are the first and the last. The 
correct values may be found by using (i). Thus when = 8, y = 42 (instead 
of 32) and when at — 20, y — 210 (instead of 220). 

6*3. One Constant as an Index 

An important relation which occurs frequently is 

y ax^ 

where a and n are the unknown constants. Taking logarithms of 
both sides of the equation. 

^ogioy = log,o« “I- n 

If we write u = logio^, v = log^oy the equation takes the form 
V ^ nu + h 

where b ~ log^o^- The equation is linear in the variables u, v. 

Examples. — (i) Show, by drawtng a suitable linear graph, that the values 
tabulated below are consistent with a relation of the form y — ax^, and assuming 
that such a relation holds good estimate the values of a and n : 



X 

483 

870 

1754 

2750 

y 

12*0 

29*5 

83*0 

165-0 

y 

«= ax^. Thu? 

=» lo(5,^ + 

n logio^. 
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Write y *= log|^, X =a logjo^r. Then we have the following table 
of values: — 


X 1 

483 1 

870 

1754 

2750 j 

y 

12*0 

29*5 

83*0 

1 65-1 

X 

2*684 

2-940 

3*244 

3 * 4^9 

Y 

1*079 

1-470 

1-919 

2 - 2 l(^ 


The points lie almost exactly along a straight line. (Fig, i6.) Reading 
from the graph the intercept on the X-axis is 2 and the gradient of the line 
is 3*07 approx. Thus 

n = 1*54, — logiou/w = 2, i.e. log^oa ~ — 3-08 = l-gz. 

Thus a = 0-00083 approx, and the equation is 

y = 0-00083;^^*®*. 

(2) The following table gives corresponding values of the pressure and specific 
volume of dry saturated steam. Show that they are very approximately related 
by an equation of the form pv^ = c, and estimate the values of the constants 
n and c. 


P 

10 

20 

50 

100 

150 

200 

V 

384 

20*0 

8-51 

4*44 

303 

231 


Since pv^ = c, log^^ = log^oc — n logjo^. 

Write logioV = AT, logiQj^> = y and the equation takes the linear form 
y « logjo^? —nx. 


p 

10 

20 

50 

100 

150 

200 


38-4 

20-0 

8-51 

4*44 

3*03 

2-31 

X 

1-5843 

1-3010 

0*9299 

0-6474 

0-4814 ' 

0-3636 

y 

1*0 

1*3010 

1*6990 

2-0 

2-1761 i 

2-3010 


Convenient scales would be as follows: for x and y, i in. 0-25 units. It 
is found that the plotted points approximate closely to a straight line. (Fig. 
17.) The two points (1*584, i) (o, 2-7) are found to lie on the line drawn. 


Hence the equation of the line is y 
Thus n » 1*073, c « 501 approx. 


1*7 

1-584 


X -f 2-7 


i-Ofye + 2 - 7 - 
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(3) The following table gives the velocity of reaction between hydrogen and 
chlorine at different temperatures T : — 


T 





0*58 


0*88 

X S=S ' 

300 

0*1 

0*2 

0-35 

0-44 

0*76 

y 

0*0105 

0*0672 

0*333 

0*687 

I -83 1 

6-3 

i 

18*18 


3l 


Do these values fit a curve of 
the form y — ax*^l{x — i) ? and 
if so what values of a and of n do 
you find the most suitable ? 

\Camb. Sch.] 

The suggested relation is 

^ (I — at) — ax^, 

i.e. logioy + logio(i - 

« logio (-a) + n logio^. 

Write logio^ + logiotw ~ v, 
logio^ =■ « where i—x^w and 
the equation takes the linear 
form V ■= logiol— «) 4 * nu. 

We first construct a table of 
values of v and u from the given 
values of x and y. 



Fto. 17. 


•og»iy 




— *1630 

•2625 

•7993 

1*2596 

logw» 

- -0458 

~ *0969 

— *1871 

- -*518 

- -3768 

— *6198 

— *9208 

V 

~ 2*0246 

— 1-2695 

- -6647 

- -4148 

- *1143 

•1795 

•3388 

u 

— 1 

- '6990 

~ *4559 

- -3566 

— *2366 

— *1192 

- ‘0555 


Convenient scales would be as follows: for i in, represents 0*2 unit, foi 
v, I in. represents 0*3 unit. It is found that the plotted points approximate 
closely to a straight line. (Fig. 18.) The two points P, Q, whose coordinates 
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are (— o*i86, o), (— 1*034, — 2*i) respectively lie on the line drawn, 
equation of the line is 


V ^ o 


u + o-i86 


- . i.e. V = 2-476m + 0-4606. 


~ 2*1 ~ o — 1*034 + o*i86‘ 

Hence n 2-476, log^o (— a) =* 0*4606 giving a =* — ^2-S 


The 


6*4. Exponential Graphs 

If the equation can be written in the form y = , 

then on taking logarithms 



of the 


of both sides 
equation, 

logio3' = logio* +6^1ogio«- 
Writing x log^o^ == 
logic y = 'v, logio« = A 
the equation takes the 
form 

V A 

which is linear in u and v. 
Similar, if the given equa- 
tion has the form 
y ^ erf 

where c and n are con- 
stants, then 

logio>' = logioC + X log,o». 
Substituting 

V == logloy. c = logjoC, 
N = logio«, the equation 
becomes 

v^C +Nx. 


Examples. — (i) The coefficient of friction {fi) between two lubricated surf aces 
moving with a certain definite relative velocity is measured at different temperatures 
{fC.), with the following results : — 


t 

60 

70 

1 

So 

90 

100 

no 


0*0096 

0*0077 

1 

0-0063 

0-0045 

i 

0-0039 

0-0030 


Show that the numbers are related by an approximate equation of the type 
u s=t ke^^, and determine the best values of k and A. 

\JLond. B.Sc. Eng. 2 
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The equation fj. = is equivalent to 

logioM = logic* — A/ logio^f. 

Writing logjo/x = 3/, logjoft ~ a, Alogioe='6 the equation takes the 
linear form 

y ^ a — hi. 

From the given values the following table of values is obtained. 


i 

60 

70 

80 

90 

100 

110 


o-ooq6 

0-0077 

0-0063 

0-0045 

00039 

0*0030 

y 

— 2-0177 

- 2*1135 

— 2-2007 1 

— 2-3468 

- 2-4089 

— 2-5229 



Fig. 19. 


The points arc plotted as indicated in Fig. 19. Because of the values in- 
volved it is not convenient to mark the origin and the axis of t and y in the 
figure. A line AB is drawn as evenly as possible among the plotted points. 
In the figure A is taken to be the point (60, — 2-02), B the point (108-5. — 2-5). 
Thus the equation of the line AB is 

y H- 2-5 f — 1 08-5 

— 2-02 -f 2-5 60 — 108-5* 

which reduces to y ~ — 0-009897^ — 1-427. 

Thus a - log,,* = - 1-427 = 2 - 573 - Hence 
k ^ 0-0374 approx. 

Again, — A logio^ = — 0-009897, A = 0-009897/0-4343, 
i.c. A « 0-0228 approx. 


T. A., II. 


15 
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(2) The table below gives simiUtaneous values of two quantities X and y. Show 
that y = is approximately true, and find the value of a and of b. 


X 

2 

2-5 

3 

3‘5 

4 

4-5 

j 5 

y 

I 

1*24 

1-56 

1*93 

2-41 

3*02 

\ 3*77 


[N.Sc.] 

The equation y = o*' + ° is equivalent to logj^y = (2r b) logjoa. 
Writing Y = logj^y, the equation takes the form \ 

y = 6 logjofl + X logiofl, 
an equation which is linear in x and Y. 

We first construct a table of values and then plot Y against x thus: — 


X 

2 

2*5 

3 

3*5 

4 

4*5 

5 

y 

I 

1*24 

1-50 

1*93 

2-41 

3-02 

3*77 

Y 

0 

0-093 

0-193 

„ „ 

0-286 

0-382 

0 

00 

6 

0-^576 



VALUES OF X 

Fig. 20. 


0 


1 


4 


5 
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Convenient scales would be as follows: for x, i in. = i unit; for y, i in. 
o- 1 of a unit. It is found that the points lie almost exactly along a straight line. 

The intercept on the Ar-axis is 2. Thus h Ibgio® + 2 log^oa = o, giving 
6 SB — 2. (Fig. 20.) 

To calculate the gradient of the graph take the two points A , B where A 
is (2, o) and B {5, 0-575). Then the gradient is (0-575 — o)/(5 — 2) « 0*192 
approx. Thus log^o^ = 0*192 giving a = 1*56 approx. 

(3) The temperature T of a chemical substance undergoing a slow change 
of state was found to vary with the time t as follows : — 


Temp, in degs. F. 

14*3 

16-7 

19-8 

21*9 

24-2 

26-3 

27*9 I 

30-6 

Time in mins. 

0 

I 

3 ' 

1 

5 

8 

12 

16 

25 


It was thought that the temperature was connected with the time by a formula 
of the type T = 15 logio(a -}- bt). Explain how you would test if such a formula 
fitted the data and by drawing a suitable graph find the values of a and b that 
you consider to he most suitable. \Camb. 5cA.] 

The suggested relation may be written in the form y = a -f- 6/ where 
T 


y s=: 10^^. This equation is linear, so that if the equation is approximately 
true a linear graph should be obtained when y is plotted against t. 


/ 

m 

■ 

3 

5 

8 

12 

16 

25 

T 



19-8 

21*9 

24-2 

26-3 

27-9 

30*6 

T 

15 

0-9533 

I-II3 1 

1 

1*320 

1*460 

1-613 

1*753 

j 

I *860 

i 

2*040 


8*981 

12*972 

20*893 

28*840 

41-020 

56-624 

72-444 

109*65 


Suitable scale of representation would be as follows: for/, i in. *=» 3 min.; 
for y, I in. « 10 units. It is found that the points approximate closely to 
a straight line so that the suggested relation is verified. (Fig. 21.) 

The two points (o. 8*98) (12, 56-62) lie on the line drawn. Taking these 
values a == 8-98, h « (56-62 - 8*98)/i2 « 3-97. 

6-5. An Important Property of ae*“ 

I^t y == ct^^. Consider a set of values of % which are in arith- 
metic progression. Let the values be A, A + rf, A + 2/f, A -f- 3^, . . . 
so that the distance between successive ordinates is d. The corre- 
sponding values of y are 

- 4 - hd^ 4 * 4 * , . 
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Since are in arithmetic progression, Xi+x, = a*,. Thus 

{yi — c) (^8 — c) = ae'’®i X 

= (<*^^* 2 )* = (jVg — c)*. 

Thus c = (>-1 3/3 - - 2>-3 + >-3). j 

6 * 7 . The Equation y = + c 1 

The constant c is first determined by the method oi § 6 * 6 . In 
order to determine the values yi, y2, corresponding to Xi, x^, x^ 
in geometric progression y is plotted against x and a smooth curve 

drawn so as to apj^oximate 
to the plotted points as far 
as possible. Then take three 
points Xi, X2, X2 in geometri- 
cal progression and read the 
corresponding values of y 
from the graph. Substitu- 
tion in the formula ; 

c={yiy»-y»^)l(yi- 2 yt+y») 
determines c. In order to 
obtain accurate results it is 
important to arrange that 
the denominator 

(yi - 2^8 +>’s) 
be not too small. The given 
equation may now be writ- 
ten in the form logiQ(y — c) 

= logio« + b 

i.e. V = A -h bu, 

where u = logio^, v = logio(y — c). Thus when v is plotted 
against w a straight line graph should be obtained, and from this 
the constants a and b may be determined. 

Example. — Two variables x and y are supposed to he connected by an equation of 
the form y = ax^ -f c. Verify that this result is approximately true and find values 
for a, n and c when corresponding values of x and y are given by the following table:— 



VALUES OfX 
Fig. 22. 


X 

0-5 

I 

2 

1 

4 

8 

12 

y 

160 

120 

94 

75 

62 

56 


We first plot y against x and obtain the curve in Fig. 22. 
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To find the value of c we take the three values of ;r in geometric progression. 
Convenient values are at =» 0*5, ^ 2*45 and 12. The corresponding 

values of are 160, 88*4, 56, the second value of y being read from the graph. 


Thus 


160 X 56 — 88-4« _ 114 5-4 

160 — 2 X 88*4 + 56 ~ 39*2 


= 29*2 approx. 


To find a and n we use 

logic (y- c) = logiofl + n logjo^, 

and write u — logio^, v = logi(,(y — c). We have then the following table of 
values : — 


X 

0*5 

I 

2 

4 

8 

12 

y - c \ 

130*8 

90-8 

64-8 

45-8 

32*8 

26-8 

u 

-0-301 

0 

0301 

0-602 

0-903 

1-079 

V 

j 2-12 

1-96 

i*8i 

1-66 

1-52 

1*43 


Plotting V against u we see 
that the points approximate 
closely to a straight line. We 
take the two points (o, 1*97) 

(o*9, 1*52) which lie on the line 
drawn. The intercept on the 
v-axis is 1-97 and the gradient 
of the line is 

(1-97 0-9) = - 0-5. 

(Fig. 23.) 

Hence n == — 0*5, 

logio« - 1-97* a = 93 approx. -0*4 0 0*4 0*0 1-2 

ITius the relation is VALUES OF V 

y = 93;r“'®'* + 29-2 FiG. 23. 

6’8. The Equation y = ac** + c 

Using the result of § 6-6 the constant c is first determined. For 
this we require the values of y corresponding to three values of x 
which are in arithmetic progression. We first plot y against x 
and draw a smooth curve which approximates as closely as possible 
to the plotted points. This graph will be required in general, for 
the determination of the values of y corresponding to the values 
of X chosen. 

Having determined c, the ^nation may then be written in 
the form 

V = bgi6« + bu. 
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where v = logi(,(y — c), u = x logipC. From the linear graph 
obtained by plotting v against u we obtain the values of a and b. 


Example . — Two variables t and y whose tabulated values, given below, 
are determined experimentally, are known to be connected by ^ relation of 
the form y = ae^^ + c- 


/ 

0 

1 

2 

3 

5 

7 

10 

\ 

20 

y 

1 

522 

48-8 

46*0 j 

1 43*5 

397 

3O5 

33*0 

28^ 

260 


Find the best values you can for a, b, c. 

First plot y against t. It is then found that the points lie on a smooth 
curve. Since the values of y corresponding to / = o, 10, 20 lie on the 
smooth curve and the corresponding values of y are given, nothing is 
gained by reading from the graph other values of y corresponding to values 
of t which are in arithmetic progression. Thus 

c (52*2 X 26 — 33*)/(52*2 — 66 -{- 26) = 22 approx. 

Again log,oty — c) ^ log^ofl + bt logjo^. ; 

Write logio(y — 22) = v, t x *4343 = u ; the equation takes the form: 

Next we construct a table of values of u and v. 


t 

0 

I 

2 

3 

5 

1 7 

10 

15 

20 

y — 22 

30*2 

26*8 

24*0 

21*5 

17*7 

H *5 

11*0 

6-7 

4 

u 

0 


0*869 

1*303 

2*172 


4*343 

6*51 

8*67 

V 

1*480 

1*428 

1*380 

1 - 33 ^ 

1*248 

I*i6i 

1*041 

0*826 

0*602 


i-6 

• 1 - 4 ^ 

o 

ai-2 

I-. 

0-8 

0-6 


tag 

3 4 5 6 7 8 9 

VALUES OF tt 

Fig. 34. 


The plotted points are found to approximate very closely to a straight line. 
From the graph we find that the points (o, i-48), (8-67, o-fi) lie on the line. 
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(Fig. 24.) Thus the intercept on the tz-axis is i -48 and the gradient of the line is 
(1*48 — o-6)/(— 8*67) = — 0*1 approx. 

Hence logio« = 1*48, a = 30 approx. Thus the relation is 
y = 30^“ 1^0^ 4. 22. 


6*9. The Equation y = ax^ +bx + c 

This curve, which is a parabola, may be reduced to a linear 
graph from which the constants a and b may be determined. Let 
(A, k) be a particular point on the curve. Then 
k = ah^ -\~bh + c. 

y ^k=^a[x^ -h?) + b{x^h)r=.{x--h){a{x + h) + b]. 
Writing (y -- k)l(x — h) = v, x + h = u, the equation takes 
the form v == au + b 

which is linear in u and v. Thus when v is plotted against u a 
straight line graph is obtained from which a and b can be found. 
The value of c may be found by taking an average value determined 
by considering all the given values of x and y, (See Ex.) 

Example . — Two quantities 0 and t are measured and corresponding values 
are given tn the following table : — 


t 

\ 

\ 

20 ! 

1 

30 

40 

50 

60 

e 

4-5 

7*1 

10-5 

X 5-5 

1 

20*5 

27*1 


The quantities are thought to he 
connected by a relation of the form 
0 = a 4- W 4- c/*. Find whether 
this is the case and if so determine 
values of a, b, c. 

We first plot 0 against t to 
find whether the given points lie 
on a smooth curve. When this 
is done (Fig. 25) it is found that 
all the points except that corre- 
sponding to ^ = 40, lie on a good 
curve. W'e take (10, 4*5) as the 
special point. Then substituting 
in the equation we have 
4*5 = a 4- 106 4- looc. 

Substituting from 

6 a -i- bt + ct^ vre obtain 



10 20 30 40 50 60 

VALUES OF t 

Fig. 25. 


^ — 4*5 b (t 10) 4- c (^* — 100) = (/ — 10) {5 4- i?/ 4- loc). 
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Writing V = — 4*5)/(/ — lo) the equation takes the form 

v cf -j- h 4- IOC. 

Thus if v be plotted against t we should obtain a straight line. We first 
construct a table of values. 


/ i 

0 

M 

0 

30 ! 40 

50 

60 

0 - 4-5 

0 

2*6 

6*0 

no 

16*0 

^22*6 

/ — 10 

0 

1 

10 

20 

30 

40 

V 

V 


0*260 

0*300 

0-367 

0*400 

y 542 


Plotting V against t we find that the points approximate to a straight line, 
Fig. 26. As may be anticipated from the first graph, the point corresponding 
to f — 40 is further from the straight line than the other points. We 

find that the points (o, o-i6), 
(60, 0*452) lie on the line drawn. 
Thus the intercept on the v-axis 
is 0*1 6 and the gradient of the 
line is (*452 - *i6)/6o = *0049 
approx. Hence 

c *0049, and b *049 ~ *16 
giving b = ‘HI. 

To find an average value of 
a we write down the 6 given 
values and add. 

Then 6a = 27 ^ - b Zt -- c Zt* 

= 85*2 - -HI X 210 

— *0049 X 9000; 
a = 3*1 approx., giving 
^ = 3*1 -j- *111/4- *0049/*. 

EXERCISES VI 

1. A series of values of the variables x and y are given. Explain how you 

would test whether the variables are related by an equation of one of the 
following forms: (i)y -f (“)y = a log 6^; (iii)y ^ ax blogx. 

2. Two quantities x and y are connect^ by the equation 

X — axy — 6y = o, 

where a and b are constants. Show that the graph of yjx and y is a straight 
line. Below are given corresponding values of x and y. Show, by plotting, 
that they are connected by an equation of the form given above, and determine 
the constants a and b. 


X 

0*2 

0*5 

I 

2 

5 

y 

0*5 

1 

1*5 

2 

2*5 



10 20 30 40 50 60 


VALUES OF ? 
Fig. 26. 
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3. Corresponding values of the observed quantities and y are given in 
the following table: — 


X 

I 

2 

3 

1 

5 

6 

y 

6 

7*2 

9-6 

12 

14*8 

174 


These quantities are connected by the relation xy = ax^ + b. Find the best 
values you can of a and b by plotting xy against x'. 


4. The following table gives corresponding pairs of observed values of 
two related variables x (in degrees) and y : — 


X I 

38" 

85° 

w 

0 

201° 

293® 

y 

12*2 

8-0 

i 

4*9 

1-9 

9.7 


It is believed that x and y are related by a law of the form y = a 4* 6 cos x. 
Verify that the tabulated values confirm this, by drawing a suitable linear 
graph, and estimate the values of a and b. 

5. Two quantities x and y are connected by the equation y = ax* -f- bx*, 
where a and b are constants. Show that the values of x and y given in the 
table below satisfy an equation of the above form, and determine the constants 
a and b. 


X 

I 

2 

3 

4 

y 

\ 

1-65 

1 

9-2 

27*0 

59*2 


6. It is believed that two variable quantities w and / are connected by a 
relation of the form ty = 6 + a/7, where a, b are numerical constants. 

In an experiment to verify this, the following values of w and 7 were 
obtained : — 


7 

36-8 

31*5 

26*3 

21*0 

15-8 

12*6 

8-4 

w 

12-5 

12-9 

13*1 

13-3 

l4-t 

M‘5 

16*3 


Use a graphical method to verify that the suggested relation is correct; use the 
method of least squares to determine suitable values of a and h. 
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7. Corresponding values of two variables x and y are observed as follows : 


X 

I 

1*3 

2 

3 

4 

6 

y 

3-7 

3-4 

2*8 

2*5 

2*4 



If the variables are known to be connected by a relation\of the form 
= a 4- h\x, explain how to use the above data to obtain a Wraight line 
graph. Plot the graph and from it obtain the best values you can for 
a and 6. 

8. Assuming that the following experimental values of x and y may be 
approximately represented by a formula of the type y ~ ax bio*, find 
values for the constants a and h and show in a table the values of y corre- 
sponding to the given values of x as given by the formula with the ascertained 
values of the constants. 


X 

I 

2 

3 

4 

y 

0-30 

0-64 

1*32 j 

5*20 


[Lond. B.Sc. Eng.] 

9. Two quantities of y and x are connected by the relation y = ax*^^ 
where a and n are unknown. By a graphical method, find the most probable 
values of a and n from the experimental figures given below. 


y 

2-51 

5-01 

lo-o 

12-5 

16-9 

200 

X 

1000 

2500 

5000 

7500 

10,000 

12,500 


10. A force of P lb. per ton is required to pull a canal boat at a speed of 
V miles per hour, and corresponding values of P and V are given in the 
following table. Show by plotting log P ^d log V that there is a relation 
of the form P «= a F" and find approximately the values of a and n. 


p 

1-58 

2 *o8 

2*62 

3*20 

V 

2-5 

3 

3-5 

4 


[Camb. Sch,] 

II. A number of simultaneous values of two quantities x and y are given: 
explain how it may be found whether they satisfy either of the forms 
(i) y srz ax'', (ii) y «= axl(i -f bx). 
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The safe distributed load for different lengths of girder are given in 
the table: 


Length feet (/) 

30 

39 

48 

60 

Load cwts. per foot run {w) 

27-4 

16 

10*6 

6-6 


Show that w == approximately, and find the best values of a and n. 

[N.Sc.] 


12. The times taken, y seconds, to run a distance x yards are given in the 
following table: — 


y secs. 

19-4 

30-6 

48-4 1 

tii -6 

185-4 

253-8 

549*3 

851-5 

1 

1149 

X yds. 

200 

300 

440 

880 

1320 

I mile 

2 miles 

3 miles 

4 miles 


By plotting log y against log x, show that x and y are connected approxi- 
mately by a relation of the form y — ax^, and find the best values y can 
for a and n. 

13. The following table gives the pressure P and the volume V as deter- 
mined experimentally at various instants during the expansion of steam in 
a cylinder. Show the equation of the expansion is of the form PV” ^ C, 
and find approximately the values of n and C 


P lb. per sq. in. 

200 

TOO 

50 

30 

20 

10 

V cub. ft. 

I’OO 

1-70 

2-89 

4*30 

5*88 

lO'OO 


14. If a series of corresponding values of two connected physical quantities, 
X and y, are measured, what test can be applied to determine which of the 
following equations best represents the connection ? 

(i) y ax b, (ii) y = ax^, (iii) y = aw®, 
a and w being constants. Assuming equation (iii) applies to the following, 
find the probable values of a and w. 


X 

I 

3 

5 

7 

ro 

y 

5 

I 4’8 

47'9 

141 

708 


[N.Sc.] 
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15. Show that the points of which the coordinates are given below lie 
very nearly on a curve represented by the equation y == a6*, and find the 
probable values for the constants a and h. 


i 

5 

6-25 

1 1 

I 

875 


ro 

y 

100 

ii8-9 

141-4 

168-2 

2< 

L 


16. Two variables x and y are related by a law of the form y\~ a + 

If Xi, Xg, x^ are three values of x in geometric progression and y^, y2\ are the 
corresponding values of y, prove that a = — y^*)/ (y^ — 2y2 + ^’s)* 

The following pairs of values of x and y are known to be related by a law 
of the above form: 


X 

I 

4 

16 

y 

17 

11 

8 


Find the values of a, b, and 


17. Two variables x and y are thought to be connected by an equation 
of the form y = ax^ + b. Corresponding values are given in the following 
table; — 


X 

I 

2 

4 

6 

y 

15-0 

j 

44-9 

165 

364 


16 

25f>4 


Find the best values you can for a, n and b, 

18. Values of p and v are given in the following table. Show graphically 
that the approximate law connecting p and v is ^ + c and find values 

for a, b and c. 


V 

I 

2 

6 

8 

11 

p 

12-71 

12-46 

II -65 

11*34 

10-99 



CHAPTER VII 

FURTHER THEOREMS ON CONVERGENCE 


I N this chapter we first prove some further tests for ordinary 
convergence and uniform convergence of series and then pass 
to the consideration of infinite products. 

7*1. Cauchy’s Condensation Test 

Let 27m„ denote a series of positive terms such that u„ is a 
steadily decreasing function of n, i.e. m„+i < u„. Then if k denote 
any positive integer greater than unity, the series Zu„ and Ekt* u^„ 
are both convergent or both divergent. 

The terms of £u„ may be grouped as follows: 

{%+% + •■•+%}+ {Mjfc+x + «*:+2 + • • • + Mja} 

+ -f . . • + Mjs) + • • • 

+ + V, + •••+%} + •• • 

where r = « — i. 

= Vl + V2 + t), + . . . +V„ + . . . 

where is the sum of the terms in the «th group. 

Since + (^" — it follows that v„ contains 

_ j^n-i terms. Also, since u„ steadily decreases as n increases 
it follows that each term of v„ < Uf.n-i and > «jn. Hence 
(A" - A"-i) u^„ <v„< (A" - A»-i) 

i.e. ^ ^ 

Hence if 2u„~ Zv^ converges, so does i^A"«^„, and con- 
versely if 2k*^Uj^„ converges so also does Zv„, i.e. 2u„. Also 
if Zv^ diverges so also does Z and conversely. 

In particular, if A = 2 , the test asserts that if is a steadily 

00 

decreasing positive function of n then Z converges or diverges 

n=^i 

with Z 2 % 2 ,i. 

H ^ I 

239 
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Example . — Test the convergence of the series whose (n — i)th term is 

(logny^. 

It is sufficient to consider p > o. 

Write = [log (n + i)]-p. 

Then ( n + ! )]-» ^ r _log^ y 

«n-i [log n]-p Llog (n 4“ i) J 

For n > 2, log (n 4 - i) > log w and hence so \that is a 

decreasing positive function of n. 


Hence the series JS (log n)“® will converge or diverge with 
n — 2 ' 


£ 2” (log 2")-*’. 
n — 2 


Now 2" (log 2")”** 2"n~*' (log 2) Hence it it is sufficient to consider 

the series where v„ ~ 2^n~'^, since (log 2)"** is a constant factor of each 
terpi. 

Now Zn-^ diverges, o < /> < i; hence and ^^(logw)-*^ must also 
diverge for o < < i. 

Consider then p > i. 


[n i)p'2« \w 4 - 1/ ' 

Now the sequence Is monotonic 


increasing and 


Urn. I. Hence we can find a number w© such that for all n > n^, 

n ^ CO 

> S* would be sufficient to take to be the first positive integer 
greater than A/(i — A) where A = With such a value n of n^, 



A/(i - A) Y 
I 4- A/(i — A)J 


= A** = i 


Hence for n > n^, > 2 . f — | > i . 

Thus diverges and so also i 7 {log*n)~^, iox p > i. It follows that 
the series E (log n)'~* does not converge for any finite value of p. 


711 . The Series Z ijn (log n)^ 

It follows from the theorem of § 7-1 that Zijn (log n)^ converges 
if p > 1 and diverges if p <,1, For let k be any positive integer 
greater than unity: then the series 


n (log n) ^ 
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diverge or converge together. The second series is ~ Z—. 

(logi^)p 

This converges if p > 1 and diverges if < i. (Chap. I., § 1*41.) 
7*2. The Maclaurin Integral Test 

00 

Let Z Un denote a series whose terms are all positive and 

n ~ 1 

such that Un steadily decreases as n increases. Write / (n) = 
so that / (n) is a function of n which is defined for integral values 
of n. We now replace the integral variable n by the continuous 
variable x and consider the function f{x). It is assumed that the 
function so represented is defined for all values of x greater than 
or equal to unity, and further, that / (x) is a monotonic decreasing 
function of x. Thus. e.g. 

f{n — j) >f(x) >f[n), i.e. >f(x) > 
where n — 1 < x < n. 

From the definition of an integral it follows that 

l»n rn rn 

u^_^dx > f (x) dx> \ ujix, 

^ n— \ Jm — I Jn— I 

rn 

i.e. >1 f (x) ix> w„. 


Thus 


U2 



dx > 



dx > « 3 , 


«fl-i > f{x)dx>u„. 

J n — 1 

n 

Adding, and writing Sn= ^ it follows that 

y = I 
rn 

Sn-«n>J f ix) dx > Sn - Ui, 


T. A., II. 


16 
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i.e. 


> 5n - 



dx Un> 0 . 


Write F (n) 




/ (x) dx > o for all values/ of «. Then 


F (w) - F (w - I) == - 5n_i - j f[x) dx + 


/ {x) dx 


= — I f {x) dx O, ^ 

^ n — 1 

since < / (a:), for w — i < a: < m. 

Hence F (n) < F (w — i), i.e. F (w) is a monotonic decreasing 
sequence which is bounded below. Thus lim. F (n) exists. 

W 00 

(Chap. I., § 1-23.) 

Further, if I denote the limit, it follows from % > F (w^ > o that 

o. 

There are now two possibilities. Either tends to a limit as 
w “> cx) or 00 as w 00. In the former case the series 
converges to some number 5. Thus 


> s — 



dx > 0, 


TOO Too 

i.e. + f [x) dx > s f [x) dx, 

J I J I 

and the integral must always be finite. 

Conversely, if the integral exists it follows that lim. must 

w 00 

exist, i.e, the series must converge. If / be the value of the integral 
then the sum s lies between I and % + /. 

On the other hand, if lim. == 00, the integral must also 

CO 

be infinite and conversely. In this case we can assert, however, that 



is always finite and lies between o and 
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Combining the results we have the following theorem. The 

CO /•oo 

series E converges or diverges with the integral I / (x) d%\ 

« = I i \ 

if convergent the sum of the series differs from the integral by less than 
f 1 . 

Ui ; tf divergent Urn, | — I / (x) dx r exist and lies between 

n-> 00 ' *^1 j 

o and 


Examples. — (i) Consider the series S i/n**. 

« == I 

Here / (^r) = i /at 



rn r ‘in 

11 /) = I , J f (x) dx I log X \ — log n. 

U p > i, lim. r=s — 

If p < j, lim. — — I } = 00. 

If /) = I, lim. logw — 00, 

W -> 00 



_ I 

I 


I. 


1 

f ~T 


Hence the integral exists if p > i and tends to infinity if /> < i. Hence 
also the series converges Up > i and diverges if p < i. (cf. Chap. I., § 1*41.) 
In the former case we infer that 


^ ‘ £ !/«»< -i_+ I. 

p -1 „ = I p -1 

The case /> = i gives an important result. In this case 

F (»)= I + i + i log », so that 

n 

lim. (I + i + i + ... + ^ -logw) 

n-». 00 ” 

exists and lies between o and i. This number is called Euler’s 
constant and is frequently denoted by y. Its value is 0*577 • • • . 
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log n 
log 2 


(2I Consider the series S ijn (log n) 

« = 2 

Here f {x) == ifx (\ogx)^. ^ 

Cn I 

in order to evaluate the integral | / W dx. write log ^ J-. dxjx = dy. 

r» dx _ f '"S « rfy ^ 

J, log^y’ J 

L_ |(log«)’-’’ - (log 2 )*' '}• 

(logn)*-->o while if /> <>, (logn)-”-®- Thus the 

integral exists and is equal to (log - D if ^ > > 

integralj^ x(logx)’’ 

while the integral is infinite if ^ < i. 

«#’=‘’J,ilog-.=-Jlog.y fjlog 2 

= log (log n) - log (log 2) = log {log «/log 2}. 

• 4■xxr^A<l tn infinitv Hence the series converges 
As « -> 00 this expression tends to innmry. xxc 

Up > i and diverges if /> < i. l^/- § 

(3) Peoe. that tfk>o. then ^ | ^ i/(A +«)»<(* + 

Consider the function / (x) = i/(A + *)*• Then 

jo *]o ^ 

fW ^ I 

Hence hm. I ' k‘ 


I I 

Thus if 5 == -2: i/(A +wl^ ^ ^ ^ 

« = o 

I , » _ li+J’ 

Te- * < A + r» " ft* ■ 


/I 1 , j_ i- 

( 4 ) By expressing lim. ^ ^ i ” 1 “ • ‘ * in 

otherwise, prove that m ZlZ of the expression is log,^ 


as an integral, or 
[Lend. B.Sc.] 
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Now 






dx 

r »■+ i‘ 


Applying this inequality for n + i, . . ., 2« and adding. 


2fl 

, — ^ y 


•■''Jn * 


> j; 

y = M ^ + t 


> log 


^»+_L> z •' 




n 2 w -f* I* 


Hence 


4* I I ^ I I 

o>log 2: - > , . 

w r — 2W -h 1 n 


Letting m -> 00 it follows that 

lim. Flog— — E -?1 = 0 . 

2W j 2ft -4- I 

Thus lim, E - — lim. log , provided the latter limit 


M~>-oor = n n -> CO 


exists. As n -> 00, {zn -f- i)/« 2 and hence lim. 


n CO Y ^ n* 


^ log 2. 


In applying the Maclaurin integral test it is necessary to make 
use of the property that a function f {x) is monotonic decreasing. 
If the function is differentiable a simple method which may fre- 
quently be used to decide this point is the consideration of the sign 
of the differential coefficient. Thus if /' {x) denote the differential 
coefficient of / {x) then /' {x) < o for > « is sufficient to ensure 
that / (x) is monotonic decreasing for x > a. 

Thus, e.g, in Ex. 3, / {x) = i/(A + x)^, /' {x) = — 2/(A + x)^ < 0 
ioT k > o, X > o. 


7’3. Kuinmer’s Test 

Let Uun, denote two series of positive terms, the latter 

series being divergent, and write = t^ndj^n+i — ^fi+r 

If there exists a number p such that for all n p, k > 0 then 
the series Zu^ converges. If there exists a number q such that for 
aUn>q,v^<l<o, then the series diverges. 
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4) Mn/«n+i - > k , oll ft > p . Then 

ttjftip ^j>+i ^^p+i 

^p+l^p+l *<j)+2^J>+2 ^ ^ ^p+» 

^P+t^P+2 ^J>+S^J>+S ^ ^ *^P+S 


14>y^^dy t€ydy ^ Uy, 

Adding ^jfdp Uydy ^ k {^p^\ “f“ ^i>+2 * * • ”1“ ^v)* 

Since Uydy > o, k > o it follows that 

^j»+l + ^j>+2 + • • • + < Uj,dJk. 

Since is independent of v, and all the terms are positive, 

it follows that 

lim. (m,+i + 

^3>+2 + . . . + «v) 

l»-> 00 

exists and is less than or equal to Updjk. 

Hence the series Uu^ converges, for the addition of a finite 
number of terms will not afiect convergence. 

(ii) tindJUn+i — dn+i < I < o, fi > q. It follows that 

^n 4 n '^n+l^n+V ^ 9* 

XhUS U^g ^<1+1 ^ ^ Uydy, 

l«e* i4y 

Since u^g is a constant and E dy^^ diverges it follows that 
E Uy diverges. 

A particular case occurs when ^lim. exists. If the limit 

« -> 00 

be A then the series E converges if X > o and diverges if A < o. 

7’41. Ratio Tests 

From the results of § 7*3 may be deduced a number of special 
tests which are of frequent use in the discussion of the convergence 
of series. We assume in the statements given below that lim. 

« 00 

exists. If this condition is not satisfied the statements are readily 
modified accordingly. 
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D’Alembert’s Test.— Write <f„ = i so that v„ = — i. 

Then Zu„ converges if lim. -^>1, and diverges if 

« -»• 00 *^n+l 

lim. < I. (c/. Chap. I., § 1-381.) 

w -■> 00 *^«+i 


7 - 42 . Raabe’s Test 

Write = n so that v„ = nujun^i — n — i. Then the 
series Sun converges if lim. — i')> i, and diverges if 

n~^ CO ^ 

lim. <1. This test should be applied when 

W -> 00 ' 

D’Alembert's test fails. 


Example . — Prove that the series 


' ^ ^ 2.4 6(6 + I) 2 . 4.6 6 (6 + I) (6 + 2 ) ^ ‘ * 

is convergent if a > o, 6 > o and 6 > a + J. 

Let denote the 4?th term of the series. Then for n > i 

e. - 1.3. 5 . . . (2W 3) ^ g (g -f 1) (q + 2) . . (g + w - 2) 

" 2.4.6... (2n — 2) 6 (6 H- I) (6 -f 2) . . (6 -h » — 2)* 


Hence 


2n (n — I + 6) 


{ 2 « • 


lim. 


lim. 


I) (m - I -1- g)‘ 

I 4- (6 — i)/w 


OQ ^n-fl 


00 (i ~ i/ 2 «) {I 4 . (g - i)/n} 


Thus D'Alembert’s test fails. 


~ 4- i) 4- ( g — i)/w 

« (2 — i/w) (i (a — i)/w} 


Again ^ - 

**n+l 

Hence lim. | « {— = 6 — g-f-J. 


Thus the series will converge if 6 — g4-4>i» i.e. 6 > g 4- 4 . 


. 7 - 43 . de Morgan’s and Betrand’s Test 

If the limi ts used in §§ 7-41, 7-42 are both unity it is necessary 
to use a more delicate test, i.e. we take i/d, to be the «th term of 
a series which diverges more slowly than S ijn. 'Thus, e.g. if we 
take = « log n, = «„« log »/m»+i — (« -f 1) log (» + i). 

We can deduce the following test. If be expressed in 
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the form i + i/n + wjn log n then the series will converge or 
diverge according as Urn. w„ is greater than or less than unity. 

M 00 

This test may be expressed in a slightly different form which is 
sometimes useful. Taking logarithms: j 


I 

n 


log 

5 n 

^n+l 

= log 1 


+ 

n log n 




n log n 

+ 

higher 




Pn 

n log n' 



where 

lim. 

Pn = 

lini. 

the ] 

n -> CO 

n -r 00 




Hence if log (ujun+i) he expressed in the form ijn + pjn log n the 
series will converge or diverge according as Urn. is greater than 

« 00 

or less than unity. 

Alternatively we may express the conditions for convergence 
in the following forms: 


(a) lim. flog M - ■ 

(0) lim. I fn log-^ — I ) logw 
w 00 L \ ^^n+l ■' -I 


> I. 


> I. 


Examples. — (i) Investigate the convergence of the series S for positive 

n ~ 1 

values of X, where a^ =» ‘ .(2n — i)2}/{2®.4*.6^ . . . (2w)®}. 

Write = Thcn_^^ = 1 . 

Hence lim. — 

M 00 ^ 

Thus the series converges if ;r < i and diverges if x > i. 

— "f* 


When X — 1, 


w«+i 


I + 


{2n + i)2 
2 


(2n + 1)2 


2n + I ~ (2« + i)®* 

Hence lim. - i\\ = i and Raabe's test fails. 

„ 00 1 JJ 
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Again 


'^n+l ^ W + i " (2« + 1)2 


+ 


I + ~ (l +--) " + — 2(1 +--) 
n \ 2n/ 4M* \ 2M/ 


I + 




" + -^-2 

2n 4«2 


•) + ib(’‘ ~Tn + •••) 


1 + ^ (1 + A„) 

n 4w2 ' 


where A„ involves i/w as a factor and tends to zero as n co. Thus 

~ — I -f 4. — J / L (i 4_ ^ ) log w\. 

w„,i n «logw\ 4M ^ n/ b j 


In the notation of § 7*43, ^ 

n 4 

Now lim. =- o (Chap. V., § 5.3). Hence lim. w 

n CO 

series diverges when x ^ i. 

00 

(2) Discuss the convergence of the series Z n^x^Jn!, 

n ~ 1 

values of x. 

Let denote the wth term of the series. Then 

7 /y, «";r” (« + i)! I I 

*<na~ • *(w + 


o and the 


for positive 




1 

ex' 


Thus lim. 

w 00 **«+! 

Hence the series converges for x < ije and diverges when x > i/e. 
When ^=1/., -V— Vs-,. 

log-“^ = 1 - « log (i + ^) = 1 — « ( V + higher powers of i ) 

Hence lim. ( n log — — i )log « ~ ~ cx<. 

n-> 00 \ ) J 

Thus the series diverges when x — \\e. 


7*44. The Rule of Gauss 

Let Eu^ denote a series of positive terms. Then if 
can be expressed in the form i + /x/w + 0 (xjn^) where p > i 
then the series Eu^ converges if fx > 1 and diverges if /x < l. 
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Suppose first that /i + i. Then lim, Inf— — i) i = 

since ^ > i. From Raabe's test it follows that the series con- 
verges a fi> 1 and diverges if /li < i. 

Next suppose that /x = i so that 

Now logw = o(w^), where 8 is any positive number. 
(Chap. V., § 5*3.) Since p — i > o it follows that 

lim. {{log n) 0 (ijn^"^)} ^ o. 

~> 00 

Hence from § 7 *43 (a) the series diverges when fx = i. 

Example. — Find for what values of p the series whose nth term is 


f 1-5-9 . . . (4n + 1) ^ 


converges. 


'>3.7.11 . . . (4n+ 3)J 
If denotes the «th term, then 


4« 

1 + — + 
2 « 


°(t.> 


Hence the series converges ii p > 2 and diverges if /> < 2. 


7*45. Note on the Ratio Tests 

It should be observed that d* Alembert's test, § 7-41, does not imply 
convergence if all we know is that ujun+i > i for all values of n. 
Thus consider, e.g. the harmonic series Z ijn. Then 

«»/««+! = (« + l)/» == I + ^ > I 

n 

for all n. But the series diverges. 

Again, the convergence of a series of positive terms does not imply 
the existence of the limit uju^+i as w 00. For since the terms 
of the series are all positive the series is absolutely convergent. Thus 
the order of the terms may be changed without affecting the con- 
vergent property. (Chap. I., § i’34.) This rearrangement of the 
terms will in general, however, affect the value of 
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Consider, e,g. the series i+~ + 4 + “+~^ + ... For this 

2 2 2** 2* 

series u„lu„+i = 2 so that lim. {uju„+i} — 2, 

W 00 

Now rearrange the terms as follows: 

"+I + 1 +1+^ .1+1 + 1 + 

In this case uju^^i — i or 8 according as n is odd or even. 
Thus lim. (ujun+i) does not exist. 


7 ’ 5 . Series whose Terms are Positive and Negative 

In Chapter I., § 1-5, the case in which the terms are alternately 
positive and negative has been considered. It has been shown that 
if Un> 0 and so that E (— is a series whose 

terms are alternately positive and negative, then the series will 
converge provided lim. = o. It is clear that the same 

M 00 

result holds if there exists a term of the series beyond which the 
properties are true. 

A convenient form of expressing the test is as follows. If 
ujun+i can be expressed in the form 

Wn+I n W) 

then the series E (— is convergent if ft > 0 and oscillatory 

if ft < o. 

U P 

We first prove that if where ->• p > 0, as 

» -► 00, then lim. = o. 

n 00 

Since Pn'^ P we can find a number m such that 
for all n >m, p„ > Jp, 


Hence > 

^m+l 



2 (m + 1) 


)■ 


> I 


2 (« — l)’ 

Multiplying the corresponding sides of the inequalities, we get 

P 




(' + ^) + 
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Since the series 2 1/« diverges to -f co it follows that 
lim. ^ . H 4 00. 

n-^Qo"* M + 1 n-i/ \ 


Hence — oo as n-^ co. Since is a fixed\number, this 

\ 

can only be the case if -> o as n co, \ 

We can now show that if /x > o the series converges. For w 

sufficiently great hence Further 

it follows from the argument just given that lim. u„ = o. 

n CO 

Hence the series converges. 

Next suppose that ft < o. We can show in this case that 
lim. Un is not zero, so that the series must oscillate. - 

« -V 00 

If ft < o it is clear that for n sufficiently great, 
and so cannot tend to zero. 

Finally suppose that /x = o. Then 




= 1+0 


/ I 


i.e. 


w«-fi 



where | A„ | < ^, k being a positive constant, i,e is independent 
of n. 

Let w be a fixed value of n. Then arguing as before we see 
that if n > m, 





\m+i 1 r 
(m + 1)*-/ \ 


I + 


(w + 2)*' 



Now if a be any positive number less than unity, 
I + a = (i - a*)/(i - a) < i/(i - a). 
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Thus if m is sufficiently great 

n — I M — I 

n (I + kjr^) < 11 {I klr^}~i^ 

Y ^ m Y — m 

Again, if h is another positive number less than unity 
(i — a) (l — 6) = I — (a + 6) + > I — (a + 6). 

M — I w — I 

It follows that II (i — kjr'^) > t. — E kjr^. Hence 


n {i — < i/{i — E kjr^}, provided 


E k/r^ < I. 
r ^ m 

Since Eijr^ is a convergent series we can find a number m 

00 

such that E i/r^ < 1 / 2 ^. Hence by a suitable choice of m 


11 {i — k/r^}”^ < 2 . Thus with this value of m, 


Since u^lu^ is always positive, and is fixed it follows that 
^m/^n is finite. Thus cannot tend to zero as n -> 00 . 

It follows that if ~ i + 0 ( - V the series E (— 

«n+i 

must oscillate. 


7-51. The Hypergeometric Series 
The series 

I.y I.2.y(y + 1) 

j. + I) ( g + 2 ) jg (^ + I ) {p + 2) 

* r.2.3y(y + i)(y + 2y ' ‘ * 

is known as the hypergeometric series. 

If a or j3 are negative integers the series terminates so that there 
are only a finite number of terms. If y is a negative integer all 
terms would be infinite beyond a certain point. We assume then 
that a, jS, y are not negative integers so that the series contains 
an infinite number of terms. Then we have the following properties : 
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(i) the series converges absolutely if \x\ <i and diverges if 
1*1 > i; 

(ii) when x = x, the series converges if, and only if, y > a + 

(iii) when ^ — i, the series converges if, and only if, 

y + 1 > a + p. \ 

Let denote the «th term of the series. Then is 
® + l) (g +2) . . . {a + n — i) p (p + i) {p + 2 ) . . . (pW-n—i) 


(i) 


1 . 2 . 3 . . . » . y (y -1-’ l) (y + 2 ) . . . (y + n 

^ .".(y i 

«1+1 (a + » - 1) (jS + n-lYx 

1 


if 


-V, 


y_:: I 

n 




Hence lim. 


^n+l I 


I 

I a; 


Thus the series converges absolutely if | a; | < i and diverges 
if 1 a; I > 1 . 


(ii) a; = 


w (n + y - i) 


Then^=. V, r 

M-., (n + a— i) (n + P ~~ i) 


For n sufficiently great, it is clear that this ratio is always 
positive, so that beyond a certain point in the series all the terms 
will have the same sign. 



From the rule of Gauss it follows that the series will converge 
if, and only if, y + i — a — jS > i, i.e. y > a + j8. 
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(iii) 


I. In this case 




— I as « 00 so that 


beyond a certain point the terms are alternately positive and 
negative. Then 


♦n+1 


The series will converge if 

y + l — a — j8>o, i.e. y + l > a + j 5 
and will oscillate if y + i < a + jS. (§ 7-5.) 


7 * 61 . Abel’s Lemma 

Let {Ur} denote a sequence of positive numbers such that u^ > u^+i 
for all values of r. Suppose, further, that a^, ag, . . . is a sequence of 
real numbers such that 

P 

k < E a^<K, 

r = I 

where ^ = i, 2, 3, . . . Then 

n 

kui < E a^Ur < Ku^. 

r = I 

p 

Writing s,, = E a^. Then 

r = I 

n n 

E Uf-Uf = E {Sf. — ^0 ~ 

r =ai I f = I 

=5 SiUi (^2 S^ U2 -f- (S3 S2) W3 -f“ • • • 

+ (s„ - S„>i) Un 

== Si (Wi U 2 ) + S 2 («2 — «3) + • • • 

+ S„_i ~ Wn) + S^W„. 

Now Ur — Wr+1 ^ values of r. Hence the greatest 

n 

value of S a^Ur will be obtained by replacing Sr by K, for 
y = 1 

each r. Similarly the least value will be obtained by replacing s, 
by its least value k. It follows that 

ktti< £ ar«r < ^«i- 

y = I 
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Writing H equal to the greater of | ^ | and | /iC | it follows that 
n p 

E a^Ur < Hui, where E < ^, /> == i, 2, 3, . , . 

y = I y 1 

/ 

7-62. Abel’s Test 1 

This is a comparison test for a series which nM not converge 
absolutely. Let E he a convergent series, {vA a monotonic 
sequence such that \Vn\<k, a fixed positive const\nt, for all n. 
Then E a^v^ converges. \ 

Since {t;„} is a hounded monotonic sequence, lim. exists 

n QO 

(Chap. I., § 1*23). Let the limit be denoted by v. Then if is 
monotonic increasing, write u^^v ~ v^, while if is monotonic 
decreasing write u^^v^ — v. In each case {ii^ is a sequence 
of terms such that for all n. Further, lim. = o. 

n -f- CO 

Now E a^Vn = E (v — u^) or = E {u^ + according 
as is monotonic increasing or decreasing. Also 

E a^v = vEan, 

which is convergent since E a^ is convergent. Thus in both ca^s 
it is sufficient to consider the convergence of the scries E a^u^. 

To prove that this series is convergent it is sufficient to show 
that there exists an integer v (e) such that the partial sum 

v + p 

E a^Un < e, 

72 = V 1 

where p is any positive integer. (Chap. I., § 1-32.) 

Let H denote the greatest of the sums 

V + m 

E a„ , m — 1, 2, z, ■ ■ ■ p- 

72 = V + I _ 

Then from Abel’s lemma, 
v + p 

E a^u^ < Huv+i < Hui. 

72 = V 4 - I 

Now let € be any positive number. Then there exists an integer 
V, depending on € such that 

27 «„ < eju,, 

72 =s V 4- I 

for every positive integer p. 
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Hence H < i.e. Hu^ < c. Thus E < c, 

w = »» 4- 1 

for every positive integer p and the result follows. 

7-7. Dirichlet’s Test 

If the series E converges or oscillates between finite limits, and 
is a monotonic decreasing sequence which tends to zero as n tends 
to infinity, then the series Ea^u^ converges. 

Since E a^ always lies between finite limits there exists a 
constant H such that 

v-f ^ 

E a^ <, H, 

w = 1 / -|- 1 

for all positive integral values of v and p. 

I V P 

From Abel's lemma it follows that | E a„u^ < Huy 

M = V f I 

Since lim. = o, there exists a positive integer v depend- 
ing on the arbitrary positive number € such that Uv^x < elH. Thus 

v4-^ 1 

E 1 

1 n — V 4- I 

for every positive integer p. Thus the series E a^Un converges. 

00 

Examples. — (i) Consider the series 27 (— i)"-*. The sum oscillates 

n = I 

between i and o. Hence if denote any monotonic sequence of numbers 

oo 

which tend to zero as a limit the series 27 (— !)”-%„ converges. (Com- 

n ~ i 

pare § 7 - 5 .) 


( 2 ) Consider the series 27 cos nS, 27 sin n 9, where is a monotonic 
decreasing sequence such that lim. = o. Then both series will converge 

n 00 

provided 

V 4- ^ V 4- /> 

27 cos«0, 27 sinw^ 
n == V + I n = V + j 

are finite values for all values of p. 

Consider the first sum and denote it by p. Then 
v4- /) 

2psinJ0=s 27 2 sinJdcos»^ 
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« E {sin (« + i) ^ — sin (n — J) 6} 

« = v -f 1 

= (sin (v I) 9 - sin (v + i) 

+ {sin {v 4- 1)^ “* sin (y 4 1)6) [4 . • . 

4 {sin (v 4 ^ 4 i) ^ — sin (v 4 ^ i) 

= sin (v 4 ^ 4 J) ^ — sin (f 4 4) ^ 

= 2 cos {v 4 4 (/> + 1 )} ^.sin \pB, 

Hence p = cos {v 4 4 (/* + i)}^.sin 4 ^^. cosec \ B. 

V f p 

Similarly, E sin nB ^ sin {f 4 4 (/^ + i)}<9*sin cosec 
n ~ p 

Now these sums are bounded provided cosec is bounded, t.e. B is not o 
or a multiple of 27r. Since the sine and cosine cannot exceed unity. B being 
real, it follows that 

„ 4 ^ 1; -1- ^ 

E cos nB E sin w ^ 

n -\- l W=:i/4l 

cannot exceed \ cosec |. Hence if ^ +0 or 2m7T, m being an integer, the 

series E cos nB, E sin nB are both convergent. 

When 5 = o or imn the first series becomes E u^, so that convergence 
will depend on the form of The second scries becomes 040404 ... 
which converges to zero. 

In particular, it follows that the series E~ cos nB, i7 * sin nB are both 
^ n n 

convergent for all values of B, with the exception that the first series diverges 
when B ^ o or a multiple of zn. 

( 3 ) Prove that the senes E ^ cos nB, E ^ sin nB are never absolutely 
convergent except in one special case. 

Consider the first series. In order to discuss absolute convergence it is 
necessary to take the series E ^ | cos n $ | 

Now I cos I > cos*w^ = J (i 4 cos 2 nB). 

Let 5 , denote the sum to p terms of the series E^ | cos |. Then 

s,> ^ ~ (I H- cos 2 nfl) 


I 


« = I 



I 


cos 2»6. 
zn 
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Now the series £ — cos 2n0 converges for all values of B, except 

B sss o of a multiple of n. Hence with these exceptions 

i ^ cos ^nB < K» 


for all values of p, where K is a. fixed positive constant. Thus 

^ I 

s, > i -2: i - /f. 

w = I ^ 


P 

But as p CO, £ 
n ~ i 


I 

n 


CO, 


Hence 


00 as ^ 00 . 


If 0 = o or a multiple of tt the series | cos nB [ becomes which 

IS divergent. Thus £ | cosnB | diverges for all values of B, i.e. £ ~ cos nB 

is never absolutely convergent. 

The series 2^ sin nB j may be discussed in a similar way. But when 

0 = 0 or a multiple of rr, the series £~ | sin «0 I becomes o 4- o 4 - o + . . . 

n 

which converges to the sum zero. Hence the sine series is never absolutely 
convergent except in the trivial case in which 0 = o or a multiple of n. 


7 * 8 . Uniform Convergence 

In Chapter IV., the fundamental ideas on uniform convergence 
have been introduced. We now consider further tests for uniform 
convergence which are more delicate than the M-test considered in 
Chap. IV., § 4*33. This test requires the series to be absolutely 
convergent, a property which need not be satisfied in the case of 
the tests considered in §§ 7*81, 7*82. 

We first introduce the notion of a function tending to a limit 
uniformly. Let /n(x) be a function of the variable x and suppose 
that /or each value of x in the range a <,x fj^x) ->f{x) as 
Then /n(^) tends to f{x) uniformly in the interval 
a < ^ < 6 if corresponding to the arbitrary positive €, there exists 
a number depending on c but independent of x such that 

l/nW -/W 1 < «. » >»»o- 

The point to be observed is that the fixed number is to be 
the same for all values of x in the interval. 
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7'81. Abel’s Test for Uniform Convergence 

00 

Let S dni^) ^ series which converges uniformly in the 

w = I 

interval a Suppose also that for each x in Ua, b), Un{x) is 

a positive monotonic decreasing function of n and mat u^{x) <k, 
for all X in {a, 6), where k is fixed number. Then the series E a ^^{x) Un(x) 
converges uniformly in (a, b), \ 

Since E ajx) converges uniformly there exists \ an integer v 
independent of x such that \ 

V p 

E ajx) < ejk, 

\n — V 1 

for every positive integer p. From Abel's lemma it follows that 
P 

E a^{x) Un(x) ^p+i (^) . €/k < Ui(x) . ejk < €. 

I w — V 4 - 1 

Since v is independent of x, it follows that E a^ix) u^lx) con- 
verges uniformly in (a, b). 

Note I. — In this test E a^{x) need not converge absolutely. If it 
did the result would follow immediately from the Af-test. 

Note 2. — ^The most important cases occur when either aj^x) 
or Un{x) is independent of x. 

Abel's theorem on power series, stated on p. 154, is an immediate 
deduction. Thus suppose the interval of convergence of Ea^x^ is 
9 y p)y and that the series is convergent at one of the end points, 
say X = p. Then Ea^p^ is convergent. 

In the above test write a^ (x) = W “ o < a; < p. 

Then Ea^ (x) u^ (x) = Ea^x'^ and the series converges uniformly in 

0 <x < p. 

Example. — Consider the series _ 

00 

M = I 

00 

The series Z (— i)"/n*» converges absolutely for ^ > i. In this 
n — I 

case we can deduce uniform convergence from the M-test. 

For if o < ;r < I, o < < i, so that x*^l{i -f < i- Hence 

1 (— lY x^jn^ (1 + I < i/w*’, and the result follows. 

For o < ^ < I, the series Z (— !)’»/»*’ is only conditionally convergent. 
But j? (— converges uniformly respect to x since its terms are indepen- 

dent of X, Thus the given series will be uniformly convergent if (i) for each x 
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in o < ^ < I, x^l{i + x^) is a positive monotonic decreasing function of n; 

(ii) xl(i 4* < k, where A is a fixed number. 

The condition (ii) is obviously satisfied, for we can take ^ = 1. Further, 
x^l{i + x^) is never negative in (o, i). 

It remains to show that the function is a monotonic decreasing function 
of n. Now 

x^ (1 — x^ 

I +x’‘ ~ I - Ar«+1 ~ (i +;f» "■) ^ ° < ^ < I- 

since each factor is positive. Thus the function steadily decreases as n increases. 

7-82. Dirichlet’s Test for Uniform Convergence 

Let (i) Eajx) he a series which oscillates finitely ; (ii) for each x 
in (a, b), ^ni^) ^ positive monotonic decreasing function of n\ 

(iii) (x) tend to zero uniformly for a <,x <h, as n tends to infinity. 
Then the series Sa^ix) u^{x) converges uniformly in (a, h). 

Since Ea^ix) oscillates finitely there exists a fixed number k 
such that 

V p 

S Unix) < k, 

Iw =- V + I 

for every positive integral value of v and p. 

Since Un(x) -> o uniformly, we can find a number v independent 
of X such that Uy{x) < e/k. 

From Abel's lemma it follows that 

V + p 

E an(x) Unix) < €, 

\n — V 4 ‘ I 

the same v serving for all values of x in the interval. Thus the 
series Ea^ix) ujx) converges uniformly in (a, b). 

Example. — Prove that the series sin nB has the following properties : 

(i) converges uniformly for all real B if p > i ; 

(ii) is not uniformly convergent in any interval containing B ~ o if p < i . 

(iii) is uniformly convergent for all B such that 

0 S < ^ < 2 it ~ 8 , if p >■ o. 

Dirichlet's test (§ 77, Ex. 2), shows that the series converges if ^ > o. 

(i) p > 1. I M-*’ sin w 0 I < n-*', all real B. Since converges, 

uniform convergence follows from the M-test. 

(ii) p < I. If the series converges uniformly then corresponding to c 
there exists a number v, independent of B, such that 

V q 

S sin » ^ < €, 

1 w = V + I 

for every positive integer of q. This inequality is to be true for all B. 
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Write $ = Tr/4v, so that n$ ntr/4v. Using the inequality 
sin ^ > 2 o < ^ < 

it follows that 

sinn^ > «/2i/ provided n$ Jw, i.e. n < 2^v. 

Writing ^ ~ v, we have 

p -j- q 2V 2V 

t n-^sinnO S n~^+^l2v > S i/2v\ since ^ < i. 

« = v+i n = v+i n = v4-i 

Since c is arbitrary this contradicts the original inequality. 

As V tends to infinity the value 6 =* nj^v tends to zero. Hipnce the series 
is not uniformly convergent in any interval which contains d « o. 

(iii) To obtain this result we use Dirichlet's test for uniform convergence. 

V -\-p 

2 sinnd = sin {v -f* i(p 4- i)} 0 .sin ip 0 , cosec id. (§ 7*7, Ex. 2.) 
n ~ V 4 I 

v-bp 

Hence sin nO < cosec 

I n » V 4 I 

Further, if p > o. is positive, a monotonic decreasing function of 
n which tends to zero uniformly for all values of 0 (for w** is independent of 0 ). 
Hence 2 sinnd converges uniformly in the interval 
o< 8 <;r< 27 r — 8. 


7 * 9 . Infinite Products 

Let Oj, ^3, . . . . . . denote a sequence of real numbers, 

all of which are different from zero, and consider the product 

n 

Pn = •••««= «r- 

r — T 

If Pn tends to a limit P different from zero, as w 00, then the 
infinite product 

CO 

M = I 

is said to converge to the value P. That is 

n 

P = lim. Pn = lim. H 

00 00 r =s I 

If P -> 00 or to — 00 or to o the infinite product is said to 
diverge. If P„ oscillates as n-^ 00 the infinite product is said 
to oscillate. 

To say that an infinite product diverges to zero is a matter of 
convention. It is introduced in order to obtain a close parallelism 
between infinite series and infinite products. Thus, suppose > 0 
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for all values of n and that converges to P, Then adopting the 
convention of divergence to zero it is easily seen that the infinite 
prodfict n Un and the infinite series E log behave in the same way, 
i.e. they both converge, both diverge or both oscillate, 
n 

For log P„ = E log Hence if P different from 

y = I 00 

zero, log Pn log P which is finite, i,e, E log is finite. 

r = 1 

Again, if the infinite product diverges, i,e. tends to ± cx) or 0, 
log -Pn ib 00* since log o = — co, 

Weierstrass' Inequalities. — ^The following inequalities (i) 
and (ii) are of importance in connection with the theory of infinite 
products. Let denote the sum of the n numbers u^, W3, . . . 
each of which is positive and less than unity. Then 

n 

(i) I - s„ < n (i _ < i/{i + s„), 

r = I 
n 

(ii) I + s„ < n (I + «,) < 1/(1 - s„), 

r =: I 

where in (ii) s„ < i. 

Now (i — «,) (i — Mg) = I — (m, + «*) + Mi«2 > I — («x + «g), 
and since (i — «,) > o, 

(I - Ml) (I - «,) (I - M3) > {I - (Ml + Mg)} (l - Mj) 

> I — (Mj + Mg + Mg). 

n n 

Proceeding in this way we obtain H {i — Uj) > i — E u^. 

y =* I y cs I 

In the same way it may be proved that 

n ^ Ur) >1 + E Ur. 

y « I y I 

Again I — W,. = (l — «r*)/(l + < 1/(1 + Ur), o < < I- 

Hence H (i^Ur) <i I n (i + w,) < 1/(1 + E Ur). 

r as I ! r I f=si 

Finally i + m,. = (i - m,*)/(i - m,) < i/(i - m,), o < m, < i. 

n in n 

Hence n (i + m,) < i / H (i — m,) < i/(i — Mr). 

r tm I /ywl r«»i 

n 

provided i — 2 m, > o. 

r m, t 



264 Further Theorems on Convergence 

In discussing infinite products it is convenient to write each factor 
in the form i + Further, we may assume without loss of 
generality that \ur\ <1. For it is clear that if an infinite product 
is to converge there can only be a finite number of /factors which 
are numerically greater than two. Further, a finite number 
factors can be suppressed without affecting convergence. 

The most important cases occur when the us all ikve the same 
sign. Thus it is convenient to distinguish two forms \ n (i— «„), 
n (i + Un) where o < < i for all values of n, ' 

7 * 91 . Relations between Uun and Tl (i ±«n) 

If {««} denote a sequence of numbers such that 0 < Un< 1 
then the convergence of the series I^Un is necessary and sufficient 
for the convergence of the infinite products 11(1 + Wn), 
n a -- Un\ 

(i) The condition is sufficient. Suppose that E converges. 

00 

Then there exists a number w such that E < i. Since the 

n — m 

omission of a finite number of terms will not affect convergence we 
may suppose without loss of generality that the sum $ of the series 
Eu^ is less than unity. 

Write = (i + i*i) (i + M2) . . . (i + M„), 

= (I - «i) (I - "2) • • • (I - ««)• 

Then if s„ denote the sum of the first n terms of £ u„, 

P„ < 1/(1 — sj < 1/(1 — s), since s„ < i < i, 

C'n > I - s„ > I - S. (§ 7-9 ) 

Since = (i + m„+i) P„ > P„ it follows that P„ is a 

monotonic increasing function of n. which is bounded above by 
1/(1 — s). Hence lim. P„ exists and is positive. Thus the 

W 00 

infinite product 11 (i + u„) converges. 

Again = (i — ^n+i) Qn < Qn- Hence is a monotonic 
decreasing function of n which is bounded below by i — s. Thus 
lim. Qn exists and is positive, i,e, the infinite product 11 (i — Wn) 

M -> 00 

converges to positive value. 

Thus the convergence of E Un is sufficient to ensure the conver- 
gence of the two infinite products. 
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(ii) The condition is necessary. In order to prove this we 
assume that Su^ diverges and deduce that under this condition 
the two infinite products must diverge. 

Now P„ > I + s„. (§ 7-9.) Since 

00 as « 00, 00 as « 00, 

i.e. the infinite product diverges to 00. 

Again ^„ < i/(i + s„). (§7-9.) Hence o as « 00, 

i.e. the infinite product diverges to zero. 


Examples. — (i) Prove that 

(i) (I + i) (I + i) (I + i) • • • - 00 : (ii) (I - j) (I - *) (I _ j) . . . o. 
Since £ ijn diverges these results follow immediately from the preceding 
theorem. In these cases it is easy to see the actual form of and 

Pn = (I + 1 ) (1 + i) (» + i) . • • (1+ 

*= I • s • t ■ • • j=i(»» + 2)-*-a> as «->-oo. 

0. ■= i-i-f • = i/(« + I) -> o as 00 . 


( 2 ) Prove that infinite product V ^ J*) * * ’ 

to the value i- 

Since iJi/n* converges it follows that 11 (i — i/n*) converges to a 
positive value. 

Let Qn-i denote the product of the first (w — i) factors. Then 


Qn-l. 


(I - 1) (I + i) (I - i) (I + i) . . -(i -^) (» + 




n — 
n 


n + 1 

n 


- i 


w + I 
n 


Hence 


lim. 0,_i 

M -* 00 


i- 


7 * 92 . The Order of the Factors 

It is easy to see from first principles that if o < «„ < i the 
values of the infinite products 

p= n (I + «„). ^ == n (i - M„) 

n = I n «* I 

are independent of the order of the factors. 
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Since is monotonic increasing, there exists a number v 
depending on the arbitrary positive number c such that 

P > Pn '> P — € all n > I/. 


Let be the product of the first m factors in any rearrange- 
ment. Then there exists a number N such that n, contains all 
the factors of P„. Hence if w > iV 

P > P'^ > P„ > P €. 

Thus P'^ -> P as w 00. 

Similarly for the infinite product Q. 


7*93. Absolute Convergence 

Let {u^ denote a sequence of real numbers such that 

I Wn I = «n < I- Then the infinite product 
00 

P= n (i+tu) 

n = I 

is said to converge absolutely if the infinite product 

00 

II (i -f- a J converges. 

n = I 

00 

Now we know that H (i + a„) will converge if and only 

n = I 

if 2* i.e. E\u^ \ converges. Hence a necessary and sufiicient 
condition that n (i -f w J should converge absolutely is that 
Sun converge absolutely. 


7*94. The General Principle of Convergence 

In the case of infinite products this principle may be stated as 
follows: Let c he an arbitrary positive number. Then there exists 
a positive integer n^ such that for alt w > every positive 

integer p 


Using this principle it is easily seen that absolute convergence 
implies convergence. 

Using the notation of § 7*93 it follows that if the infinite 
product n (i + a^ converges, then there exists a number n© such 
that for all n>n^ 

O < (I + (I + «„+8) . . . (I + ««+,) - I< e, ^ = I, 2, 3, . . . 
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Now I (i + M«+.i) (I + «„+*) . . . (I + - I 1 

= j 2! UfUg *4" 2! u^UgUf -f- . . . j , 

on expanding the factors, 

< I S UfU, I + 1 EUrU,Ut I + . . . 

= r 1 M, ! «, I + i; I M J M, I «, 1 + . . . 

= S a^a, + U + . . . 

= (l + <*n+l) (l + O'n+z) + • • • (l + «n+j>) “ I 

< €. 

Thus n (i + converges. 

7-95. Rearrangement of the Factors 

If the infinite product P == IT (i + w„) converges absolutely and 
if the factors are rearranged in any way, the resulting infinite product 
is absolutely convergent and converges to the value P. 

Consider the infinite product ^ = n (i + which is obtained 
by a rearrangement of the factors of P, so that u^ = for some 
integral value of r and s. Since P converges absolutely so does 
£ But J? is a rearrangement of £ u^. Thus converges 
absolutely and hence Q is absolutely convergent. 

It is now necessary to show that P Write 

p„ = n ( 1 - 1 - «,), = n (I + vr). 

r ~ I r 

Then corresponding to any positive integral value n there exists 
an integer N such that all the factors of P„ are included in Qn. 

Hence Q^IPn = (i + (i + . . . (i + «*), 

where p, q, , . . t are all greater than n. 

Now let n-> ao, so that N c30. Then from the general 
principle of convergence applied to P it follows that 

I (I + M,) (I + w,) . . . (I + w,) - I 1 -> o, i.e. I. 

But Pn-^ P so that P — Q. 

It is easy to see by an example that a rearrangement of the order 
of the factors of an infinite product which does not converge abso-^ 
lutely may alter the value of the infinite product. Write 

p = (I - i) (I + i) (I - i) (I + i) (I - i) • • • . 

g = (I - i) (I - i) (I + i) (I - i) (I - i) . . . , 

where Q is obtained from P by taking two negative signs followed 
by one positive positive sign in the factors. 
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Then - *• 

P 1 4 8 6 6 

^ 2 n — -T-ir ' • • 


2n 


2n 


--^=i 


2 n — 1 2n 

2 n 2^^ — 1 . 2« + 2 


2n 


I ’ 2 n j* 2 w + I 


2 » + 2 

= 1 ^ 1 as « 00. 

^ 2M + I ^ 

Hence P = J. 

Again Gan — -Pan . where \ 

A„ = (i — ) (i — ) . . . (i ^ 

\ 2»+2/ \ 2W+4/ \ 4«/ 

Now from § 7-9, i - < A„ < i/{i + /4„) where 


/^n 

Now 


+ - 


2« + 2 2M + 4 

2r 4w 
n 


I I 

+ ...+-= i; i. 


4 w 


•n+i 


2 r 


2 « + 2 
Hence 


= n + I, w + 2, . . , , 2«. 


2 n 

27 


I n 
> 


2n + 2 4« 


i.e. >- >* J. 

It follows that i < QznlP^n < I- 

Writing = J, we see that i Gan < 8/5. 

Hence lim. Pan cannot be equal to P which is 

n -► 00 

Thus the rearrangement of the factors has altered the value of 
the infinite product. 


7 * 96 . Infinite Products with Positive or Negative 

Theorem. — If S is convergent then the infinite product 
n (i + «n) converges if 27 u^, converges, diverges to 00 if S 
diverges to 00, diverges to 0 if Z diverges to — co and oscillates 
if 27 oscillates. 

The w*s may have positive or negative values, but we may 
suppose without loss of generality that \u^\ <1. 

It has been proved in Chapter V., § 5-51 that 

0 < ^ — log (i + 0 < a; < I, and 

o < A? — log (i + a;) < +x), — I < a: < o. 
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Now log = log (i + Ml) + log (i + M,) + . . . + log (I + « J 
= S log (l + M,). 

y = I 

Hence the infinite product P and the infinite series H log (i + « J 
both converge, both diverge or both oscillate. 

Let A be the least value of the numbers 

I, I + I + «2. • • • I + • • • 

Then applying the above inequalities 

O < + «n+l + • • • + ^n+p 

— log {(l + ^n) (l + Wn+l) •••(! + ^n+p)} 

< i + . . . + W*n+p)/^' 

Since converges, there exists an integer such that 

n p 

for all « > ^ < 2 Ac, where c is an arbitrary positive 

r^n 

number. Thus 

n + p r n + p 'I 

o < 2:' M, — log -j n (l 4 - M,) >• < « 

r — n L r = *i J 

and the theorem is proved. 


Examples. — (i) Prove that the infinite product 

n 



absolutely convergent for all real values of x. 

The infinite product will converge absolutely if the series 



converges absolutely. 


is 


Now 


(■+-:> 




= - i + 


o(^) 


Comparison with the series Sn-* shows that the series 

converges absolutely provided x is finite. Thus the infinite product converge* 
absolutely for all finite values of x. 
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Note , — The Gamma-fimction r(jir) has been defined by Weierstrass by 
means of this infinite product. Thus if y denote Euler's constant, i.e, 

y = lim. ^ log n) 

n 00 ' ^ * 

then the Gamma-function is defined by the equation 

^ xe II i \ I + - )e n}-, 

T(x) j U ^ n/ / 

It will be observed that if -a; ~ o or a negative integer on^ factor of the 
product becomes zero, i.e. for such a value of x, V {x) is infinity. 


(2) Prove that unless x is a negative integer 
«*n ! 

n 2)T7:\xT^ 

The limit can be written as the infinite product 


\ 


is finite. 


^ Ml ^ 3 (^VX i n ( n \n 

\x 1) \x 2 \ i / j \x + $ \2/J **■ U'-fw Vw— 1/ / ’•' 

.th iMtor » i)*' 

-{■-; + 5 + {■ + ’, + “ (i)} 


The 


I 4 - 


AT (at + l) 




Thus the infinite product will be absolutely convergent provided 

27 ^ (w*)} absolutely convergent. 

Comparison with the series shows that this is the case. 

When 4 f is a negative integer the expression does not exist because one of 
the factors in the denominator vanishes. 


Note . — ^The limit considered above may be expressed in terms of the 
Gamma-function. 


Write F {x) = lim. 

« -► 00 


w®.« ! _ 

. 77 (F+ nj' 


Then 


» lim. r {(I + x)e-*} {(I + . . . 

n-^ 00 ^ 

’ -ff 4- 1 4 - . . . 4 - ^ — logn)! 
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■ -{G+fK-] 

X r lim. + i • • • + ^ log 1 

provided the limits exist. 

Now the first limit is the infinite product n (i vvhicb 

« == I ' ^ ' 

converges absolutely for all finite values of 

The second limit is where y is Euler’s constant. 

Hence i/F {x) = II fi + -V^ • 

» = I 

00 / Ar\ -* 

Since i/r {x) = xey^ „ ” j r nr ” follows ihf t 
xjF (x) = i/r w, i.e. r (x) •-= r {x)ix. 

Hence T (.) = 


(3) Discuss the convergence of the infinite product 




The infinite product may be written in the form 


00 

11 

n = I 

!!. 

IT* 


X'^ I 

which is absolutely convergent. Thus 


The series -a-, 

the infinite product converges absolutely for all finite values of x. It may be 
proved by trigonometry that the product converges to (sin x)lx. 

Again the Infinite product may be written in the form 

(* - I) (* + 0 (* - (* + (‘ - 0 (* + 

When written in this form the corresponding series is 


3"’/ 


-{—i + i— i+i — i + i- --}' 

If 

This series is not absolutely convergent for 

i + i4'J + i + i + i+ -** 
is divergent, as is seen by comparison with 2? i/n. 

Thus the infinite product when written in the second form is no longer 
absolutely convergent and its value may be altered by a rearrangement of 
the order of the factors, 
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The infinite product can, however, be made absolutely convergent again 
by introducing factors. Thus 

The general term of the product now has one of the forms 1 

(SeoEx.i.)\ 

Since Z{iln*) is absolutely convergent, the infinite produc^ is absolutely 
convergent, so the value of the function cannot now be altered by a rearrange- 
ment of the order of the factors. 

7 * 97 . A Useful Rule for Sequences 

Let {w„} denote a sequence of positive numbers such that the 
ratio Wn/^n+i can be expressed in the form 


««+i « \n^j 


Then if fi > o, ia^-¥ o steadily as w -> oo, while if /a < o, 

«fi A o. 

w 

Write — I 4- Vn- We use Weierstrass's inequalities proved 

in § 7*9 and assume that a finite number of terms of the sequence 
{Un} may be omitted if necessary. 

(i) fi > o. In this case t'n > ^ ^ 

a divergent series of positive terms. 


© 


so that Uvn is 


Now ^ == I + l/j, — I + 1^2 • • •» — ^ I 4 Vn~V 
«2 W3 


^ n~i n-j 

Hence -I = 17 (i 4 i ^ from § 7-9, since we 

y — I y = I 

may assume v,. < i. 

n — I 

Since £ 00 as w -> 00, it follows that ujun 00, and 

y — I 

hence 0. Also it is clear that for n large, > Wn+i- Thus 
Un'-^o steadily, 

(ii) fi< o. In this case Vn< 0 and Vn =0 so that 
is a divergent series of negative terms. Write — so that 
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Wn> o and is a divergent series of positive terms. Proceeding 
as before 

^ w — I n— I 

= 77 (i— Wr) < 1/(1 + I Wr)y from § 7*9. 

y = I f — I 


n — 1 

Since E -> 00 as w 00, it follows that 2^/w^ -> 0. Hence 

y = I 

00 . 

(hi) /Lt = o. In this case = 0 > i so that Ev^ is 

an absolutely convergent series whose terms may be positive or 
negative. Write w^ — \v^\ so that Ew^ is an absolutely con- 
vergent series whose terms are all positive. Thus corresponding to 
the arbitrary positive number c there exists a fixed number m 

n 

(depending on c) such that for all n > m, Ew^ < c. 

m 


Now 


I + 


= i + V, 






fn+l> 



+ ^n-l* 


Thus 


^ I n- 1 

n {i + v,)< n {i+Wr)^ 

r = m ' f—m 


Now we may assume < i so that i + < 1/(1 — w^. 


Hence 


< i/i 77 (i — w^) < 1/(1 — E w^), 


or 


u ^ 

— >1- E Wr> \ 

r~m 


Since w„, is fixed it follows that cannot tend to zero as w -> 00. 
Using the above result we can now restate the test of con- 
vergence given in § 1-5 for series whose terms are alternately 
positive and negative. 

If ujun^i expressed in the form 







P>x 


00 

then the series E (— is converged if fi > 0 and oscillatory 


»=i 

if <0, 


T. A., 11. 


1 $ 
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Example . — Discuss the convergence of the series 

_ , 3-4^ 4-5] , 

X *^^(^- 1 - 1 ) X (X (x + 2)^ X (X ^ l) {x 2) (x ^ Z) - • • 


The series is i -|- E ( — i ) " where 

w = I 


(« + I» 

[ (n 4- 2) ! 

* (* + l) . . 

. (x + n 




(n + i) (;r -f- n) ^ / 
(w -f 2) (n + 3) V 

: I + L±5 jz. 1 :z .3 


■+j)(-+3('+r 


. +^«-+ 



Hence the series is absolutely convergent if ;r — 4 > i, i.e. ^ > 5. (Rule 
of Gauss § 7*44), convergent but not absolutely if 5 > ;i; > 4 and oscillatory 
for ^ < 4. 


EXERCISES VII 

1. Prove that if «« > o and converges, then Eujn also 

converges. 

2. If {m^} is a monotonic decreasing function which tends ,to zero and 

Eu^ converges, prove that En{u^ — also converges. 

3. Prove that if is a positive monotonic decreasing function of n the 
condition n«„ o as « -*- cx> is necessary for the convergence of E u^. 

4. Prove that if «„ > o, > o and E and E are convergent, 
so also is Eu^v^, 

5. Discuss the convergence of the series whose nth terms are 

(i) (2 + n)/(2 + n»), (ii) (iii) (log»)-». (iv) 


6. Test the convergence of the series E a^, where is given by the 
following expressions : 

(i) (i + n*)->, (ii) (l + «)/(! + n«), (iii) i/{n (logn)»). 

IM.T.] 

7. Discuss the convergence of the series whose nth terms are 


(i) 


Vn ^{n 


Jr+T)' V (« -+ 1)- 


[M.T.] 

8. Determine whether the following series is convergent or divergent: 

2 4. _ 4„ , 6 _8 

I + I* I + 2* I -h 3» j -1- V 

[Madras t R.5f.] 

9. Discuss the convergence of the series 


[Madras^ B.SoJi 
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00 

10. Test for convergence the series 2 

n = I 

niiniber. [Madras, B.A.] 

11. Prove that the series i + ii -f iijJL? r jg 

14 ^14.16^ 14.16.18^ 

vergent. 




12. In two series of positive terms, if the ratio of corresponding terms 
tends to a limit other than zero, show that the series will both be con- 
vergent, or both be divergent. Discuss the convergency of 


+ g) (I + b) (2 + g) (2 -f- b ) 
1.2.3 2-3*4 


4. 4. 

w (w -f- 1) (w 2) 


13. Discuss the convergence of the series 


ad inf. 

[Madras, B,Sc,'\ 


4_ 4. (g + i) ( 2 a + i) (g 4 - 1) ( 2a + I) ( 3 a 4- i ) 

fe 4 - I (t 4 - I) {26 + I) (fe + I) (26 + I) (3h -f I) * 
where a and b are positive. 


14. Discuss the convergence of the series whose wth term is 

(a(a -f i) (a + 2) . . . (a -f w))/m ! 

where a is real and (i) m ^ n, (ii) m is the greatest integer whose square is 
less than n. 

15. Prove that the series whose »th term is 

g (q + i) . . ■ (g ^ — i) 4 " i) • . » (13 4 - w 1 ) 

y (y 4- i) . . . (y 4 - « — i).S (8 4 - i) . . (5 4- w — i) 
converges if y48“-g-’i5>i. 

16. Discuss the convergence of the series whose «th term is 

(~ i)" (logn)*'/^. 

17. Show that, if «o. Wi, . • . » g». • . • form a diminishing sequence of 
positive numbers, and u„ tends to zero as n tends to infinity, the series 

00 

2 (— i)^Mn is convergent. 

M ss: O 

State carefully, giving a proof, the corresponding result when tends 
to a positive limit w. 

^ 11 

Discuss the series 2 (—1)” {(»* + 2)* — (n* + i)*}. 

n « o [Lond. B.Sc.] 

18. Show that for a certain range of real values of x the two series 



(I 4 - i (I - + 4 (I ~ . 

represent the same function, and determine that range. 


[Lond. B.Sc.] 
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19. Prove that if o < < §, the series 

I 4* (2Ar cos d — x^) ( 2 x cos $ — x^)^ + COS 0 — 4- . . . 

can be arranged in powers of x, without altering its value. 

20. If ^ == 2«, where q is an integer, prove that I 


> lo g (q 4- I) 

r log r 2 log 2 


[Camh. Sch.] 


21. Prove that 


n=. + 


22. If ^ (n) = S i/(2r — i) prove that 

r — 1 

^ (w) J log M 4- log 2 ^ y, 

where y denotes Euler's constant. 

23. By comparison with the corresponding integral prove that the series 

CO 

S i/w (« 4- i) converges and that its sum lies between log 2 and J -j- log 2. 

« ~ I 

Verify this result by finding the precise sum of the series. 

24. Prove that if 2 is a convergent series, then SunX^j(i x^^) 
converges uniformly in o < i. 

25. Show that tends to zero uniformly for all positive values of x, 

as w 00. 

26. Prove that if « is a positive integer 

I — x^^ > 2 nx'* (i — x), o < ;r < 1, 

Deduce that converges uniformly for o ;r < i. 

27. Prove that 

lim. (i + 4) (1 - i) (I + J) (1 - 4) . . . (i ± - I. 

n-* ao \ nJ 

28. Prove that if \x \ < 1, 

(I + ;r) (i 4- (I 4- (I 4* ^) . . . i/(i - x), 

29. Prove that if | at j < i, the infinite product II |i — ) 

is absolutely convergent. 

sin ;ir x x x . 

30. Show that = cos-. cos -g .cos ^ ... to 00. 

j X 2 2^ 2^ 


31. Prove that n 4* ” converges absolutely for any value of 

X, provided c is not a negative integer. 
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32. If / [x] is a function of x which is positive and continuous for all x > i 


C30 


/; 


f{x)dx 


and decreases steadily as x increases, show that 21 f{x) and 

X — 1 

both converge or both diverge. If they both converge, show that 

rco 

/W *^/{^) + I f (x) dx. Use this theorem to show that 


j w (i + 


converges, and show that 


2: 

n — 


n (1 M*) 


< I + log 2. 


[Land, B. Sc.] 



CHAPTER VIII 

COMPLEX NUMBERS 

A COMPLEX number has been defined to be an e^^ression of the 
form X -{-iy where x and y are real and i = T. Thus 
a complex niunber is the sum or difference ^ a real and 
purely imaginary number. It has been shown in Vol’. L, Chapter 
IL, § 2‘9 that the necessary and sufficient condition that two 
complex numbers be equal is that the real and purely imaginary 
parts are separately equal. The process of equating correspond- 
ing parts is called equating real and, imaginary parts. 


81. Fundamental Laws 

We now consider the elementary operations of algebra as 
applied to complex numbers. 

Let Zi = Xi+ *>1, Z2 = Xi + iyt, where x^, x*. y^, y* are real, 
be two complex numbers. Then the fundamental laws are as follows: 

2 i + ^2 = % + *2 + * (>'i + yt)> (addition). 

Zi — Z2 = Xy — Xi + i (yi — yf), (subtraction), 
h h = XiX2— -f- i (xiyt -f *2>'i)> (multiplication). 


^2 


^1^2 +y o'2 
V + V 




These laws are consistent with the ordinary laws of algebraic 
manipulation. Thus in the case of multiplication: 

= (% + U'l) (*2 + iyt) =Xi(x2 + iyt) + iyi (x, + *>,) 

= XjXj + ix^y^ -I- tXjyi -f- i*yiyr = x^x^ - y^y^ -f i (x^y^ + x^y,). 
Again, in the case of division: 

h = ^ + = (% + *>i) (»t - <>2) 

h *i + *>* (*2 + *>*) (** - *>2) 


V - *■ V 


ie ^ *1*2 +^1^2 , i(*tyi-~*iy^ 

’ ' •^2 V+>'2* V+>'2* 

It will be seen that we operate with complex numbers in precisely 
the same way as we do with real numbers. The quantity i is treated 
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as if it were an ordinary number and every time its square occurs we 
replace it by the real number — i. 

Thus, e,g. if we require the cube of the complex number {x + iy) 
we obtain in the usual way 

{x + ty)® = X® + + f®y® 

== X® + — 3^y® — iy^ 

— a;® — 3xy* 4 - i *“ y®)- 

The new number so obtained is another complex number. 

8 ' 10 . Alternative Approach to Complex Numbers. 

In this section we shall use small letters, a, b, c, . . . , to denote 
real numbers. Such numbers possess the following properties. 

1. There exist unique real numbers p, q such that 

(i) a + b^p. 

(ii) ab = q. 

2. The associative law holds for both addition and multi- 
plication, i,e. 

(i) (a + 6) + ^ + c), 

(ii) (ab) c = a (be), 

3. The commutative law holds for both addition and multi- 
plication, i,e. 

(i) a b b a. 

(ii) ab =^ba, 

4. The distributive law holds, i.e, 

a (6 -f c) = aft -f ac, 

5. There exist (i) an identity number e = i, such that 

ae ea ^ a, 

(ii) A null number, i,e. o which has the property that 
a,o = o.a = o. 

It is pertinent to ask whether, in fact, there are numbers other 
than real numbers which have the same properties. Consider 
numbers defined by pairs of real numbers, these new numbers 
being denoted by capital letters B, C, .... Thus write 
A := (a, 6), B = (c, d), C — (e,f) where a, ft, c, d, e, f are real 
numbers. In order to include real numbers in our system the 
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number pair (a, o) is defined to mean the real number a. We 
next define the operations of addition and multiplication. Thus 

(i) b) H" (c, d) = {a -jr c, b d) = 

(ii) AB ~ (a, b) (c, d) = [ac — bd, ad + be) =■ 

Then clearly the numbers P, Q belong to our nW system of 
numbers since they are defined in each case, by a\pair of real 
numbers. 

We now show that from these definitions, using the laws for 
real numbers, that (i) the associative, (2) the commutative, and 
(3) the distributive laws hold for the new system. 

(1) (i) {A B) + C ==(a + c,b + d) + [ej] 

{a + c b + d +/) 

b 4- [d +/)] 

.^A + {B + C). 

(ii) {AB) C = (ac — bd, ad be) (e,f) 

— (ace — bde ~ adf — bef, 

aef — bdf -f ade + bee), 

A (BC) = (a, b) (ce - df, cf + de) 

= (ace adf — - bef — bde, 

acf + (ide + bee — bdf ) 
= (ace — bde — adf — bef, 

acf — bdf + ade + bee) 

= (AB) C, 

(2) (i) A + B ^ (a, b) + (c, d) ^ (a A- c,b d) 

~ (c a, d -\~ ^) == P “f" 

(ii) AB " (a, b\Xc, d) — (ac — bd, ad + be) 

— (ca — db, da + cb) ~ BA. 

(3) A(B + C) ===(a,b)(c + e,d+f) 

= (ac + ae — bd — bf, ad + ^f + 

be + be) 

^ [(ac — bd) + (ae — bf), 

(ad -f* be) -f" (^f “h ^^)] 
= — bd, ad + be) + (ae — bf, 

af 4“ be) 


AB + AC. 
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Now consider the identity element £. It must possess the 
property that EA =AE 

Write E — (g, h). Then 

EA (g, h) (a, b) = (ga — hb, gb + ah). 

Since EA ~ A ~ {a, b) we have ga — hb — a, gb + ah b. 
Solving these two equations for g and h we find that g == i, A = o 
provided a and b are not both zero. Thus £ = (i, 0). Since the 
real number a has been defined to be («, 0) we see that £ = i. 

li a — 0, b — o, A becomes the null element 0 = (0, 0). This 
satisfies the condition A .0 O.A = 0 . For 

(a, b) (o, o) — (a.o — b.o, a.o + 6.0) — (o, o). 

Consider the number E^ = (o, i). We now prove that it is not 
a real number. Using the notation for indices 

E,.K^ = £1* = (0. i) («. i) - (- I. o) = - I. 

Thus £j cannot be real for the square of a real number must be 
positive. 

We now t^ike £1^! == AEj^, where A == (a, 0) = a, a real number. 
aE^ = (a, o) (o, i) = (o, a), which is not a real number. 

E^'^a £1 {a £1) == (o, i) (o, a) = (— a, 0) = — a. 

E^ — £i {E^^a) — (o, i) (~ fl, o) = (o, — a), which is not a real 
number. 

£1% = £1 {E^a) = (o, i) (o, — a) = (a, 0) = a. 

Thus the combined multiplication of a real number by £1 
changes real into complex, then into real with changed sign, then 
into complex, the fourth application producing the original real 
number. This suggests that it will be advantageous to have a 
special symbol to denote E^ = (o, i). The letter i or j is that 
usually used. Thus 

£i2 = £i.£i ==i.i - - I, £i»=:£i.£i2=:i (--I) = 

£1^ = £i (£1^) - i (~ i) = ~ 1*2 = + I. 

The introduction of the identity element £ enables division to 
be carried out. Thus provided A is not (0, 0) the reciprocal of 
A is i 4 ""^ where AA-^ = £. 
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Write A {a, b), = (c, d) where a, b are not both zero. 

Then (a, b) (c, d) = (i, o), i.e. (ac — bd, ad + 6c) = (i, o). 

Hence ac — bd = i, ad + be = o. 

Solving these equations for c. d we find 

c - al(a^ + 62), d==~ bl(a^ + 6*). 

Thus A~^ is [a/(a^ + 6^), — bl(a^ + 6*)]. 

Then if 

B - (../(. f- - BA-< - 

__ /ac + 6/ *— 6c + a/\ 

~ + 62’ a2 + b^ J 

We can readily change our “number pair” notation into that 
used in the previous section. 

Write Z = (x, y) = {x, o) + (o, y), in accordance with the rule 
for addition. 

Now (x, o) is the real number x. Also (o, y) = E^y = iy 

Thus Z X + iy. 

Since any complex number Z can be defined by a pair of real 
numbers {x,y} we can represent it geometrically as a point in a 
plane in the usual way. This gives the Argand diagram which will 
be considered in a subsequent section. In dealing with geometrical 
representation it is sometimes advantageous to use a vector notation 
and this is a convenient point to give a warning about confusing 
complex numbers with vectors. Whereas some of the fundamentd 
laws referred to above are satisfied by vectors as well as by complex 
numbers, thus giving some points of resemblance, vectors do not 
satisfy the commutative law of multiplication. Thus if A and B 
are complex numbers then AB ^ BA, but if A and B are vectors 
the vector product AB is not the same as the vector product BA. 

8*11. Conjugate Numbers 

Let z = (x, y) be a complex number. Then 2 =^(x,—y)\s defined 
to be the conjugate of z. Observe that y «♦* o, for in this case z 
reduces to the real number {x, o) Represented geometrically 
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with axes x and y, a complex number and its conjugate are mirror 
images with respect to the x-axis. 

We now prove the following results. 

(i) The sum and product of two conjugate numbers are real, 

(ii) Conversely, if the sum and product of two complex numbers 
are both real, then the two numbers are conjugate, 

(iii) If two complex numbers are equal, these conjugates are equal, 

(i) Let z ^ (x,y), z = {x, — y). Then 

z + 2 = (x, y) + (x, — = (2x, o) = 2x, which is real. 

22 = (x, y) (x, —y)=: {x^ + y , —xy + xy) = (x* + jy*, o)^ 

= X* + y*. 

Hence the product is real and positive, 

(ii) Let Zj = H ^wo complex numbers, 

where y^, y^, 4= o. Then 

+ H = (*i. jvi) + (h, = (^ + *2. yi + y^- 

z,z, = (x„y,) = (Xix, -yiyi,x,yf]-y,x,). 

Since + z^ and z^z^ are both real, 

yi+ — ^1^2 + yiH = o* Substituting == — 3'i in the 
second equation yi (— Xi + Xg) = o. Since y^ #: o, Xj = Xg. Thus 
the two numbers have the form = (xj, y^), Zg = (x^, — y^) and 
are conjugates. 

(iii) This result follows immediately from definition. For if 

= (*i. yi). h = (*2. y^ then x, = x„ y, = y,. Hence 

h == (xi - yi) = 2 * = (xg, - y,). 

The properties of conjugate numbers can be applied to division 
as follows: — 

ii = (% -^2) ^ {x,x, + y,y„ - x^y, + y,x,) 

«2 (x„ y,) ■ (x„ y,) (*g, - y,) V + ^2* 

Since Xg* + yg* is real the ratio of two complex numbers has 
thus been expressed as the product of a real number and a complex 
number. 

The results given above may be expressed immediately in the 
X + iy notation. Thus if z = x + ly, f = x — ly, z + f = 2x, 
= X* 4* y*- 
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If Zi=Xi + iy, + iy, 

^ == (% + iyi) (^2 - iyj) 

h H + iyi {Xi + *>2) (% - *>2) j 

*\(- Xiy^ + yiXj) 

Xi^ -fW 

wherein the product has been replaced by — i. \ 

Example. — Express 2/(4 + 3^) i'n the form u - j - iv . \ 

Multiplying numerator and denominator by 4 — ^i, ' 

2 _ 2 (4 ~ 3^) __ 8 — 6 i 8 6 

4 + 3^ ~ 4 ^~~ 3^ 16^9 “ 25 25 ' 

8 * 12 . Alternative Form for a Complex Number 

Consider the complex number z ~x iy and let r, 0 be two 
real quantities defined by 

X ~r cos B, y sin B. > 

Then z —r (cos B t sin B). 

Squaring and adding the corresponding sides of the equations 
for X and y, 

y^ = (cos^ B + sin^ B) = i.e. r = dz \/(^^ + 

Again by division, tan B ^ ylx\ .*. B = yfx. 

In order to make r unique it is taken to be the positive square 
root of x^ + y^. 

It is now necessary to choose B so that cos B — xjr, sin B = yjr. 
If we restrict B so that — tt < ^ < tt, there is one and only one 
angle defined by these equations. This angle is called the principal 
value. Since cos (B + 2n7r) = cos B, sin + 2n7r) = sin B, where 
n is a positive or negative integer it is clear that there are an infinite 
number of angles satisfying the equations 

cos ^ = a; \/(x^ + y^)f sin ^ = y ^/{x^ + y^). 

The principal value is the simplest value and the other values only 
differ from it by multiples of 27 r. 

The real number r is defined to be the modulus ; and the number 
B the amplitude (or argument or phase) of z. Thus 

y = I ^ I == y(^2 -f y2) 0 ^ amp, z (or arg. z). 

In general, when speaking about the amplitude of a complex 
number, the principal value will be intended unless otherwise 
stated. 


Thus, e.g. 1 12 + 5f I = + 5®) = i3- 
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If B denote the principal value of the amplitude 
cos e = 12/13, sin e == 5/13. 

If a denote the acute angle sin-^ 5/13, then amp. (12 + 5*) = a. 

If we do not restrict the angle to be the principal value then 
amp. (12 + 51) = a + zniT. 

8 * 13 , Properties of the Modulus of a Complex Number 

(i) Let 2 be a complex number, z its conjugate. Then 

zz ^ (x + iy) (x — iy) ~ + y'^ ~ \ z\^ = \ 'z \^, 

Hence a complex number and its conjugate have the same modulus, 
the value of the modulus being the square root of their product. 

(ii) If z = o then | 2: | — o and conversely. This follows 
immediately from the fact that x iy — 0 implies x ~ o, y = 0. 

(iii) If z^ and z^ are two complex numbers, then 

I Z^Z9 I — I X I 1 

^2 i I ^2 1 

Write — r^ (cos 6 ^ + i sin Bf), z^, = r^ (cos 0 ^ + i sin B^. 

Then z^z^ — V2 {(cos B^ cos 0 ^ — sin B^ sin ^2) 

+ i (cos sin B^ + cos 62 sin B^)} 

= ^1^2 {cos (^1 + ^2) + ^ sin (^1 + ^2)}- 

I 1 == »'i. 1^2 I = >'2. I I = h>'i- 

Hence | | =-“ | % | X 1 2'3 |. 

Now consider the quotient z^jz^. 

Zi r, cos d, + i sin _ r, (cos i sin ^i) (cos g , — i sin g,) 
z, ~ rj'cos ^2 + i sin ^3 “ rj’ (cos + i sin d^) (cos 6, — i sin 6^ 

_ r, (cos e, cos gg + sin B , sin gg) + i (s in 0, cos 6, — sin 6, cos 0,) 
~ rg cos* ^g + sin* 6 , 

= I cos (^1 - ^g) + * sin ( 9 , — ^g) j- . 

Hence =^^ = ' 3 - 
!*'2 

These results can obviously be extended to the product or 
quotifilt Qf any number of Qomplex numbers. 
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(iv) If z and z are conjugates, then z + z< 2 \z\, there being 
strict inequality, unless z is real and positive. 

If z = X + iy, then z + 2 = 2* < 2\/ (2* + jy*). 

Since 1 2 1 = \/{x* + y*), I ^ I < 212 ] and the inequality is 
strict unless x> 0 and y = o, i.e. 2 is real and positive. 

(v) If Zi and 2g are two complex numbers, then ' 

Ui + z* I* = (2i + Za) (h + Za). 

If Zi = Xi + 2g = 2:4 + fyg. then \ 

I Zi + 2g 1* = (Zi + ^Ca)* + (yi + ya)*- 
Also (2i + Zj) (Zi + 2j) 

= {(2;i + 2:g) + i (yi + ya)} {(% + ^^a) - * (yi + ya)} 

= (Xi + «a)* + (yi + ya)*. 
which proves the result. 

(vi) If and Z2 are any two numbers then 

[a) I + «a I < i Zi I + i ^a I. (*) I Zi - ^a | > | «! | - | «» |. 


(a) From (v), | Zj + z* |* = (Zg + Zg) (z^ + Zg) 

= ZiZj + Zgfg + Zjlg + Za% 

= I 1 * + I ^2 1 * + where w = Z1Z2 

From (iv) w + w ^ 2 w 

Now \w\= ZjZg i = I ZjZg (zg / Za) I = 1 ZjZg I = I Zg I I Zg 
Hence | Zg + z* |® < | Zg ]* + I Zg 1 * + 2 | Zg i | Zg 1 . 

From (iv) the inequality is strict unless w = Zjfg is real and 


positive. Now V2==f“y(V2) ZgZg is real and positive. 


V2/ 

Hence there is equality only if zjz2 is real and positive 


(6) This follows from (a) by a simple transformation. 

Write Zi = Zi — ZjsT” ^2 = -^2- 

Then (a) gives | | < | Zj — ZJ + | Zg |, or 

I Zi — Zg 1 > I Zj I — I Zg I, which is the required result. 


8 * 14 v Properties of the Amplitude 

(i) The amplitude of the product of two complex numbers is equal 
to the sum of their amplitudes or differs from the sum by 2ir. 

From § 8*13 (iii), V2 = V2 {cos (61 + ^2) + i sin + ^g)}. 
Hence if amp. Zj = ffi, amp. Zg = ^g, 

amp. (zjZg) = 01 + 02 dr + ^2 ± 
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It is assumed in writing down this equation that the principal 
values are considered in each case. The fact that need 

not give the principal value of the argument for Z1Z2 is easily seen. 
Thus if 6^ and 62 are both greater than then 6^ + 62 is greater 
than TT, so that it will be necessary to subtract 2it in order to obtain 
an angle between — tt and tt for the new amplitude. 

In particular, if 

Z2=^ — 1 + i V3, amp. z<^ = amp. Z2 == l^r. 

But Z^Z2 == — 2 — Vs, amp. {z^Z^ = — == |7r + fw - 27r. 


(ii) The amplitude of the quotient of two complex numbers is equal 
to the difference of their amplitudes or differs from this by zn. 

From § 8-13 (iii), ^ ^ I cos (tf, - «,) + t sin (0, - L 

^2 ^2 • 1 


Hence amp. {z^jz^ = — ^2 or — ^2 ± 


Thus if XTi == — I + / V3, 2:2 = — it 
3^2 

Amp. z^ = §7r, amp. 2:2 = — 
amp. (%/^2) = ~ 

Also — l-TT = Jtt — (— Jir) — 27r. 

8*2. The Argand Plane 

Let z ^ {Xt y) X + iy be a com- 
plex number defined by the number 
pair (x, y). Then we can represent z by 
a point on a plane where the axes of X 
and y are taken arbitrarily. The plane 
is called the Argand plane and is 
analogous to the Cartesian plane. 
Take arbitrary axes OX, OY (Fig. 27). 
Then if P is the point with cartesian 
coordinates x, y then we can say P 
corresponds to z and write 

OP (A?,y). 

We can also regard P d&z, point whose 
polar coordinates are (r, B), 




F(ar.-y> 


Fig. 27. 
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Then | OP | == | ;2: | = OP = r = \/{x^ + y). 


If OP has direction 6 measured positively as kn anticlockwise 
rotation from the positive sense of the X-axis, then 
amp. z — 6 = tan“i (y/x). \ 

When z is real, y — o and the point z will lie pn the X-axis. 
Thus the line X'OX is usually called the real axis, \ 

Again, if z is purely imaginary, i.e. x ~ o, the point z will lie 
on the Y-axis, so that this line is usually called the imaginary axis. 
It should be observed that d need not be the principal value of 


amp. z. For in the usual convention for polar coordinates S is to 
be the angle o < ^ < 27 r which satisfies 



Fig. 28. 


X ^ r cos y — r sin 6^, 

where r > o. 

In the convention for prin- 
cipal values of the amplitude, 
6 is to lie between — tt and tt. 

In the figure, since 9 is an 
acute angle, 6 is the principal 
value of amp. z. Iff denote the 
conjugate of z, then z ~x — iy. 
Thus the point P corresponding 
to z is the mirror image of P in 
the X-axis. 

It will be observed that if 
9 is the principal value of amp. z, 
then the principal value of amp, f 
is - 9. 


8 ’ 2 L Sum and Difference of two Complex Numbers 

Let P, Q (Fig. 28) be points on the Argand plane corresponding 
to z^ = (%, ^1) = % + iyi and z^ = (x^, yg) == ^2 + ^V2 respectively. 
Then if z^ = (^^3,^3) is the sum of (xz, y^) then in accordance 

with the definition of addition, 

^3 = (^ 1 - yi) + (^*. j'a) = (% + ^3. yi + yz)- 
Hence ^3=^1 + ya=yi+ yz- 

Let M, N be the feet of the perpendiculars from P and Q to the 
X-axis. The OM =x,. ON =X2. Now complete the parallelogram 
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whose adjacent sides are OP, OQ obtaining OPRQ and let K 
be the foot of the perpendicular from R to the real axis. 

The coordinates of R are OK and KR and it is easily seen from 
the figure that OK KR ~yi+ yg* Hence R is the 

point {x^, on the Argand plane corresponding to Zy^ + z^. Thus 
we can write >2:3 — Zy -f z^ as 


It follows that as far as addition is concerned complex numbers 
behave in a manner similar to vectors. Thus the sum of two 
complex numbers is found in exactly the same way ^s we find the 
resultant of two vectors, i.e, by completing the parallelogram, 


whose adjacent sides 
represent the two vec- 
tors. The resultant is 
then represented by 
the diagonal of the 
parallelogram drawn 
from the point of inter- 
section of the two given 
vectors. Thus in Fig. 
28, OR is the diagonal 
of the parallelogram, 
whose adjacent sides 
are OP and OQ- 

Next consider the 
difference of the two 
complex numbers Zy, 



Then if OQ == z^ then — 2:3 = OQ' where \OQ\=^\ OQ' |, i.e. OQ' 
is obtained by producing QO to Q' making QO = OQ', Then 

Zy — z^^ Zy + {— = OP + OQ' = OR' where OR' is the 

diagonal of the parallelogram whose adjacent sides and OP are 
OQ', 

It will be observed that it is not necessary to draw the second 
parallelogram OPR'Q', For it is clear that the second diagonal 
^P of OPRQ is equal and parallel to OR', 

The Argand diagram provides geometrical illustrations of two 
earlier results on modulus, viz. 1 + ^2 1 < I + I ^2 l» 

-^1 — ^2 I > I I theorem asserts that any two 


T. A., II 


19 
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sides of a triangle are greater than or equal to the third, while the 
second asserts that any side of a triangle is greater than or equal 
to the difference between the other two sides. Cases of equality 
only arise when the triangle degenerates into a strfiight line, other- 
wise there is strict inequality. 

8 * 22 . Product and Quotient of two Complex NumlJ^rs 

Let OP == 2:1 = r cos 6 ^ + ir sin B, OQ^z^=^ co^ $2 + ir^ sin 6 ^ 
be two complex numbers represented in the Argand plane (Fig. 29). 
Since ~ cos B + i sin B we can write Zy^ = Z2 = 

Thus 10^1 =r^, \OQ\ = ^XOP^e^, Z,X 0 Q^e^. 

Let OR = z^Z2 — Z2Z1 = rie*^i,r2e*^i = 


Then I OR | = ^2, amp. (OR) = + ^2- This involves merely the 


Y 



0 X 


Fig. 30. 

Next let 6 r'=^=^’^ 

Z2 


multiplication of two real 
numbers rg and rotation in 
the Argand plane of an angle 
( + ^2) counter-clockwise from 
the positive -Y-axis. Observe 
that although By^ and B2 are the 

principal values of amp. (OP) 
— ► 

and amp. (OQ) respectively, 
By + B2 need not be the prin- 
cipal value of amp. (OR), 

Then |oi'|=- 


and amp. (OR') By — B2. This involves division of one real 
number by another and a rotation in the Argand plane of By anti- 
clockwise, and B2 clockwise, each angle being measured from the 
positive X-axis. 

Since we can represent geometrically the sum, difference, 
product and quotient of two complex numbers it is clear that by a 
series of geometrical processes we can represent any operation on a 
complex number, which consists of a combination of the four 
fundamental operations. 
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8 ' 23 , Geometrical Representation of (z — Zi)/{z — ^2). 

Let OA = Zi, OB = Z2f OP = z (Fig. 30). Then 
z — = OP — OA =^ 0 Q 

where OQ is equal to and parallel to AP and in the same directed 
sense. Thus amp. (z — Zj) = w^here ^ is the angle between 

— > — > —> 

OX and AP. Again z — z^ OP — OB OR where OR is equal 
to and parallel to BP and in the same sense. Hence 
amp. (z ~ Z2) — 6 , 

where 6 is the angle between BP and OX. Then 

amp. — ~ == amp. (z — Zj) — amp. (z ~~ z^) = B — 
z — z^ 

= Z. APB = say. 

If we regard z^ and z^ as fixed, t/j as a fixed angle, and z variable, 
then the locus traced out by P is an arc of a circle passing through 
A and B. 



Next, let P' be any point on the arc of the circle APB on the 
side of opposite to P and let P' be the point z' (Fig. 31). Then 
if amp. [z' — z^ = A, amp. (2' — z^ = /x, 

2^* 2^ 

amp. ^ =r. A — ft = — (tt — ijj), since Z. AP*B = tt ~~ 0, 

z — Z2 

It should be noted that A, ft are both negative angles and A 
is numerically greater than fi. Thus the second arc of the circle 

z ~~~ z 

is obtained by replacing p in amp. = ^ by — tt + 

z — Z2 

Finally if we regard ^ as a variable parameter the equations 

z — z. , z -- z^ , , 

amp. = p, amp. . tt + ^ 

Z Z^ Z — Z9 

define a S3^tem of circles passing through A, B. 
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8’24, Concyclic Points 

The following is an important theorem on the representation 
of four points in a plane. The necessary and sufficient condition 
that the points corresponding to the four numbers he con- 

cyclic is that {(-^1 — z^ [Z2 — z^)l(z^ — z^) (z^ — z^)} real. 

If {(-^i — h) (^2 “ h)l{h ~ ^4) *“ -2:3)} be real the amplitude 

must be o, or tt. Hence amp. — z^l[z^ — z^} rnust differ from 
amp. {(2:2 — z^)l{z2 — ^3)} by tt or else the two amplitudes are equal. 
It follows from § 8*23 that the four points are concyclic. 
Conversely, if the points are concyclic, then 
amp. {(2, - Zs)l(zi - 24)} 

must be equal to amp. {(^2 ” ~ ^3)} or differ from it by tt. 



Thus 


amp. 
i.e. (2i 


(2i - 23) (2, - 24) 


1 - ■^4) (28 


% 

h ) (22 


2 .) 


o or ±n. 


24)/(% - 24) (2g - 23) is real 


Examples. — (i) If Zi, z^, Zg, Zg are represented by the vertices of a parallelo- 
gram, taken in order, writing ~ z — a, Zg ~ z — b, Zg ^ z + a, = z b, 
show that 

hi - I* + I 2« - 2» I ’ + I 2. - *4 I * + I 24 - *1 I’ = 4 { I a I* + I 6 !*)• 

What is the geometrical theorem corresponding to this result} [Lond. B.A.] 


Let A BCD be the parallelogram, with OA = Zj, OB Zg, OC — 

OD =s Z4, and let E be the point of interesection of the diagonals and OE — %. 
(Fig. 32.) 

— ► — ► 

Write a = OL, b = OM where \ a \ = \OL \ = i diagonal AC, 
I 5 I =2 I OM I =22 J diagonal BD, OL is parallel to AE and OM to BE ii;i the 
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sense indicated by the arrows. By consideration of the triangle AEB it is 
seen that \ a — h \ ~ AB, and from the triangle BEC, | a -f 6 | =: BC. 

Then — OA = OE — OL ~ z — a. 

Zo - OB ^OE - OM ^ z - b. 


23 — OC — OE -j- OL — 2 -f- a, 

= OD r_ OE + OM rrr Z -{‘h. 

Zj^ — z» ~ z — a — z + h h — a, \zi~Zz\=^\a-~b \ ~ A B. 

Similarly. \ z-i - z.j, \ -^ \ a A- h \ ^ BC, \ ~ z^ \ -^ \ a b \ AB, 

\z, - z^\^ \ a BC, 

Hence | Zi — Ja |* + | - z, j* + | Zj - 2. 1 * + | 

-2|a+6 1<' + 2|a-ip=- 2«C« + 2AB^. 
-> -> 

Write a -- OL — r (cos ^ -f i sin d), h ^ OM -- p (cos -f f sin ^), 
where r — \a\, p — | 6 |. 

I a 4- ft I* - \r cos 6 + p cos + i (r sin $ -\~ p sin <^) 

=- r‘-* cos* $ H- p* cos* ^ + zrp cos B cos -f r* sin* ^ -f p* sin* ^ 

4 - iJrp sin 6 sin 6. 

= f* 4- p* 4“ 'i^'p cos (0 — ^). 

Similarly | a — t |* = y* 4 - p’® — 2rp cos (^ — <l>). 

Hence, 2 | a 4- ^ 1* + 2 [ — h | * 4^* 4- 4P^ “ 4 I « I* + 4 1 I*, which 

proves the result. 

Since 2 | a | and 2\b\ are the lengths of the diagonals of the given 
parallelogram the geometrical theorem corresponding to the result is that the 
sum of the squares on the four sides is equal to the sum of the squares on the 
diagonals. 


‘*'(2) If the point P on the A ygand diagram represents the complex quality z, 
show how to construct geometrically the point Q corresponding to 2*. If P lies 
on the circle, centre (1,0) passing through the origin, show that J 2* — 2 | = | z |. 
Show also that amp. (z — i) — amp. 2* ~ f amp. (2* — 2). [Lond. J 5 .Sc.] 


If Q represents 2*, then OQ — OP^ and OQ makes an angle 26 with OX, 
where 0 is the angle which OP makes with OX. Since the centre of the circle 
is (i, o) and the radius is unity, any point on it may be represented in the form 
2 _ I = cos ^ 4 “ * sin 0, — tt < ^ < tt. 

Now |z*--2| = |z| X |z-~i|^|z|, 
since | * — r | = ^(008* 0 4 - sin* 0) — 1. 


Since z — i 
amp. 2 = tan 


^ cos 0 4- i sin 0, amp. (2 — i) ~ 

sin 0 2 sin ^6 cos 

— tan r~r "i a 


I 4 ~ cos 6 
tan~i (tan — i0. 

H 5 nce amp. z* 


2 cos* i0 


0. 


Again amp, (2* ~ z) = amp. 2 4- amp. (z — i) = 4 - $. 

Hence J amp. (2* — 2) = 
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As) a. P. z are three complex numbers which are represented in the Argand 
diagram by A, B and P respectively. Prove that if k is a constant, A and B 

fixed points and I n I = Ihen z must lie on a fixed circle whose centre 


fixed points and 

lies on A B. 

Now \z — a\ 


Now \ z^a\~AP,\z- ^1 = BP. Thus the given relktion asserts that 
= k. Let PT be the ^angent to the 

circle A BP, meeting AB in \T. [Fig. 33 (a)]. 
yf \ Then it is easily seen thalf the triangles 

/I ] .^4 P r, PBT are equiangular. Hence 

/ \ AP AT PT \. 

X ^ 

^ It follows that ™ = A*. Thus 

Fig. 33(a). T is a fixed point. Again PT* = AT.BT 

and since T is a fixed point it follows that PT 
is oi fixed length. Hence P lies on a circle whose centre is T. 

■f (4) Prove that if the ratxo (z — i)t(z — 1) is purely imaginary the point z 
lies on the circle whose centre is at the point J (i + t) and whose rddius is i/\/2. 

[Lond. B.Sc.] 

If z X + iy then 

z — i ^ X -h i{y -- 1) _ {x i {y — 1)} {x — 1 i y} 

z — i ^ X — I + iy ' — I)* + y* 

Since the number is purely imaginary, the real part is zero. Hence 

X (x - I) -h y (y - t) o. i.e. (x - i)* + (y - J)* = 

This represents a circle whose centre is (J, i) and whose radius is i/\/2. 

(5) If the amplitude of the complex number [z — i)l{z 1) is Jw, show that z 
lies on a fixed circle whose centre is at the point which represents i. [Lond. P.Sc.] 


Thus the given relation asserts that 
Let Pr be the tangent to the 


^ in \r. [Fig. 33 (a)], 
thalf the triangles 


It follows that 


Fig. 33(a). 


Y 



BOA 
Fig. 33(6) 


Let P be the point z, Pj the point — i. P* the point ^ 4- i. so that 
P^P » PP* = 1 and PiPP# is parallel to OX. 

In Fig. 33 (&), it is clear that amp. (z — i) = amp. (z + i) « Thus 
amp. {(z — i)l(z -f 1)} « ^ 
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Hence iiA,B are the points (i, o), (— 1,0) then 

^ ^ = Z APP^ - Z BPPi Z APB, 

Thus the angle subtended by at P 
is constant and equal to {ir. Hence P 
lies on a circle through 

The centre of the circle lies on the 
perpendicular bisector of A B, i.e. on the 
imaginary axis. Let Q be the point 
where the circle cuts this axis, C the 
centre of the circle. 

Then Z CQB - /_ CBQ - iw. 

Hence Z BCQ == }ir, Z OCB = 
so that OC ^ OB ^ i. 

Thus C is the point which represents q 
* in the Argand diagram. 

(6) If P, Q, R are points in the Argand 
plane representing Zg respectivly, 

prove that centroid G of the triangle PQD Pjq 

represents J (2i + 2* + ^a)- 

In Fig. 33 (c), O represents the origin, A the mid point of QR, so that 
GA == iA P. Draw the parallelograms OQRB, OQAC, OA PD, OA GE. 

Then OP ^ z^. OQ = z*, OR z^. 



OB ^ Zg^ zg, 00 == JOB = i (z, - zg). 

O^ = 00 + OC = zj -h i (Z3 Zj,) = i (zg + Zg), 

OD OP - OA Z^ ^ ^ (Zg -f Zg). 

OE = JOB - J2i - J (Zg + Zg). 

OG ^ OA -f> OE — i (*2 * 3 ) + — J (*2 ’+• * 9 ) 

^ ^ (Z\ Zg Zg). 

Hence G represents the complex number J (zi -f 2* -f Zj). 
j^ote . — If P'Q'R' is any other triangle in the Argand plane corresponding 
to Zg, Zg', Zg' then the condition that the centroids of the triangles P 0 P, 
P'Q'R' be the same is Zi + z, + *3 = V + 

8'31. The Exponential Fonn for z 

The series for cos 0 and sin ^ (Chapter V., § 5-4) converges 
absolutely for all real values of 0. TTius 

00 ^ 

cos a = £ (- i)»fl*"/{2»)!. sin » = £ (- ! 

n = o w = o 
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Assuming that i can be treated as an ordinary number we have 
00 00 ^2n+l 

^ (“~ i)" 7 — TT i ^ i)" 7 ^ ~ = COS B i sin B, 

« = o ( 2 «)! „ = o ( 2 W + I)! ^ 

Now (— i)" = t*" so that the series may be writtjbn in the form 


2n+l 


z I 

« = o (2«) ! « = o (2W + I)! 


(*■«) 


00 

E 

M = O 




00 

Now if a; is real, = 27 ;c”/n! 

n o \ 

00 

We would expect for z complex that <?* = 27 

n — o 

Thus if we define e^ by this series the definition will agree with 
the results already known for the particular case in which the 
imaginary part of 2: is zero, i.e. z reduces to a real number. Using 
this result we see that 

cos B + i sin B = e*^. 

The convergence of the series Ez^Jnl will be discussed in § 8-55. 
It will be shown that the series converges absolutely for all 
values of z. 

Using this form for cos B + i sin B we can write z = re^^, and 
2^-1 ^ Also if 2 be the conjugate of z then z = re-^^. 

Again, if ^ is a real positive constant and a is fixed, the equation 
z — a = ke*^, — TT a B ^ TT 
will represent a circle in the Argand diagram. For 

\z — a\— k\e‘^^\=k \ cos 0 ^ sin ^ I = A 

Also \z -- a \ is the distance from the point z to the point a. 
Hence the equation asserts that z always lies at a fixed distance k 
from the point a, i.e, the locus of 2 is a circle whose centre is the 
point a and whose radius is k. In particular, if a = o, A = i the 
equation z = represents the circle whose centre is the origin 
and whose radius is unity. This circle is usually referred to as 
the unit circle. 


Example. — Express the complex number i -j- i in the form r (cos B -\-i sin ^). 
Hence^ or otherwise, prove that, n being a positive integer, 

(1 4- i)” 4- (i i)^ == 2 (2"'® cos «7r/4). 

7/ (I 4* = ^0 + P\^ + 4” . < ♦ 4- P^ov^ 

Pa-Pt^P*’- = 2"^* cos nirl4 

a^d Pi ^ Pz + Ps ^ sin nnj^, [Land. B.Sc.] 

Write 2 = I 4- then i = i — t, where * and f are conjugates. 



Complex Numbers 


m 


If I -f * = (cos 0 i sin 0 ), r cos ^ = i, y sin ^ = i giving r =: 

0 = 7 r/ 4 . 

Hence z y/z (cos Tr/4 + * sin ir/4) = z = 

2 « + f« = (v'2)" [«"< 7 r /4 4. g-n< 7 r/ 4 j =- 2(2"'* cos M?r/ 4 )- 
also 2” - z-»» -= {V2)" ^ 2f (2"/2 sin W7r/4). 

If (i 4 “ — ^0 + ^1^ + />2^® + + ^4^* 4 - . . . , then changing x into 

— ;i? we have 

(I - ;r)« = />o - 4 - ^2^* ~ 4 - ~ .... 

Hence (i 4- :^)« 4 - (1 - x)^ 2 (^0 4~ p^x^ 4- p^x^ + . . .) 

(I 4- - (I - ^)" = 2 x (Pi 4- 4- . . .)• 

In these equations, write x — L Then i 4-;r~z, i ^ x -~= z, and 
z» + f« - 2 iPo 4- 4- 4- . . .) 

z" ” f" = 21 (/>, 4 4- 4- . . .)• 

Now i* = — I, i* = (— i)® ~ 4 “ I, i® — X i* — — - I, i* — 4 I, .... 
Substituting for powers of t and using the values already found for 2" i f ^ 
we have 

Po — Pi Pa ~ ^ cos W7r/4 

Pi - Pb Pa — - ■ - sm wir/ 4 . 

8*32. Further Properties of Conjugate _N^bers 

Let a, j8 be two complex numbers a, j8 their conjugates. Then 
we have the following results: 

(i) a + p and a + jg are conjugates, i.e. a == a + j§. 

(ii) ap and aj8 are conjugates, i.e. = ajS. 

(iii) If 2 = a/jS then i = a/p. 

(i) Write 

a = — r (cos 0 + i sin ^), jS = = p (cos i sin ^). 

Then a = re~*^ = r (cos ^ e sin ^), p ~ pe"‘*^ ~ p (cos ^ — i sin ^). 
a + j3 = r cos ^ + p cos <^ + t (r sin 0 + p sin <f>) 

a + j8 = r cos ^ + p cos t (r sin ^ + p sin 

= r (cos 0 i sin ^) + p (cos ^ — t sin = a + ^‘ 

In particular | a + jS | = | a 4. j8 | = | a + ^ |. 

It is clear that this theorem will extend to any number of 
complex numbers. 

(ii) ap == re^^ .pe^H == rpe^ — 4>K 

= rpe^^ (0 — <l>) = re~*^ .pe^i* = ajS. 

In particular if a = j3, aa = aa, i.e. the conjugate is the 
number itself. The number aa is of course real. 

The results (i) and (ii) may be combined in various ways. 
Thus, e.g. if a = I, jS = a5: then a = i, ^ = a5 so that 
|I + i^|=«=|I + a5|. 
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(iii) z= al^ = re'^lpi*= - «* 

P 

2 = ~ = reri&lpe-^i> = a/)B. 

P 

Examples. — (i) /Aa/ z and z be conjugate points in the Argand 

diagram, then the equation rJ— aJ— = c being\ real and a the 

complex conjugate of a, represents a circle. Prove also that 

o (I — -f a (5 + « o ^ 

represents two straight lines, and find the angle between them. ^ [Lond. B.Sc.] 

Write z = te^^, a = Then z = re'^^^, a — pe^'^^. 

Thus « — a« — flU -f- c y* — rpe~^^ — rpe^^ — 4 c 

^r^^rp{e^(^~P) + e-^(^-P)} 4 . 

= y* — 2 rp cos (^ — iS) 4 - c. 

The equation r^ — 2 rp cos {6 — fi) 4 - c = o represents a circle whose 
centre is (p, fi) and whose radius is V p^ — c, i.e. the centre is^the point on 
the Argand diagram corresponding to a. 

The following is an alternative method. The equation 

2 i— aT— a54-c = o 

may be written in the form {z — a) p — o) = aa — c. Now J — a ~ i — a, 
Hence (-r — a) (I — a) = | -r — a |*. Thus the equation is | z — a |® = />• — c, 
from which the result follows immediately. 

Now consider the equation a (z — z) 4- o (F 4 - <?) + c = o. 
a (z — z) 4“ a (<? 4" *3^) 4" c s= a z 4* 4" 4" — az 

= (aJ 4" 4* 4" (®z — az) 

« {rpz*~ * 4" 4. rpe^ 4- ?) 4. c} 

4 - {pre'^ * — pre* ft) 

= {zrp cos 4 - /3) 4 - c — 2 ipr sin ($ — P)}. 
Since the real and imaginary parts jnust be zero, 


2 rp cos (0 4-/9) 4- c = o (i) 

2 rp sin (0 — ^) =0 (ii) 


Equation (ii) is equivalent to 0 = /9, i.e. a straight line through the 
origin and the point which represents a on the Argand diagram. 

In (i) write x ^ rcos 8, y ^ r sin 0. Thus the Cartesian equation of (i) is 

X cos — y sin 4* cj 2 p = o, 
i.e. ;r sin (Jw — i9) — y cos (Jw — j8) 4- cl 2 p == o. 

This line makes an angle of 4^ — 19 with the ^-axis. Thus the angle 
between the two lines is 4ir — aj0. 
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(2) // + »B = (» + iy)* e«"*, find /I and B. 

4 - t'B = (;ir H- iy)^ 

= (x* -f 2ixy — yS) (cos 2n^ + i sin 2nt) 

= (^* — y^) cos 2n< — 2xy sin 2W^ + cos 2nt 
4 " i — y®) sin 2n^. 

Equating real and imaginary parts. 

A ^ (x* — y*) cos 2 nt — 2^y sin 2nt, B = 2;ry cos 2nt + {x^ — y*) sin 2nt 

8-4. De Moivre’s Theorem 

For all real values of w, cosnd 4- t sin n$ is the value , or one 
of the values of (cos 8 + i sin B)^, 

We give below a proof of the theorem for the case in which n 
is rational. The following cases are considered separately, (i) n a 
positive integer, (ii) n a negative integer, (iii) n a positive fraction, 
(iv) n a negative fraction. 

(i) We first prove that 

(cos 6x + i sin Bf^ (cos B^ + i sin B^) > . . (cos B^ + i sin BJ 
= cos (^1 + ^2 + •••■+■ ^n) + i sin (^1 + ^2 “1“ • • • ^n)* 

The proof is by induction. The case of w = 2 has been con- 
sidered in § 8*22. Suppose the result is true for n = />, 

P 

i,e, II (cos B^ + i sin B^) 

r = I 

= cos (^1 + ^2 + • • ‘ "t" ^j») ^ (^1 + ^2 "f" • • • 4“ ^ 3 >)* 

For brevity write + ^2 + • * • + Then 

4- I 

77 (cos Br + i sin B^) 

r = I 

= (cos il/ +i sin ift) (cos 4“ i sin Bp^i) 

= cos ^ cos Bp^i — sin sin Bp^i 

+ i (sin ^ cos Bj,+i + cos 0 sin B^^i) 

= cos (0 + Bj,^i) + i sin (^ + 

= cos (^1 + <?2 + • • • + ®3»4-l) + i sin (^1 + ^2 + • • • + 

Hence if the result is true for n ^ p, it is true for n ^ p + i. 
But the result has been proved for w = 2 so that it is true in general. 

In this result write = ^2 = . . . = then the equation 
asserts that 

(cos 0 + i sin 6)^ = cos nB -I- i sin nO 
and in this case cos ntf + i sin n0 is the value of (cos + ♦ sin 0)\ 
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(ii) n a negative integer. Write — m. Then 
cos nB + i sin = cos (— md) + i sin (— md) 

= cos mS — i sin mB 
= (cos mB — i sin mB)l(cos^ mB -{i sin^ mB) 

= i/{cos mB + i sin mB) ^ 

^ i/(cos B -i~ t sin B)^^ from case fi) 

— (cos B + t sin B)-‘^ = (cos B + t fein B)^, 

Hence as in the case of « a positive integer cos ti^B + t sin nB 
is the value (cos B sin 

(iii) n = pjq, a positive fraction in its lowest terms where p 
and q are positive integers. In this case we show that 

(cos ^ ^ + 1 sin ^ B) 

<1 q 


is one of the values of (cos B + i sin 6) *. For this it is sufficient to 
show that 


^cos - ^ « sin ^ b\ = (cos B -j-i sin B)^, 

^ q q f 


From case (i) 


^cos ~ ^ t sin “ = cos + i sin pB — (cos B + i sin B)^. 


(iv) w = — pjq, p and q as in case (iii). In this case it is 
sufficient to show that 

l^cos ^ ^ t sin ^ ^ j- = (cos 0 + t sin 0)’”*^. 

Now -j^cos +isin j* 

= cos (— pB) + i sin (— pB), case (i), 

= (cos 0 + i sin 0)*“*' case (ii). 

In this case, as in (iii), cos w0 + t sin nB is only one of the 
values of (cos B + i sin 0)”. 

The othef values of {cos 0 + t sin 0)" when n is ft actional. 

In this case n= ±plq so that it is sufficient to consider 
(cos 0 + i sin 0)^^®, where p may now denote either a positive or 
amative integer. Let r denote an integer positive or negative. 
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~ cos (j>B + 2rTr) + i sin (pB + 2r7r) 


= cospB + i sinpB = (cos B + i sin B)^, 

Hence cos ( f- • — + « sin { ~ H ) is one of the 

\q q / \ q q ) 

values of (cos B + i sin Byi^, 

Now consider the values of the angles — + where 

, q q 

r==o, I, 2, . . . (^ — i). As r ranges over these values 2mlq 

ranges from o to 2 {q — 1) Trjq < 27 t. Thus the angles are all 

different and no two have at the same time equal cosines and 
equal sines. 

Hence the values of cos ^ 

different for each value of r, i.e. we obtain q distinct values for this 
expression by taking the values r = 0, i, 2, . . . 5 — 1. If we 

put r equal to any other integral value we repeat one of the values 
of the expression already found. 

Thus we obtain the following important result. The q different 
values of the expression (cos B + i sin B)^!^ are obtained by writing 
y = o, I, . . . , 9 — I in the expression 

(pB 2rn\ , . . ipB . 2rn\ 

“'(j + t) + 

In particular the qth roots of cos 0 + i sin 0 are given by 

cos ! 1- » sm 

q 9 

where r — o i, 2, ... q — i- 


8 - 41 . The «th Roots of Unity 

It foUows from § 8-4 that if z is a real or complex number and 
2 = p (cos + t sin 0) then the «th roots of z, i.e. the n values 

1 

of 2** are 
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where r = o, i, 2 , — i). If 5 ? is real, then we can write 

^ = o or 9r and the n values are 


« / 2r7r , . . 2r7r\ i I 


( 2 r + i)ff , . . (2r + x)jr\ 
cos + t sm ^ ! — 1 . 

n r « / 


r — 0, I, 2, — i). In particular, if ^ = i,\ the «th roots 

are given by 


^ytt , . . 2r7r 

cos h % sin — • 

n n 


Hence the roots of the equation 2 ^ == i are obtained by writing 
r = o, I, 2 , . . . , (w — i) in 


2f7r . . . 2r7r 

COS — + t sin — > 
n n 


and thus the values are 


27 r . . . 27 r Att , , . Arr 

I, COS h 1 Sin — , COS' — h ^ sin — , 

n n n n 


COS 


n 


i) TT , . , 2 (n 
+ t sm — — 


I) 


It is easy to see that all the roots are different. For suppose that 

2S7r . . . 25tr 2^77 , . . 2^77 

cos h t sin — = cos h ^ sin — > 

n n n n 

where s, t lie between 0 and n — 1 and s^t. Then equating 

real and imaginary parts 

2S7r 2t77 . 2S7r . 2t7T 

cos — = cos — , Sin — == sm - -» 
n n n n 

and thus the angles 2S7r/« and 2i7r\n must be coterminal. Since 
both the angles lie between o and 217 this is only possible if s = <. 

If n is even and equal to 2p (say) the roots may be written in 
the form ““ 


77 . . . TT 277 217 

I, cos ~ ^ sin - , cos — + ^ sin -7-. . . . , 

P P P P 


(/> — 1)77 . . (/> — 1)77 

cos - — h » sin " — 

p p 


, • • ip I • • H" l)*’ 

COS w + t Sin w, cos — — h * sm — 


p ■ p ' ■ • • 

{2p — l)lt , . . (2p — l) w 

COS f- » an -T— ^ — 

P P 
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. - . {2p — r) TT Yn 

Now cos TT = — I, sm TT = 0, cos = cos — # 

P P 

j . ( 2 P — r) ir . ytt 

and sin = — sm — • 

P P 

Thus the 2p roots may be grouped in pairs: 

TT . . . TT 27 r . . . 27 r 

± I, cos - ± t Sin cos — ± J sm 

p p p p 

(/> — l) TT . . {p — X)n 

P P 

Next suppose that n is odd and equal to 2^ + 1 (say). Then 
the 2p + 1 roots are 

2Y7r . . . 2Y7T 

I, cos — — ; h ^ sm — - — — , 

2^ + 1 2^ + 1 

where r==o, i, 2, . . . , 2/>. Then as before it is easily seen that 
the 2p + 1 roots are 

2Pn 

I, cos ^ — 



± sin ~ 


2p + 1 


Fig. 34. 

8*42. Geometrical Representation of the nth Roots of Unity 

Take a circle ABA'B' of unit radius having its centre at the 
origin, then a point P on this circle represents the quantity 

cos 6 + i sin 0 

where 0 is the Z, AOP measured as usual, and the point A represents 
unity. 

Now divide the circumference into ft equal parts, starting from 
A, and let AiA^ . . . i 4 „-^ be the remaining points of section. Then 

ft n 
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Hence the points A, represent the nth roots 

of unity. Thus e.g, in the figure the points ABA'B' represent 
the fourth roots of unity. 

8 * 43 . The Factors of — i and + i 

Consider — i = o and suppose first that \n = 2p. Then 
corresponding to the roots 

rrr . rn /x \ 

cosj±f sin- , r == I, . . , , (p - i}^ 

of — I = o we obtain the factors 


f rrr .. rn 

z — cos — — t sin 7" 

p p 

y-rr\ 2 , 


H rn , \ 
z — cos - r + * sin - 


== ( 2 cos + sin^ = z^ — 2 z cos (rnjp) + i 
pi p 

of J8f” — I. Hence ; 

p - I 

— I = [z^ — i) II — 2z COS {rnlp) + i}. 

y = I 

Next suppose that n = + i* Then we obtain in a 

similar way 

P 

^2P+1 ~ I = (2 — I) II [2:2 2 Z cos {2rnl(2p + l)} + l]. 

y I 

These results may be represented in the following forms: 

* f 2rn 1 

If n is even, z^ — i == (z^ — i) H J 2:* — 2 z cos hi r 

r = I L ^ J 

- 1) f 2rn 1 

If n is odd, 2” — i = (2 — i) H -- 2z cos h i r 

r=i I W J 

In a similar way the following .results may be proved. 

Jtt — I 

If n is even, 2” + i == n [z^ 2 z cos {(2r + i) 77/n} + i]. 

r = o 
i(w - 3) 

If n is odd, + i = (2 + i) n [2^ — 22; cos {{2r + i) tt/w} + i]. 


Examples. — (i) Find the square root of 2 -j- 6-y/ (— 7), and show that 
I — V' (— • 3) is a sixth root of 64. What are the other five sixth roots 0/64? 
Write 2 + biy/q = r (cos 0 + i sin &), Then 
rcos a s= 2, rsin ^ 
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Hence y® = 2* -f- (^V 7 V ~ 256, r = i6. cos $ = 1/8, sin 6 = sVt/S* 
Thus we may take 8 to be acute angle cos-^ 1/8. 

The two square roots are 

(cos i ^ i sin i 0), {cos i (2n + $) -f- i sin J ( 27 r + 0 )}, 

i.e. ± (cos i 8 + t sin i^). 

Now cos* == J (i 4- cos i - a = cos = ± J-. 

Again. sin*i 0 = J (i -- cos 0 ) = J. J, sin = i 

4 

Since iO is an acute angle, the positive square root must be chosen in 
each case. 


Thus the two square roots of 2 + 6v'(-- 7) are dt 4 (i + ^ i.e. 

± (3 + »■ a/ 7 )- * 

Next consider the equation = 64 = 64 (cos o + *sino). The six 
sixth roots are given by 


^ J / 2r7r , . . 2r7r\ 

64® -^cos -f t sin ^ j , 1 


i.e. 2 I 


rn , . . yw 1 
cos 4- * sin - ' 
3 3 


J> ^ - o. I. 2 . 3 . 4 . 5 . 


The values y =: o, y = 3 give .? = db 2. 

Grouping the other four values in pairs we obtain 

2 (cos Jrr ± sin Jtt}, 2 {cos fw ± i sin |w} 
i.e. I ± - I i: *V 3 -^ 

(2) Pyoi;^ a// the roots e/ — i — o way fie: expressed as powers of 
a — cos Itt 4“ ® sin f tt. 

Pyovtf a/so Ma/ a + a* 4- a* and a* 4- a* 4- a® ay^ roots of the equation 
4- 4- 2 = o. [Lond. B.Sc."] 

Now = I = cos 2y7r 4 - i sin 2y7r. 


Thus X 


-( 


2y7r , . . 2yff 

Hence x — cos h » sm — , 

7 7 


cos 1- i sin 

7 7 


y = o, I, 2, 


, 6 . 


. 27rV 
,in — I = 


= a^ y = I, 2, .... 6. When y =» o, ;r = 


Let /5 a 4 - a® 4 - a®, y — a® 4 " a® 4 - a*. 

The quadratic equation which has j 5 , y for its roots is 
X* — (J5 4- y) ^ + jSy = o. 

Now )3 4 - y = a + a* 4- a* 4- + a® + o®. 

Again x’^ -- 1 ^ {x — 1) {x* + x^ x* + x^ x^ + x i), so that a is 

a root of x^ x^ -{- X* x^ •{- x^ -i- X -j- i — o. 

Hence o® 4 - a® + a® + a® + «* + « — — !• 

Again. ) 3 y = a® (l 4 - a 4 - a®) (i + o* 4 “ a®) 

=s a® (i 4" a + o* + d" + o*) + 2a* 

6 

= 2 a*, since a is a root of £ x'^ i ^ o, 
f = I 


Hence the quadratic equation is 4- ^ + 2 — o. 

T. A., 11. 20 
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(3) Find the three roots of the equation s= 8 (i — z)*, expressing the roots 
in the simplest form. [N. 5c.] 

The equation may be written in the form 




8 = 2* (cos o -{- t sin o). 


Hence the three values of zl{i z) are 

/ 2n . . . 27r\ I An ... I 

2, 2 ^cos + t sm --- j, 2 ^cos * sin ■ 

i.e. 2, — I i tV 3 - 
The corresponding values of z are 

» - I + » ^3 r_i - » V 3 

» V3 ’ - » V3 ’ 

i e- i I + 4 *V3. I - 4 «V3- 


(4) Solve the equation (i + 2)*" — (1 — i*)" + (i — z)*" = o, where n ie 
a positive integer. [Madras, B.A .] 

Write (i 4- = M, (i — zY — v and the equation becomes 

w* — wv -f v* = o. 

Now I#* — uv 4- V* =a (m* 4 -v*)/(« 4 * v). Hence the roots of the original 
equation will be the roots of «• 4- v* =* o, excluding those which are also 
roots of fi 4 - » *s o. Now the roots of w* 4- t;® o are given by 


( 


I jf_f y** 

i — z) 


( I 4 - 

• == cos (2r 4- i) 4- f sin (2r 4- i) n, and 

(2r 4- i) 77 , . . I 
= cos Ir:-- 1- » sm 


1 — z sn 

where r = o, i, 2, 3, , . . , 3n — i. 
The roots of m 4- v = o are given by 


3 » 




I = cos { 2 r 1) n i sin (2r 4 - i) w. 


Thus 




77 , . . ( 2 y 4 - l) w 

- 4- » sm ' — , 

n 


r = o, I, 2,5, . . . (w - I). 

Hence the roots of the required equation are 

1-+/ » cos + i sin ^ 2 L±Jh. 

1 ~ z 3 » 3n 

where r has any of the values o to 3» — i, except those for which 2^ 4* i 
a multiple of 3. Writing {2r + i) nj^n ^ A^, the values of z are 
(cos Ay — I 4 - * sin Ay)/(i 4 - cos Ay 4 - * sin Ay). 


(5) S^oti; that all the roots of the equation (i 4- sx (i — are 

given by ±i tan {rnl{2n 4 - i)}» where r has the valms o, i, 2, , , . , n. By 
putting n ^ 2, or otherwise, show thod 

tan^^.tan*^ *= 5 . 


[Lond.S.Sc.] 
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Now {(i 4 - *)/(i — ■»)}•*■'■* = I. Hence the 2n + 1 values of (i + *)/(i — x) 
are given by 


2f7r ... 

cos ; h t sin ; — , 

2« + I 2W -f I 


r = o, I, 2, . , ., 2 n. 


Write 2rirl(2n 4-1) = /. Then 


cos t i sin t. 


(» + ^) - (I 
(i + ■») + (i 


cos / 4- 1 sin ^ — I 
cos ^ 4 * sin / 4 I 


X — \i — 2 sin^ __ i tan — tan* \t 


2i sin it cos 4 2 cos* it 
^ tan j t) _ . 

i tan 4 I ^ 


i tan 4 * I 


i tan J/. 


Thus the roots are o, i tan {rrrl{ 2 n 1)}, r ^ i, 2, 2n, 

Now if s denote a positive integer, o < 5 < w — i , 

tan {{2n — s) 7 r/( 2 « 4 i)} — tan {tt — (s -|- i) 7 r/( 2 n -f i)) 

= - tan {(5 4 - i) W{ 2 » + i)}. 

Hence the 2n roots corresponding to r — i, 2, . . 2n may be grouped in 
pairs of the form ± i tan rnl(2n 4 i). i-e. the 2« roots are 
4 i tan {riTl(2n 4 i)}, r = o, i, 2, . . . 

If w = 2, then the roots of the equation (i 4 ;r)* = (i — ;r)* are 
o, ± i tan |fr, ± i tan |ir. 

The last equation may be written in the form x (x* 4 10^® 4 5) == o. 
The roots of x* 4 io;r* 45 = 0 are 4 i tan fw, 4 i tan |7r. 

Putting X* y it is clear that the roots of y* 4 loy 45=0 are 
— tan* ^tr, — tan* f tr. 

The product of the two roots is 5. Hence 

tan* Jrr.tan* |7r = 5. 


(6) If n is a positive integer prove that 

= cos - «e) + » sin - ne). 

\ I 4 sm ^ — t cos df \ 2 } \ 2 / 

Write ^ Then 

f 1 4 sin g 4 f cos B _ f i 4 cos ^ 4 * sin ^ ) » 

\ I 4 sin ^ » cos 6 ) ~ 1 1 4 cos ^ — i sin 

— r ^ cos* 4 2 i sin jtft.cos ** 

“■ 1 2 cos* — 2 z sin i^.cos iipl 

— / cos i<l> 4 * sin 
\ cos i^ — i sin 

— ( (cos i < ^ 4 ^ sin * 

■” \ cos® ip 4 sin* ip f 

s= {cos ip 4 i sin J^}*« == cos 4 » sin np 
cos (inn — wd) 4 * sin (inn — n0). 



3o8 


Complex Numbers 


(7) Prove that cos yO = 64 cos'' B — 112 cos^ fl + 56 coi* 9 — y cos 9 . Hence 
show that X — 2 cos \v is a root of the equation 

;|'8_;^2_2Ar-fl=0 

and find the other roots. 

From de Moivre's theorem 
(cos yB -h i sin jB) ~ (cos ^ -f- i sin BY 
— cos’ d 4* 7 cos* B.i sin B + 21 cos* B.t^ sin® ^ 4- 35 cos*y.f* sin® B 

4- 35 cos* B.i* sin* 0 4-21 cos* B.i* sin* 04-7 cos 0.i* sin* 0 4-^’ sin’ 0. 
Equating real parts, \ 

cos 7 0 = cos’ 0 — 21 cos* 0.sin* 0 4- 35 cos* 0.sin* 0 — W cos 0.sin* 0. 

In this equation write sin* 0 = (i — cos* 0) and we have the required form* 
In cos 70 = 64 cos’ 0 — 1 12 cos* 0 4- 5^ cos* 0 — 7 cos 0, write x = 2 cos 0. 

Then 2 cos yB — x’^ — yx* -f- ^4^^ — jx. 

In this equation write cos yB ~ — 1. Then 

0 = ^TT, fw, IT, ^rr, \®7r, . . . satisfy COS yB - -- — I. 

It follows that 2 cos Iftr, 2 cos f^r, . . . are roots of 
~ 2 — -- yx* -f — yx. 

Now one root is at 2 cos ir — 2. Hence 4- 2 must be a factor of 

— yx* 4- — yx 4- 2. 

It is easily verified that 

x'f — 7;r® + I4;ir® — 7;r 4- 2 = {x -f 2) {x* — 2;r* — -f -f 2X* — 4X 4- 1), 

Again, cos — cos cos fir = cos -y-tr, cos fir = cos ^ir. 

Further, if we take more values of 0 the new angles will be coterminal 
with one of those already considered. Thus, e.g. 0 — ^ir = ^rr -f 2ir which 
is coterminal with fir. It follows that we can obtain no further values for 
cos 0. Thus the only distinct roots of 

X* — 2X* — 3;r* 4- 6;r* 4- '2X* — 4 ;^ 4- i — o 
are x = 2 cos fir, 2 cos fir, 2 cos fir. It follows that the equation must have 
repeated roots, and it is easily verified that 

AT* — 2;v* — 3^\r* 4- 6;r* 4- 2A?* — 4;r -I- I = (;r* — ;r* — 22r 4- i)*. 

Hence the roots of 4?* — at* — 2;r -f i =0 are at = 2 cos i^ir, 2 cos fir and 
2 cos fir. 

8 * 44 ^ Complex Sequences 

Let {Xn}, {yn} denote two sequences of real numbers. Then 
the sequence {z^} = {x^ + ^yn} is a sequence whose terms are 
complex. 

A complex sequence {z^} is bounded if there exists a positive 
number k independent of n such that \zj[ < A, for all values of n. 
Since \z^\ ^ + yr?) it follows that the sequences {x^, 

{y^} must also be bounded. 

A sequence {z^} is said to be convergent or tend to a limit as 
n 00 if {x^ and {y^} separately converge sls 00. Thus if 
y^-^y then z^-^z ^x + iy . 
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The general principle of convergence for complex sequences may 
be stated as follows: Let € be an arbitrary positive number. Then 
the necessary and sufficient condition that the sequence converge 
is that there exists a positive number n^ such that for all n n^ and 
for every positive integer p, 

I \ ^ 

The result may be proved from the properties of real numbers. 

(i) The condition is necessary. 

Suppose Zn converges so that by definition and converge. 
Hence corresponding to there exist positive integers Wj, n^ 
such that 

(i) I -x„\<\e. n> n^. 

(ii) I -yn\<\e. n> «2- 

If Wq denote the greater of n^ then 

i ■2’fi 1 ^ j H” I 

< I I + I yn+p ~ Vn I 

< €, w > n^. 

Thus the condition is necessary. 

(ii) The condition is sufficient. 

We know that corresponding to €, there exists such that 
I -^'n+p Zn\< €, n >nQ, P 2 l positive integer 

Since | — x. < Un+p — I it follows that 

I ^n+p — I < « > Wo, ^ a positive integer. 

Hence a limit. Similarly yn-^^ limit and so a limit 
also. 

If {z^ is bounded and does not tend to a limit as w oo then 
the sequence is said to oscillate finitely. 

If {z^ is unbounded then at least one of {x^, {y„} is unbounded, 
and we can regard the sequence as oscillating infinitely. 

If a, -> cx) we can write z^-^ a + i cc and say that 
tends to infinity in the direction of the y-axis. If x^ oo> y„ j 8 , 

so that 00 + i^, we can say that 2:^ oo in the direction of 

the A;-axis. 

In general, if y^jx^ = tan and tan y^ tan y we can say 
that Zn-> 00 in the direction y. Observe that y„ is the amplitude 
of Zn, so that what we are asserting is that amp. tends to a limit. 
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As an example, consider the sequence {z^} = ^ where z = re*^, 
r being the modulus, d the amplitude of z. Then cos nd, 

=s= sin n6, z^ = r" (cos nd + i sin n6). Since | cos | < i, 
I sin ntf I < I for all real values of S, {x^} and {y„}/are bounded for 
r < I, and unbounded for r > i. 1 

For o < y < I, lim. /»» = o so that o\ o < r < i for 
« 00 ) 

all values of 6. Thus the sequence converges for sm points inside 
the circle | ^ 1 == i in the Argand plane. When r = ij, = cos nd, 
y^==sinnd. \ 

If ^ = o or 2 pn where ^ is a positive or negative integer = i, 
yn = giving Zn == I. For other values of 6, x^ and y^ oscillate 
between + i and — i. 

Hence, on the circle | ^ 1 = i the sequence oscillates finitely 
except at :? = I where it converges to unity. When r > i, 
r” -> 00 , and the sequence oscillates infinitely. 

8'5. Series with Complex Terms 

Let {a^} s {Un + iVn) denote a complex sequence. Consider 
the sum 

n n 

z„= 2 : a„ = 2 (u„ + iv„) =x„ + iy„ where 

y = I f = I 

n n 

Xn= ^ ««. yn= V„. 
r — I r = I 

00 00 

If the series U u^, ^ are both convergent, i.e, both 

r=t r = I 

and y„ tend to limits as « -> oo then the complex series 2a„ is 
said to converge. Thus if yn~^y> then the sum of the 

series is z = x + »y. If either x„ or y^ diverges the series Za„ is 
said to diverge. 

If {x„} is bounded and does not tend to a limit the series 2I»„ 
is said to oscillate finitely. 

If {r„} is unbounded then at least one of the sequences {x„}, 
{y,} must be unbounded and we can say, in general, that the series 
oscillates infinitely. 

8*51. Absolute Convergence of a Complex Series 

If 2\a,\ = 2\u^ + iv„\=2 V{«n* + ^n*) converges the 
series is said to be absolutely convergent. It follows that since 
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I I < 1 1» I t'n I < I «n I the series Ev^ are absolutely 

convergent series of real terms. 

Thus Eu^f Ev^ may have the order of their terms deranged 
without affecting the sum of the series and the same property is 
true for Ea^ \i E\a^\ converges. 

We now consider a ratio test for absolute convergence. Since 
I I is a positive real number it is clear that we can apply any 
suitable test from among those considered in connection with re^ 
numbers. Probably the most important test is the extension of 
Gauss' rule. Suppose that the ratio ajun+i is expressed in the form 


^n+l 


= x +^+0 



P>i y 


In order to test for absolute convergence, consider 


I an 

I ^n+1 





I 


+J+I+0 



= 1+^ + 0 q > I. 

Hence the series converges absolutely if A > i. Thus if 

^n+1 ^ 

the series converges absolutely y provided R (y) >1, where R (fi) 
denotes the real part of /u. 


Example. — Consider the hypergeometric series 

I + * + <Lh±2lMf+-!l *. + 

^ i.y ^ i.2y (y + i) 
where a, g, y. z are supposed to he complex. 

Now ” (y ± 4 ^ r.-r. 


[Chapter VJL, § 7*51.] 

R- 


<*fi+x (a -h n — i) + w — i) * n-> 00 
Hence the series converges absolutely if | « | < i. Now suppose \ z \ »*?<* i. 
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I + 






y + I 


+ 0 


(i)i 


Hence if | z | ~ i the series will converge absolutely jif the real part of 


y — a — j8 is positive. 




8'52. Comparison Test for Absolute Convergence"*^ \ 

1/ Hun is an absolutely convergent series of complex terms and 
is a complex sequence such that | | < ^ for ia// w, where k 

denotes a fixed positive number, then the series Sa^^^ is absolutely 
convergent. 

Since Sa^ is absolutely convergent, there exists a number Wq 
corresponding to the arbitrary positive € such that 
n -{■ p 

E I «r I < W > Wo- 

y = W 4' I 

for every positive integer p. 

n-[- p n ■\-p n-\- p 

Now E |aAI== ^ {Ur|X|A, |}< E A; | a, | 
r = w4-i f = «4-i r = w4-i 

which is < €, w > n^. 

Hence the series Ea^X^ converges absolutely. 


8’53. Power Series 

A power series Ea^z^ may be convergent for all values of z, for a 
certain region of values of z only, or for no values of z except 2: = o. 

Examples of the first two types are given in §8*55. Thus the 

00 \ 

binomial series E ( - ) z" converges for | z | < i, while the 

n — o 
CO 

exponential series E — j converges for all values of z. An example 

of a power series which converges only for 2: = o is Ea^z^ where 

a„—n\. For = (m + i) oo as « oo. 

a^z 

Let i7a„z" denote a power series where z, «„ may be real or 

complex and write lim. | «» |" == i//- The series will converge 

«-> 00 

* For a further discussion on convergence of series of complex terms, and 
for the treatment of infinite products and uniform convergence when the 
numbers are complex, the reader may refer to Bromwich, Infinite Series. 
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absolutely if 

Urn. I «„2» I" < I 
« 00 


and cannot converge if 


I a„z” 


I, for in this case it 


I ^ I < Z and 


lim. 

n-^ CO 

is clear that cannot tend to zero as w -y 00. 

It follows that converges absolutely if 

cannot converge if | ^ | > /. 

For a complex series, I is called the radius of convergence. We 
can see the reason for this by considering the interpretation in the 
Argand diagram. Taking OX and OY 
as the real and imaginary axes as 
before, draw a circle whose centre is 

0 and whose radius is I (Fig. 35). 

Then if P is any point Zy^ inside the 
circle, we have | | = OP < Z, while 

if Q is any point z^ outside the circle, 

1 <2^2 I OQ > L Hence the power 
series converges absolutely if is a 
point inside the circle and does not 
converge if z lies outside the circle. At 
points on the boundary of the circle 
I j? I = Z and at such points the series 
may or may not converge, 
convergence. 

We now show that if lim. exists, then this limit is Z, 



Fig. 35. 

Thus the circle is called the cirde of 


n-^ CO 

the radius of convergence of the power series. The result follows 
immediately from the following theorem on limits. Let {&^} denote 
a sequence of positive terms such that lim, Then 


lim, also exists and the two limits are equal, 

CO 

Write lim. {bn+ilK} = P- Then corresponding to c there 
n-> 00 

exists a positive integer v such that for w > v, 

p (l — c) < bn+lIK < P (l + ^)- 

Thus p (i — «) < byj^Jbv < p (i + €), 

P (l — €) <C by^^jby^x P "b" 
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/>(!-«)< < p (I + e). 

Multiplying the inequalities together, 

pn-v (i _ eJn-K < <; ^«-i- (i q. 

bv, 


i.e. — (i - € 
P'’ 


+ *)”V- 

i.e. — (i — €)“ < ^ < -” (i + c)". ' 

/)*' P** P*' 

L 1 _i 

Taking the wth root, (^ ~~ «) < “ < GO' (I + *). 

i 

Now if a is any fixed positive number, lim. = i. Hence 

M -> 00 

there exists a number v such that 


I -— € < < I + €, M > Vj. 

1 

Thus (I - e)* < ^-^ < (I + £)*, « > v, 

P 

1 

# 5 n 

i.e. — e (2 — «) < -^ I < e (2 + e). 

P 

j i 

Hence lim. {b„”lp) — i, i.e. lim. fto" = p. 
n -> 00 n-> 00 

This proves the theorem. Now write 

6n — I 1» ^n41 ~ I ^n+l l» P = 

Then lim. 1 1 = i/ lim. | «„ 1" = /. 

n -► 00 « -> 00 

We now prove the following theorem. 

If the power series ZanZ^ converges for z = z^, it is absolutely 
convergent for \ z\< | |. 

Write / {z) == Sa^ = + OiZ + • • • + a*** + (■»). where 

(Z) = + ««+**"^* + ... to 00 
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Since the series converges for z = z^, there exists a positive 
constant k such that | | < k. for aU r. Hence 



lim. I R„(z) 1 = 0 . It follows that the series must converge 


00 

absolutely. 

Interpreted in the Argand plane this theorem asserts that 
if the power series converges at a point P then it converges absolutely 
at all points nearer to the origin than P, 

It follows that any given power series will possess one of the 
three following properties. 

Either (i) it converges absolutely for all values of z] or 

(ii) it converges absolutely for all values of z within a 
certain circle and does not converge for any value of z 
outside the circle] or 

(iii) it converges for z = 0 and for no other value of z, 

8'54. Theorem on Identical Equality between Power Series 

The case for real series has been considered in Chapter L, § 1-8. 
Let Ea^z^, Eb^z^ be two power series such that each converges 
to the same value for all values of z such that | ^ j < /, / > o. Then 
~ K f^^ every value of n. 

Using the notation of §8*53: 
a^ + ay^z + a^^+ ... +an2^ + Rn W 

= io + *1^ + ^2^* + • • • + W' • • • W 

for !*!</, where ie„(^)-^o, R\(z)-^o as n->co, for each 
value of z. 
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1 1 0. Then it is clear that for | z j sufficiently 


-2: I > 6, we can divide 


Now let 
small 

\ Uq ^0 I ^ ^ 

€ is arbitrary. It follows that Uq = b^. 

Again, since the equality (i) holds for 
throughout by z. Thus 

^2^ ”1“ ^2^^ ~ "t" ^22 -f- 

Proceeding as before it follows that = b^. Cjontinuing the 
process, == every n. 

This theorem asserts the uniqueness of a power series, i.e. the 
same function f {z) cannot be represented by two different power series. 


8 ’ 55 . Special Series 

(a) The Binomial Series. — If n is real and z complex the series 


1 nz + 


n [n — i) 


2 l 


' 2 ^ + ... + 


n (n — i) 


~rl 


r + i) 


2 ^ + . . . 


r Mzr 

« = o V/ - 


converges absolutely if \z \ < i. Further, if n > o, the series 
converges absolutely at all points on the circle of convergence, while 
for o'>n '> — \ the series converges at all points of the circle except 
at z = 1 , but the convergence is not absolute. 

The radius I of the circle of convergence of the power series is 


lim. 

y-> 00 


= lim. 


r + 1 


Thus the series converges absolutely if 1 -? | < i and is not 
convergent for \ z \ > i. 

At points on the circle of convergence | z | = i and for such 
points we may write z = cos B + i sin B, Thus the series becomes 
Ea^ (cos rB + i sin rB) and will be convergent provided Ea^. cos rB 
and Ear sin rB are convergent. 

From Chapter I., § i -52 it follows that -Toiy converges if n + i > 0, 
and E \ Ur \ converges for n > o. Thus Ea^ is absolutely con- 
veigent for n > 0. Hence Ear (cos rB + i sin rB) is absolutely 
convergent for n > o. 

Next consider — i < w < o. In this case as the terms are 
alternately positive and negative the series may be written in 
the form 
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S (— i)*' 1 a, I (cos r$ + i sin rB) 

“ ^ ! {cos f {B 7t) i sin t {^B ir)}. 


Now 


df 

^r+l 


> I. i-e. I «r I > K+i I- Also 


lim. \ar\~o, 

f-> 00 


Hence U la^l {cos r (6 + tt) -{- i sin r {$ + 77)} converges pro- 
vided ^ + ’J' is not zero or an even naultiple of tt, i.e. $ is not an 
odd multiple of tt. It will be observed that the convergence is not 
absolute, since la^l diverges. 

In the exceptional case the series Z\a^ \ cost (6 + n) diverges, 
i.e. cos rS diverges. Now when 6 is an odd multiple of 


TT, Z ^ — I. 


Hence we conclude that the series 2 



con- 


verges at all points of the circle of convergence if 0 > n > - i, 
except at ^ == — i . 

Note . — If we replace by a complex number v, it follows from 
Gauss’ test, § 8*51, that the binomial series will converge absolutely 
on the circle of convergence if the real part of v is positive. 


(&) The Exponential Series.— Consider the series 

E(.)=i+z + ~+...+~+... = 

The radius of convergence of the power series is given by 
lim. — 00. Hence if R be any real number as large 

w —4. nn 


as we like, the series z^Jnl converges absolutely for | z | < jR. 

In Chapter V., § 5*1, it is proved that if v, y, x are real, and 
lim. (vy) ==x, then 
00 

lim. (i+>')'' = i+A; + f^+--.+S+.-. 

V-* CD 

It is easy to extend the argument to the case in which y, x are 
complex, V still being real. Thus if t, z be any complex numbers 
such that lim. (vC) = then 

00 

lim. (H-£)'' = i + ^ + S4-...+J+... 

CO A. . 
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It nxay then be shown that the function E (z) defined by this 
series satisfies the fundamental equation 

E (zi Zj) = E (z,) X E (zg). , 

It is usual to denote the function E [z) by when z is complex, 
the fundamental equation just stated being then wntten in the form 


(c) The Logarithmic Series. — ^Thisis the series \ E 

«W I 

w 4- I 

The radius of convergence is lim. = i. Henc 


n 


I. Hence the series 


converges absolutely for 1 2: | < i and does not converge for | 2- | >1. 
When z is on the circle of convergence we can write z = 2” = 

and the series becomes 


00 /_ 

E ^ ^ = 


00 ^n-ni 

E l—,e^ie=r: 
n 


u ± a X ^ cos n<f> 

where 4 p = d n, = — E 

If s denotes a positive integer, 


CO ^ni(k 

.eni 0 = - ^ LZ, 

« = I « 

. ^ sin n<^ 

t E . 

^ T n 


E cos n<f> + i E sin ntf) 


I - e ^9 


Now 1 1 — I < 2 and \ i — \ == y/[(i — cos if>Y + sin* <(>] 

== 2 sin 

s s 

Hence | E cos / E sin n<f> | < cosec giving 


E cos nif> < cosec \<f>, and E sin ntf> < cosec \<f>. 


Now cosec \<f> is finite provided # 0 or an even multiple of tt, 
i.e, provided ^ ^ — tt is not an odd multiple of tt. 

It follows from Dirichlet's test (§77) that each of the series 

I ^-JT :" cosne, 

n = i"^ M— I ^ n = I ^ 

CO /_ j\n-l 

= E — Sinw^ 

n = I ^ 

converges provided ff ^ an odd multiple of tt. 

If is an odd multiple of rr, say ( 2 p + i), then 

Z = — I 
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00 I 

and the series becomes ^ S - which diverges to — 00. Hence 

the logarithmic series converges at all points of its circle of con- 
vergence except at -2: = — I. 

8 * 56 . Behaviour of a Power Series on the Circle of Convergence 
L In the previous section the behaviour of the logarithmic 
series on its circle of convergence has been investigated. The 
method can be extended so as to apply to certain types of power 
series with real coefficients and with finite radii convergence. First 
we observe that consideration of a series with radius of convergence /, 
o < I < 00, can be reduced to one in which / = i, i,e, unit circle. 
Thus if the series has a radius of convergence I, then the 

substitution z = 1 ^ will change Sa^z^ into where == 

the new power series in J having unity for its radius of convergence. 

Consider, then, a series UunZ”' which has the circle | .2: | = i as 
its circle of convergence. On this circle we can write 
2: = cos d t sin B 

so that ZanZ'^ becomes cos nB + iZa^ sin nB, We distinguish 
three cases. 

(i) Z \an\ converges, i,e. Za^ is absolutely convergent. On 
this assumption Za^ cos nS, Za„ sin nB converge for all values of B 
and the original power series converges at all points of the circle 
of convergence. 

Thus the series Za^z^ where p > 1 converges at 

all points of its circle of convergence j 2: | = i. 

(ii) > o, o steadily. From Dirichlet's test (§77) the 
series Za^ cos nB, Za„sinnB are convergent provided B ^ Zfnn, 
where m denotes a positive or negative integer or zero. For 
under this condition Z cos nB and Z sin nB are both bounded. 
If 0 — 2W7r, sin nB = o, cos nB — i. Hence the sine series 
converges to zero while the cosine series converges only if Za^ 
converges. 

Since > 0 this implies that Za„ would be absolutely 
convergent. 

Thus the series Za^z^, where = i/n**, o < p <1, converges 
at all points of its circle of convergence 1 2r [ = i except at 2: = i, 

(iii) The terms of the sequence {a^ are alternately positive and 

negative. In this case we can write «« = db ^ 
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> 0 and the series becomes 

± ^ i)"* hr,z^ = di 

It is sufficient to consider the + sign only. I On | ^ | = i the 
series becomes = Eb^ cos mj} -f sin n^, where 

^ ^ -j- TT. As the coefficients are now all positive we can 

proceed as in (ii). In particular, there will be cojuvergence at all 
points on 1 I = I except at ^ = — i. 

Observe that if the sequence {a^} is such that\a„/a„^.i can be 
expressed in the form 


fn_ 

^n+l 


= 1+^+0 

n 



P > I 


then Un-^o steadily for /i > o. If /x ^ i, the series Ea^ is 
absolutely convergent. 

00 

The Geometric Series. — i/(i 4- -s:) = i7 (— 

n — o 

Since | | = i, the circle of convergence is the unit circle 

i« I =1. 

Since | «„ | A o series cannot converge at any point on 
the circle. This result can also be seen by writing the series in the 
form 


00 00 
E (— i)^ cos nd + i E (— i)"sinM0 

n =* o « = o 

00 00 
= E cos n (d tt) i E sin » (^ + tt). 
n = 0 w = o 

II. Now suppose that is complex and that lim, | = i, 

« ->• 00 

so that the circle of convergence is [ js: | == i. 

Then if it can be shown thar ««/««+! is of the form 

= I + ^ + ;^. /> > I. I A„ I bounded, 


the series converges if o < 12 (/x) < i, except at 2 : = i. 

If R (fi) > 1 we know that the series converges absolutely 
(§ 8'5i) and then the series converges at all points on the circle. 


8*57. Functions of a Complex Variable 

Consider a region A in the Argand plane. If the boundary of 
the region is included it can be described as closed, if the boundary 
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is excluded the region is open. Following the definition for a real 
variable we can say that is a function of z and write w =f {z), 
if to every point zin A there correspond one or more values of w. 
Where there is one value only w will be single valued. 

If we write z — x ty, w can be expressed in the form 
w u {x, y) + iv (x, y) 

Uy V being functions of the real variables Xy y. On this definition 
then we obtain simply a complex function of two real variables 
and no new fundamental idea emerges. The class of complex 
function defined in the way is too general to be of use and it is 
necessary to select a sub-class. 

Again, following real variable theory we might choose the sub- 
class consisting of continuous functions. Thus if Zq is a point of Ay 
f (z) is continuous at Zq if corresponding to the arbitrary positive 
number c there exists a positive number 77 such that for all z 
satisfying \z — z^\< 7 j, |/ W -/ W I < «. 

This asserts that if we take any point z inside the circle 
\ z — Zq\ =rj then f (z) f (Zq) as z-^ Zq by whatever path we 
choose so long as it lies inside the circle. From the definition it 
follows that u (Xy y) are continuous functions of Xy y and conversely 
if u {Xy y) and v {Xy y) are continuous functions of Xy y, so also is 
/ {z) a continuous function of z. Again, this does not suggest any 
new important conception and the class of continuous functions Is 
restricted still further. From it is chosen a sub-class consisting of 
differentiable functions. 

A complex function z will be differentiable at z = z^ if 
f (z) ^ f Iz) 

lim. -- — — exists as a unique limit. The function will be 

differentiable in A if it is differentiable at each point z^ ot A. 
Denoting the differential coefficient by f'iz^) the property is expressed 
precisely in the following way. Corresponding to the arbitrary 
positive € there exists a positive number rj such that for all z satis- 
fying \ z-z^\<rf. 



This asserts that if z is any point inside the circle \z -- z^\ =17, 
then no matter what path we choose inside the circle 



T. A., 11 


21 
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always exists and is equal to the unique number denoted by /'(z^). 
Clearly the condition is a much more stringent one than that of 
continuity and so may be expected to have more far-reaching 
effects. Complex functions which are differentialble are said to be 
analytic and it is with such functions that the theory of the complex 
variable deals. The discussion of the conditions that a function 
shall be analytic and of the properties of analytic functions belongs 
then to complex variable theory. A function v^hich is analytic 
in a region has differential coefficients of all orders\z.t all points of 
the region and so can be expanded in a power series similar to 
Taylor’s theorem. It is also of interest to note that a power series 
represents an analytic function inside its circle of convergence. 

8*58. Uniform Convergence for Complex Series 

The fundamental ideas on uniformity for real series, considered 
in Chapters IV. and VII. extend readily to complex series. The 
complex series is denoted by (^), the remainder after n terms 
by (z), and € is an arbitrary positive number. The series 
(z) is said to converge uniformly in a given region (or domain) 
provided there exists a number n^ independent of z suck that 
\ Rn W I < €, for all n > n^. The number n^ will depend on e 
but must be the same for all values of z in the domain. 

. One essential difference is to be noted. In the case of real 
series the interval of uniform convergence was a straight line; 
for complex series the values of z lie in a region or domain in the 
Argand plane so that the region of uniform convergence will be 
an area. We can, if we wish, restrict z to lie on a curve in the 
Argand plane and then speak about uniform convergence along a 
curve. 

As in § 4*32 the region of uniform convergence must be closed. 
Thus if a series converges uniformly at all points inside a region 
then the series converges uniformly at all points on the boundary 
of the region. 

For complex series the most important test for uniform con- 
vergence is Weierstrass’s M-test which may be stated as follows; — 
Let {M„} denote a sequence of positive constants such that 
EM^ converges. Then if the series Eu^ (z) has the property that 
I W I < values of n, at all points of a region A in the 

Argand plane, then the series Eu^ (z) is absolutely and uniformly 
convergent in A. The proof follows the same hues as that for red 
series (§4*33)* 
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Abel’s theorem, given in § 47 extends to complex series. Su^^ose 

00 

that 2 converges ai z = where is a point on the circle 

w = o 

00 00 

of convergence of the given series. Then lim. 27 = 27 

n=zo n =to 

where z-^ Zq along a radius of the circle of convergence. We may 
assume without loss of generality that \ Zq\ = i. Write 
amp. Zq = a so that Zq = cos a i sin a. If -? ->> Zq along the 
radius of amplitude a, then z = r (cos a + i sin a) where r-^ i, 
00 00 

Then 27 a^z^ = 27 (cos na + i sin na), o < r < i. 

« = O M = o 

00 00 

Since both the series 27 a^ cos na, 27 sin na are convergent 

M — O M = O 

it follows from Abel's theorem that 

00 00 00 
lim. 27 a^r*^ cos wa == E a^ cos wa, lim. 27 a^r^ sin na 

v-^in = o « = o = o 

00 

= E a^ sin na. 
n = o 

00 00 00 

Hence lim. 27 27 (cos na + i sin na) = 27 a^z^?. 

= o «=:o n == o 

Complex power series fnay be multiplied in the same way as 

00 

for real series (§ i*6). Consider 27 a^z^ with radius of convergence 

« = 0 
00 

/j, and 27 b^z^ with radius of convergence /g- If ^ is the smaller 

n sss: o 

of l^, and o < A < / both series are absolutely convergent for 
o < 1 2 : I < fe. The proof of § i-6 then extends immediately and 
if they have the following result. 

00 \ 00 

27 b^z^ j = 27 CnZ^, where 

w = 0 ' M = 0 


The prodtzct ( £ x f 


== + ^n-1 + <*S^n-2 + • • • + ^n^O* O < | 2 | < 


8'61. Relatioa between ^ and dn z and cos z 

In § 8 ‘ 3 i the equation = cos* + i sin*, where * and 7 are 
real, has been considered. Assuming that t* can be treated as am 
ordinary index we have 
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e-ix = i/(cos ^ + i sin :r) !=s (cos®^ + sin®;»;)/(cos x -{•% sin x) 
= cos ^ — i sin x. 


Adding and subtracting the two equations, j 

^ix ^ ^ix = 2 cos X, = 2i sin X, 

Thus when x is real, \ 

cos a; = i sin x -\erix), 

2} \ 

It is convenient to define cos z and sin z by these equations 
when z is complex. Hence when z is real or complex, 

00 

COS z = \ + e-^^) = i7 (— i)” 2 ®”/( 2 «) !, 


I . . 

sin z = (— i)^z^^+^l{2n + i) !. 

~ o 

Similar forms may be used to define the hyperbolic functions 
for complex values of the variable (Chapter V., § 5-42). Thus 

00 

cosh 2 = = S z^^l{ 2 n) !, 

w = o 
00 

sinh z = i {e^ — 5-^) = 27 2®”+i/(2n + i) !. 

n = o 

The usual properties of the circular and the hyperbolic functions 
may be developed from the definitions given above. Some indica- 
tion of the methods which maybe adopted, is given in Chap. V., § 5-4. 


8 * 62 . Inequalities for sin z and cos z 

When X is real, | sin a; | < | a? |J cos Afl < i. These inequalities 
are no longer true when the ygriable is complex. Now 

1 sin r 1 = I 27 (- + i) ! I 

< 27 1 2 |®"+V(2B + i) I. 

If \z \ <1, I sin AT I < I jsr I 27 1 /{ 2 « + i) ! 



<|2l{i+i + (ir + (i)» + ...} 


i.e. 1 sin 5 : 1 < ^ 1 
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It is clear that | is not the best possible factor. Again, 

1 cos r 1 <E\z l*"/( 2 «) ! 

< I + if 1 r I < I 

<i+i E = 

n — o 

Hence | cos j? | < if, if | | < i. 

8*63. Note on Conjugate Functions 

Suppose we have a function f {z) of a complex variable 
z ^ X + iy. Then /(•?)==/ (^ + being itself a complex number 
can be represented in the form 

f {x iy) u + iv, where u and v are real. 

From the properties of conjugate numbers it follows that 
f {x — iy) = u -- iv. 

This principle is a very useful one and examples of its use will 
be given below. 

Examples. — (i) Prove the following properties of the hyperbolic functions, 

(i) sinh iz = i sin z, (ii) cosh iz = cos z. 

(iii) cosh u -f- cosh = 2 cosh f (« + v) .cosh J (m — i/). 

(iv) cosh u — cosh v = 2 sinh i (m 4- v) .sink i (w — v). 

(v) cosh*z — sinh^z = i. 

(i) sinh iz = J (e^^ — e“*^) ~ i.~ (e^^ — e = i sin-p. 

(ii) cosh ip- = J {e^^ + e~' = cos z. 

(iii) 4 cosh J (m 4~ v) .cosh \ [u — v) 

^ {,* (« + *^) + e-i (u + V)} (w - t;) ^ (u - V)} 

= + e-^ e^ 

= 2 cosh M -f 2 cosh V. 

(iv) 4 sinh J (u 4- v) .sinh J (« — v) 

{ei (« + v) _ g-i(u 4" v)} (w - w) _ e- i (w - v)} 

« - (p* 4- «-) 

» 2 cosh U — 2 cosh V. 

(v) ooeBh*z — sinh *2 = J (^ 4- «-•)• — J (e» — «"•)• 

i {«*• 4- 2 4“ 4- 2 - «-•*} I. 
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(2) Two complex numbers e — x + iy, lei = « + »», are connected by an 
equation z ^ c cosh w. Prove that 

y\ ^ _ y* _ , 

c* coshHt c* sinh^u c* co$*v c® sin^v j 
and find the values of x and y that correspond to m r=: v = J. 

\XLond. B.Sc., Eng.] 

X iy c cosh (m + it/) ; x — iy c cost (u — iv). 

“ZX \ 

Hence — = cosh (« -|- iv) -f cosh (u — iv) \ (i) 

\ 

211/ ' 

= cosh (u -f iv) — cosh (u --- iv) (ii) 

X 

From (i) " = cosh u cosh iv — cosh u cos v (iii) 

From (ii) ~ =« sinh M.sinh iv = % sinh w.sint; (iv) 

X y 

From (iii) and (iv), r— = cos v, — ~ — = sin v. 

' ' ^ ' c cosh u c smh u 

Squaring and adding = cos*v + sin% = i. 


X y 

Again, “ == cosh u, ~ — = sinh u. 

° c cos V c sin t; 

Squaring and subtracting = cosh»M - sinhH* = i. 

When = X ^ c cosh i .cos i = c. J (^ -f- ^“^) cos 57° 18', since 

I radian = 57® 18' approx. Substituting e = 2*718 , . . the approximate 
numerical value of x can be calculated. 

Similarly, y ^ c sinh i .sin i = c.J (e — e~^) sin 57° 18', and y may be 
found in the same way. 


(3) Given that x iy ^ coth i i'q), express x and y separately in 

in reed form in terms of f and tj and show that, when ^ < o, y can be expressed 
in a series 

— 2 sin Tf 4- e^^ sin zq + sin 31? + » ♦ • )• 

What is the corresponding series when f > o ? [Camb. Sch.] 


Since x iy ^ coth i (^ -h «i?)» 

X --- iy ^ coth i (^ ~ iq) 

Thus 2 x = coth J (f 4 * iq) 4 - coth i (^ — iq) 

« cosh i (f 4- i j) , cosh j (^ — ig ) 
sinh J (^ 4- iq) J — *v) 

ei tt + *1?) 4. * tt + iq) 

,,*(£- iv) + «-*{£- iv) 

e* (f {r-«‘ij) 
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+ 1 ^ I 

^ — iv — 1 

2 ( g^^ — l) 

e*{ _ «f + »■>»_ - ’*>? + I 

2 (g*^— l) 


Hence ;r ^ 


cos + I 

~ i O* M 1 

Similarly y ^ 


gf 


sinjL 


cos ^ -f r 


— 2^^ cos i; + I 
Now y may be written in the form 

— sin 71 {i — *’?}“' {i _ ~ ^ 

If ^ < o. 1 i I = < I. Thus we may expand by the binomial 

theorem, the series obtained being absolutely convergent. Thus 


y = — sin 71 


{ " 

In =< 


+ ntTi 


}{.!« 


— fiiT) 


}■ 


In the product of these infinite series the coefficient of is 

gfitTj ^ ^{n - 2 ) 171 4 . ^(« - 4 ) *>+... + 4 . e-niTi, 

This is a geometrical progression of (« + i) terms, the first term being 
and common ratio Thus its sum is 

(n + i)7j g{n + I) iTi _ ^-(n + i)^ ^ (» 4 . i).^ 


^niTj J 


Hence y 




sm Tf 


— Z ^”^sin (n -f i)7j, 

w = o 

which is the required result. 

If f > o we can write y in the form 

^ = — sin 7j}l(i — cos 7) 4- 

which is the same as the original form with — ^ instead of Hence if ^ > o 

00 

y « — Z sin (« + i) 71, 

n = o 

(4) TAtf real quantities x, y. «, v are connected hy the equation 
cosh {x + iy) =« cot (u -f- iv). 

Prove that 

sink 2 v 
sin 2U 

and that coth 2t; « — (cosh zx + cos ay -f 2)/4 sinhx . siny. [Cantb, Sch,] 

Now cosh (x + iy) *= cot (m - 1- it») (i) 

cosh (;r -r ly) =a cot (« — iv) (ii) 


— tanh X .tan y. 
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A.ddiiig (i) and (ii), 
cosh (x -f iy) + cosh (x ■ 


• cos ( u + iv) , cos (u 
sin (u 4- iv) sin (u - 


_ cos (m 4- i v) sin {u — iv) -{- cos (u — iv) sin (u + tt;) 

sin (u 4- iv) sin (m V iv) ’ 

Hence cosh x cosh iy — sin 2«/{cos 2iv — eos 2 m}. 

i.e. cosh JT cos = sin 2w/(cosh 2 v — cospw) (iii) 

Again, subtracting (ii) from (i) 
cosh (x 4- iy) — cosh (x — iy) 

— cos 4- iv) sin (u -^iv) ^cos (w — iv) sin {u 4- iv) 
sin (u 4- iv) sin (m — iv) 

i.e. sinh;r sinh ly = sin (— 2tt;)/{cos 2it; — cos 2u) 
i.e. i sinh ;r sin ^ = ~ i sinh 2i;/(cosh 2v — cos 2u) 

Hence sinh;r sin 3; = — sinh 2t;/(cosh 2v — cos 2u) (iv) 

From (iii) and (iv), = — tanh;r.tanv. 

Again u iv ^ cot“*^ {cosh {x 4 - iy)) 
u — iv ^ cot”^ {cosh (x — iy)) 

2iv = cof^ {cosh (x 4“ iy)) 


i.e. cot 2iv = 


cosh {x 4- iy) cosh (x • 


cot“i { cosh (x — iy)] 
iy) + 1 


cosh (x 4~ “ty) — cosh {x — iy) 

__ J cosh 2;r 4- J cosh 2iy 4- i 
“ 2 sinh X sinh iy 

cosh 2x 4- cos 2y 4- 2 
i sinh ;r sin ^ 

i.e. coth 2V = — (cosh 2x 4- cos 2y 4- 2)/4 sinh x sin y. 


Hence 41 coth 2t; 


87. Logarithm of a Complex Number 

Multiple-Valued Functions. — Let f(z) denote a function 
depending on z. Then if to each value of z there corresponds more 
than one value f [z), f {z) is said to be multiple- valued. Examples 

1 

of this type of function have occurred already. Thus z^ is a 
multiple-valued function of z, for to each value of z there corre- 

1 

spond n values of Each of these n values is a function of z, 
and we may speak of each one of them as a branch of the multiple- 

A 

valued function z" Thus z" has n branches. In particular z^ 
has two branches. 
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As another example consider amp. z. This is a multiple-valued 
function, but it is made single-valued by considering the principal 
value of the angle. This is equivalent to restricting ourselves to 
the consideration of one particular branch. 

The Logarithm and its Principal Branch. — ^Now if x, y are 
real, x > o, then log x is defined as the number y satisfying the 
equation x == e^. In Chapter V., § 5*13, it has been shown that 
this number is unique, i.e. given ^ > o, there exists one and only 
one real number y such that y = log x. 

Now consider the equation z == e^ where w, z are no longer 
restricted to be real. If v is any real angle, 

= cos v + i sin v. 

Writing v = 2W7r; where w is a positive or negative integer, it 
follows that 

Q 2 nni = cos 2«ir + i sin 2W7r = I. 

Again, if w ^ u + iv, u and v being real, 

e^ = == ,e^^ = e^ (cos v + i sin v). 

Let us consider in particular the solution of the equation e’® = i. 
Then e^ cos v = i, sin p = 0. 

From the second equation, since # 0 it follows that sin v = 0, 
i.e. V = wtt. 

But if = wtt, cos v == ±1. Since is never negative it 
follows that cos v cannot be negative so that cos v = i. Thus 
V = 2«7r, i.e, only even multiples of w. Also e^ = i, i.e. u = o. 

Thus the solutions of the equation = i are 
u = 0, V = 2n7r, i.e. w = znTri. 

Hence the solution of the equation e^ = z is no longer unique, 
for in the particular case considered there are an infinite number of 
solutions, each differing from the other by a multiple of 27r, This 
result is to be expected since 

= e^ X I = e^ X e^nni = + 2«7rt\ 

Now let z be any complex number and write it in the form 
2 = r (cos $ + i sin $) == re^& == e^<^S ^ 
where log r is the logarithm of the real number defined as in Chapter V. 
It follows that we can take one value of log z to be log r +i$ and 
the general solution to be 

ze' = log 2: = log r -f f + 2 »it), 
where n is zero, or a positive or negative integer. 
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The logarithmic function is defined as consisting of all these 
bremches. It is convenient to specify a single-vdLued branch of the 
logarithm in the following way. 

Consider the representation of z in the Arg^nd diagram and 
suppose that a cut is made along the negativel part of the real 
axis OX* as indicated in Fig. 36. Suppose furtker, the point P 
describes any path in the plane, but is never allo^ived to cross the 
cut. Then it is clear that under these conditions fhat if P returns 
to its original position its amplitude mil be the sarke as its original 
value. 

The only other possibility is that the new amplitude should 
differ from the old by a multiple of 27 r, This is impossible since 

P has described a path 
which has not passed around 
the origin. 

Thus if we define the 
principal branch of Log z to 
be log z = log r + iO, 

— TT < ^ TT . 

then no matter what path z 
describes under the restric- 
tion just stated the ampli 
tude will always lie between 
— TT and 77. 

The reader should note 
the distinction drawn be- 
tween Log z and log z. 

Note . — Care is necessary in using such formula as 
log [h 2,) = log 2i + log Zg. 

For e ac h logarithm has its prihcipal value, which means that the 
value of 0 corresponding to z, z, must lie between — ir and w. 
But it is easily seen that when we add the angles corresponding 
to Zy and Zj the resulting angle may not lie on the range and it will 
be necessary to add or subtract 2w». Thus in general 
log (z, Zg) = log % + log Zg + 
where ^ = o, i or — i. 

In any particular case it is easy to see the value of k, which 
be taken. The last point has already arisen in connection 
with the amplitude of the product or quotient of two <»mplex 
numbars (§ 8*22). 
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8*71. The Logarithmic Series 

It has been proved in Chapter V., § 5*5, that if x is real, 

log(i+x)=*-^ + j- ^+ ..., |x|<I. 

The algebraic method adopted there may be extended directly 
to complex numbers, provided the series involved converges 
absolutely. 

C30 

The radius of convergence of the series E (— has 

« ~ 1 

been shown in § 8*55 to be unity. 

It follows that the series is one of the solutions of the equation 

00 

= T + z, provided I z \ < 1. Thus 2 * (— i)^^^z^ln is one of 

« = I 

the values of Log (i +2). 

Now Log (! + ;?)= log (i + ^) ± 2t«7rt\ where tw is a positive 
integer or zero. Hence 

00 

log (i + 2) ± 2W7rt = 2 (— 

w = I 

Now write z = re*^. Then 

log (1 + r cos 6 + ir sin 6 ) ± zinm == 2 (— 

« = I 

When = o, i.e. z is real, the equation becomes 

00 

log (i + ^) ± 2W7jt = 2 (— * lYr^jn. 

« = I 

It follows that w = o, since the other terms are real. Haice 

log (l + 2) := 2 — U I < 

where log (i + ^) is the principal branch of Log (i + When 
z lies on the circle of convergence | z | = i it has been proved in 
§ 8*55 that the series converges for all such values ofz except atz ^ x. 

£xain|>les. — ( 1 ) If x, y, 0, ^ are real quantities and if 
Jog^ sin {6 4- ipt — x iy, prove that 
20 *^ *» cosh — cos 20 
Since x + iy sin (0 4- 
sin (# 4- ip), and « sin — ip). 


[Camb. $ch,^ 
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Multiplying the two equations, 

e*® = sin (B 4 “ i 4 ) sin (B — = J {cos — cos 2B}; 

2c*® = cosh 2^ — cos 2^. 

In this example the question of the principal value 6f the logarithm does 
not arise since the exponential form is used. \ 

(2) Express the fourth root of {— 2) and its logarithm in the form u -f iv. 

[Lond., B.Sc., Eng,] 

Now — 2 = y (cos d -f i sin 0 ) = re'^^X 
Thus r cos d — — 2, r sin ^ = o, y = 2, B -jr. 


Hence — 2 — inn) _ 2^^^” where n is zero or an 

ititeger. 

Thus (- 2)i = ai 

The four values may be obtained by writing n ~ o, i, 2, 3, and are 


2iei^\ 2iei^\ 2^1^^, 2^^^, 

i.e, 2^ (cos Jir 4- » sin Jtt), 2i (cos }?r + i sin }7r), 2^ (cos fw + i sin |w), 
2^^ (cos Jtt + ^ sin Jtt), 

Taking the principal values the logarithms are 

i log 2 + iiri, J log 2 + iTrt, J log 2 — | 7 rf , J log 2 - jTrt. 


(3) Considering only the principal value, prove that the real part of 

(i + i is cos (Jtt 4- ^3 log 2). 

[Lond. B.Sc.] 

Write (i 4- » Vs)^ ^ ~ y(cos B i sin B), 

Taking logarithms, (i 4 - f Vs) 1^6 (i 4 - » y/z) == log r 4 * » ^ ( 1 ) 

Now log (i 4- i Vz) == log 2 4 - i tan-* \/3 — log 2 4- i Jtt, the principal 
value being taken. 

Then (i 4- » Vz) (log 2 4- 1. Jrr) = (log 2 — tt/Vs) -f » (i^*- f VZ log 2) . . (ii) 
From (i) and (ii), log y = log 2 — 7r/\/3* ^ 4 - y/Z log 2. 

Hence r = 2 ^“^/v' 3 ^ cos B = cos (Jw 4 - V3 l^fif 2 ). 

The real part of re^^ = y cos B == 2^“’*'/ V' 3 cos (Jw 4 - \/3 log 2). 


(4) If u + iv = /og where z ^ x iy and a is a real constant, 

find the values of u and v in terms of x and y and show that u == const, and 
V const, represent in the z-plane two sets of circles which cut each other ortho- 
gonally, {Lo'nd, B.Sc., Eng.] 


z --ja 
z a 


gu+iv^ 


. X ^ a iy 

' P ssa 

4 * 4 - 


(i) 


gU+iV 
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The conjugate functions give * , ^ — % 
' “ X + a — ty 




Multiplying (i) and (ii), == {(x — «)» + y^}l{(x + a)> + y*}. 

Thus w = 1 log [{(X ~ a)a + y*}/{(^ + «)* + y*)]. 

^ '~A±^y) . ^ - *y) 


Dividing (i) by (ii) = 


;r -f (a + iy) ^ — (a + «y) 


(a — «y)* 


ar* - 


a® H* y* + 2 aty 

r7* 4- V* . 


Hence - 


+ I 


4- y® - a*’ 


+ e- 


_ 2my 
~ T* ip y* ~ a** 


Hence tan v =r 2 ayl[x* + y* — a®). 


(«) 


(a + jy)» ;r® — a® -f- y* — 2flfy 

— a® 4" y* + 2 aiy -- :*?® 4* <** — y® 4- 2 aiy 
' ^® — fl® 4- y» 4- 2 aty 4- — a* 4ry2^1ir2fliy 

2 aiy 


The curves for which « = const., v = const, are given by 
{x — a)® 4- y* ~ ^ {(^ + ^)* -f- y®}» JT* 4” y* — a* = 2 aly 
where k and I are constants. These equations may be written in the form 
(x — amy 4- y® ==: a* (w* — i) ; ;r® 4“ (y ~ (^)* = a*(i + ^*)» 

where m = (i 4- ^)/(i — These equations represent circles; the first 
has centre (am, o) and radius a — i), the second has centre (o, al) and 
radius a \/(i 4- ^*)* The distance between the centres is 4" «*^*)* 

The condition that the circle should cut orthogonally is that the sum of 
the squares of the radii be equal to the square of the distance between the 
centres, i.e. a*in* 4- — a®(m® — i) 4" 

Thus the condition is satisfied. 


8*8. Transformations 

Let w + iv be a complex number which is related to the 
variable z x +iy by some relation = / {z). 

Consider the geometrical interpretation of w and z. The plane 
in which z is represented may be called the xoy plane or the z-plmei 
and the plane of w by the uOv plane or the i£>-plane, the origins 
being o and 0, Suppose now that z describes a curve in the xoy 
plane. Then w will describe some curve in the uOv plane. Thus 
to any figure in the first plane corresponds one in the second plane. 
The passage from a figure in the xoy plane to the corresponding 
figure in the uOv plane may be called a tmnsforimtion, and the 
function w ^f{z) is said to transform z into w. 
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If w ^ az + b, where a and b are constants, the transformation 
is said to be linear. If + b)j(cz + d) the transformation 

is said to be bilinear. 

Again, if f{z), g (2;) are pol5niomials in z the transformation 
defined by w ^ f (2) jg (2) is said to be rational. \ Thus the linear 
and bilinear transformations are particular cases of rational trans- 
formations. 

8*81. The Linear Transformation 

We consider the transformation w == az + b in two stages 
as follows. Write Z = az, w = Z + b where Z = X -f iY, 
Then Z represents an intermediate transformation and the complete 




transformation is obtained by parrying out the two other trans- 
formations in succession. 

Now if Z = az, |Z| = |^||2r|, amp. Z = amp. a + amp. z. 
In the last equation amp. Z need not be the principal value of the 
amplitude when amp. a and amp. z are principal values, but may 
differ from it by 27r. 

Corresponding points may be conveniently represented in the 
one figure. Thus if P and A are the points z and a respectively, 
Q the point Z, Z^xoA = A, Z,xoP = $ tiien j 4. A alnd 

^^oA .oP (Fig. 37). Thus the radius vector oQ is obtained 
from the radius vector oP by turning it through an angle A =«jamp. « 
and multiplying its magnitude by the length of oA^\a ‘ 
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It follows that if P describes a curve on the xoy plane, the 
corresponding curve described by Q will be similar. 

Next consider w ^ Z + Let B represent the point 6 , 
Q the point Z (Fig. 38 ) . Then if P is the other vertex of the parallelo- ' 
gram whose adjacent sides are oB, oQ then R is the point w. Thus 
the effect of the second intermediate transformation is to trmslaie 
every point Z through a distance oB in the direction of oB, 

The complete transformation w az + b involves then three 
separate transformations: (i) a rotation, 0 changed into + A; 
(ii) a magnification, oP changed into oP x | <^ | ; (iii) a translation 
equivalent in magnitude and direction to oB, 


8*82. The Bilinear Transformation w = (<ia + i)/(ca + d). 

As in the case of the linear transformation we may consider 
the transformation by means of 
a series of intermediate trans- 
formations, Thus, provided 
alb Id, 


w ■ — 




(be ~ ad)lc^ a 

z + d~lc c 

p 

« it is clear that w 


is a constant. Writing 
(be — ad)lc^ = m 

we may express the complete 
transformation as follows: 

(i) Zi = z + dje, (ii) z, = ilz,, 



Fig. 39. 


(iii) z, = mz„ (iv) w = z, + ajc. 

The first, third and fourth transformations have already been 
considered as they are all linear transformations. There remains 
z, = ifz,. 

Let P be the point z, (Fig. 39 ). Then with centre 0 and radius 
unity diaw a circle in the xfiy, plane. This is the unit circle in 
the Z|-plane. 

Since z, = i/a,. 1 «, | = i/| I. amp. z, = — amp. % 

Jjet ^ be a point on OP such that OP.OQ ~ i Thus 
0^ = I Zg |. Then in geometrical notation ^ is the inverse of 
P with respect to the unit circle. 
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Next let R be the reflexion of ^ in the real axis. Then since 
xfiP = Z. x^OR numerically, amp. = xfiR and since OR = OQ 
it follows that R is the point z^. 

Expressed in geometrical language we pass from the point z^ to 
the point z^ by first inverting the point with respect to the unit circle 
and then constructing the image of the new pointun the real axis. 

We now show that the bilinear transformation transforms circles 
into circles or straight lines. \ 

In order to prove this it is sufficient to show\that the trans- 
formation w ^ ijz transforms circles into circles or straight lines. 
For as regards the intermediate transformations (i), (iii), (iv) it 
is clear that circles will transform into circles and straight lines 
into straight lines. 

Any circle in the ; 2 :-plane may be represented in the form 
I 2 — - a I == p, where a is the centre, p the radius of the circle. Thus 
z — a = p (cos ^ sin ^), — tt < ^ < tt. 

Write a ^ a ’i- ip, w = u + iv, 

jjw = i/(w -f iv) (u — iv)l(u^ -f v^). 
Then (u — ■ iv)l{u^ + v^) = a + ip + p (cos d + i sin 0): 

Equating real and imaginary parts, 

«/(«* + ty*) = a + p cos 0; — vl(u^ v^) ^ p p sin 0. 

Hence u — a{u^ +v^) ^ p {u^ + cos 0, 

— V — p {u^ + v^) == p {u^ + v^) sin 0. 

Squaring and adding we obtain 

(w* + V^) {(a^ + p^ — p^) [u^ -f V^) — 2aU + 2Pv + l} = 0. 

Since p > o, w^o and + v^> o. Thus the equation gives 
(a* + — p*) («® + — 2au + 2pv + 1=0. 

Then if + p^ — p ^=¥0 this represents a circle in the u, v 

plane whose centre is the point 

{a/(a* + /S* - p*), - i8/(a* + - p*)}. 

If a* + /3® — p* = o, i.e. the circle \z — a\ — p passes 
through the origin, the equation reduces to 
— 2aU 4 - 2^V + 1 = 0 . 

8*83. Ciide in the Argand Dii^piam 

We now show that the equation of any circle may be written in 
the form 

zi + a« + ai + 6 = o. 
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where z, z denote conjugate numbers and b is real. Conversely if z 
satisfies an equation of the above form, then z must lie on a circle, 
[Compare alternative proof in § 8-32, Ex. i.] 

The equation of the circle whose centre is A and whose radius 
is p may be written in the form \z — X \ p. 

Now the conjugate of 2 — A is 5 — A, and since the product 
of two conjugate numbers is equal to the square of the modulus of 
the original, we may write the equation of the circle in the form 

(2 ~ A) (5 — A) = i.e. 2 ? — A? — A5 + AA — = o. 

Writing a = — A so that « = — A, and XX — p^ = b the 
equation takes the form 

zz az + 7 iz + b ^ o. 

If X = p iv, X — p — iv then a = — p + iv, a = — p — iv. 

Hence /x = — | (a + 5 ), v ^ \i (a — a). 

Again, p^ = XX — b = aa — b. 

Thus the equation zz az + "0^ + b = 0 represents a circle 
whose centre is {— | (a + — i and whose radius is 

- b)^. 

This result may be used to give an alternative proof of the 
result that the bilinear transformation transforms circles into circles, 
with straight lines as particular cases. As before it is sufficient 
to prove the result for the transformation w ^ ijz. 

Let the equation of the given circle be 
zz + az +az b o. 

Substituting 2 = i/ze>, z — ijw the equation becomes 
1 <m + aw bww = o. 

Dividing throughout by b^o, 

_ S , a- , I 

ww + + r 

boo 

Since b is real, the conjugate of ajb is ajb. Thus this equation 
has the same form as the original and hence represents a circle in 
the ie>-plane. A special form occurs when ^ = o in which case the 
equation for w becomes 

I + ~ 

T. A., n. 
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Writing w = u + iv, w ^ u — iv, a^b + ic, S = 6 — ic, 
this equation becomes 

I + {& + ic) {u — iv) + (^ — ic) (u +{iv) = o, 
i.e. I + 2 bu + 2 CV = 0 . This represents a straight line. 

8‘9. One-one Correspondence \ 

Let Cl and Cg be two curves in the Argand oiagram. Then if 
there exists some relation such that by means of\it we can define 
a correspondence between points on the two curves in such a way 
that to each point of Q there corresponds one and only one point 
of Cj, and conversely to a point on Cg there corresponds one and only 
one point of Q, the correspondence is said to be one-one. 

In a similar way we may define one-one correspondence between 
two areas in the planes. To each point of the first area will corre- 
spond one and only one point of the second area, land conversely. 

The functional relation which defines the one-one correspondence 
may be said to give a one-one transformation. 

The general bilinear transformation te; == (a^: + b)l(cz + d) is 
the most general type of transformation which possesses the property 
that to each value of z there corresponds one and only one value 
of w and conversely. For the equation may also be written in 
the form 

dw — h 

z ^ , 

cw — a 

which clearly defines one and only one value of z corresponding 
to each value of w. 

Examples. — (i) Prove that the transformation i£> = (2« »)/(2 — iz) 

transforms the interior of unit circle in the (x, y) plane into the interior of the unit 
circle in ihe (w, i') plane, where z —'X iy, w ^ u + iv. 

At any point on the boundary of unit circle in the (x, y) plane. \z \ = i, 
z =» (cos 0 -f t sin ^). — tr < 0 < n. To show that this circle is transformed 
into unit circle in the (u, v) plane it is sufficient to show that when 
z s= cos 0 4-2 sin 0, | te/ 1 *= i. 

, , I 2 r 4- * 1 I 2 cos 0 4- * ( 2 sin 0 -4- i) I 
» I — 1 2 — 1 1 2 H- sin 0 — 2 cos i I 

_ /4 cos*0 4- (2 sin ^ 4- i)*\^ 

\ (2 -h sin 0) * 4* cos* 0 / 

/4 + 4»ln 

“ l4 + 4sin« + i/ 


3SS 
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To show that the interior of unit circle in the {x, y) plane transforms into 
the interior of unit circle in the [u, v) plane it is sufficient to show that if 
be any particular point such that | | < i, then | I < where 

Wq (2^0 4- ♦)/(2 — Wo)* To see this let be two points such that 

1 I < I. I I < I and suppose that 1 Wo I < Then must [ | < i. 

Suppose the contrary, i.e, | WjI > i. In the (i#, v) plane join by any 
curve. Then since inside and Wi outside, this curve must cut unit 

circle at a point te^i (say). 

Denote the curve by C, and let Ci be the corresponding curve in the {x, y) 
plane. Cj is uniquely determined since the transformation is one-one. Further 
the point corresponding to a;, must lie on the boundary of unit circle in 
the {x, y) plane. Hence the curve must cut the circle. 

This is true for any curve joining and in the (u, v) plane. It follows 
that every curve joining z^, z^ must cut the unit circle in the {x, y) plane. 
This is obviously false since z^i, z^ both lie inside the circle. Thus we have a 
contradiction and hence | tej | < i. 

As the particular point take = o. Then = i/a, jte^e | == J < i. 
Thus the result is proved. 

(a) Prove that the transformation = (a — o)/(i — a^), where a is any 
complex number whose modulus is not equal to unity, a is the conjizgafe complex 
number, transforms the inside of the unit circle into the inside or the outside of the 
unit circle in the plane of w and distinguish the two cases. 

We first show that if | a ] = i then | w ] = i. 

\w \ ^ \ Z — a 1. 1 I — off I = 1 ^ — a I/I I — ol 1 . [§ 8*32, (ii). 

Now write z ^ e^^, a = pe^^, p^i 

I a> I = 1 e*® - |/! i - fJ’f ’ | = | «'» | = i. 

Thus unit circle in a-plane transforms into unit circle in the w-plane. 

Consider the point r = o and let Wq be the corresponding value of w. 
Then = — a. Thus the point is inside unit circle in the te^-plane if | a 1 < i 
and outside if | a | > i. 

(3) In an Argand diagram the points P and Q represent the complex quantities 
z and Zi respectively, where z^ ^ (z -- x)/(z -f- i). Find the locus of Q if P 
describes a line through the origin inclined at an angle a to the x-axis and show 
that if Q describes a circle of the coaxed system whose limiting points are (i, o), 
(— I, o) then P describes a circle whose centre is the origin. [Lond, B.Sc.) 

Write z — X iy, = jr j + iyv 

If P lies on the line through the origin inclined at angle a to the ;r-aads. 
amp. a «s a, i.e. yjx « tan a. 

Now the relation Zi^ (z -- i)j{z -f-.i) may be written in the form 

»»(#, + *)/(! - * 1 ) r (*» + * + *•>'>)/(* - ■*! - *3'i) 

«(*,+ * + *yi) (I - + iyx)IUi - «i)* + yi*i 

« (I + *»>>, — V — + yi*) (i) 
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Hence tan a = 2yJ{i — — y^^), 

i.e. Xjf + + cot o)* == I 4“ cot* a = cosec* a. 

Thus Q describes a circle whose centre is (o, — cot a) and whose radius 
is cosec a. | 

A system of coaxal circles may be represented by\the equation 
X* + y* — 2gx -f c = o \ 

the y-axis being the common radical axis, g being a variable parameter, the 
limiting points being (± ^Jc, o). Hence Q lies on a cirile of the system 

+ y^ — 2 ^ 4 ?! + I *= o. \ 

From (i) it follows that ^ = (2 — 2gx-^^ + 2iy^l2X^ (g i), 
i.e. 2 = (i - gATi 4 iyi)Mg - I). 

Hence | 2 |* == {(i - gx^y 4 - i)® 

= (I - 2gx^ 4 gW + yi^)K*(g - I)* 

= (g*Xi^ ~ - 1)® = (S' 4 - i)l{g - I). 

Hence z lies on a circle whose centre is the origin and whose radius is 

{g + i)*/(S' - 1)* 


(4) If where z x -\- iy and x, y, c are real, prove 

\Z C/ Z-^ ** 2C 

thai, when z ~ ce^^, z^ s= 2c co& 6. Hence, or otherwise, prove that if the point 
representing z describes the circle 4 y* = c*, the point representing z^ describes 
the segment of the x-axis from 4 2C to — 2c twice, once in either direction. 

[Lond. B.Sc., Eng.] 

Now ii± 4 ! = 

(z — cy — 2c 

Applying componendo and dividendo, 

(z 4 g)* 4 (2 7- _c)® ^ H 4 2 C_ 43 _j- 

{z 4 c)* — — c)* 4 2C — 4 2C' “ 2CZ 2C’ 


4 2C 


Write z 


je Then + i 


Since cos 0 = i («*® + e *®), z, = 2CCOs $. 

Take the initial amplitude of r ±o be zero and consider the variation of r, 
as amp. z increases from o to zn, when | z | = c. As $ increases from o to Jrr, Zj 
moves from the point {zc, o) on the real axis, along the real axis to the origin. 
As B increases from iw to tr, z^ moves along the real axis from the origin to 
the point (— zc, o). 

Again, as B increases from ir to zn, z^ passes along the real axis from 
(— 2c, o) to {zc, o). 

Thus as z describes the circle | z | = c, Zj describes the zf-axis from 4 2<; 
to ~ zc twice, once in either direction. 


(5) U ~ where z and z^ are complex quantities and k is real, and if 
the point which represents z in an A rgand diagram describes a circle whose centre 
is {a, b) and whose radius is r, show that the point which represents zydczcribes a 
circle of radius h^l{a* 4 6 * — r»). [Lond. B.Sc.] 
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Now zzi = k*. Hence \ Zi\ ^ k^l\ z\. Also amp. 2^ ~ — amp. 2. 

The curve described by as z describes the given circle is obtained by first 
considering the curve for which | 2^ | = ^*/| 2 | and then reflecting the curve 
in the ;r>axis. The second step only changes a circle into a circle of equal 
radius. Thus it is sufficient to prove that the curve described by Zi where 

\ z \ I I = ft* and arg, z == arg. z^, is a circle of radius k*rl(a^ ft* ^ y*)^ 

Let P be any point z on circle {x — a)* + (y — 6)* = r*, Q the correspond- 
ing point Zi, O the origin. Then OP = | -? |, OQ ^ \ z^\, and hence 
OP,OQ^ ft*. 

Let amp. 2 be B so that the equation of OP is p, where p 

is the distance from the origin to the point {x, y). If OP = p then OQ *= k^/p. 

Write == tt -f iv. Then arg. z^ = 6 and sin B = v/(«* 4 - i;*)^, 

cos B « ul{u^ 4 - Since P lies on the circle (x — a)* 4 - (y — ft)* = ^*, 

(p cos ^ — a)* 4- (p sin ^ — ft)* = f* (i) 

14 V ft* 

Also, since Q lies on the line OP, s : — ^ = — . Thus 

^ cos B sm B p 

cos B ~ wp/ft*, sin ^ = vpjk^. 

Squaring, adding and taking the square root, we obtain p = ft*/(w* 4- f;*)^. 
Thus p cos B = uk^l{u^ 4 - t^*)i p sin B = vk*l{u^ 4 * v*). Substituting in (i) 
and simplif3ring we obtain 

/ aft* y / ftft* y _ ft*r* 

a‘ + b* - rV r a« + 6»"- r‘) ~ (a*+ b>-rY 

Thus Q describes a circle of radius khl{a* -j- ft* 


EXERCISES VIII 

1. Find the value of (* — i)*. 

2. Write down the square, cube and fourth powers of a 4 - ib, and show 
that they are of the same form. 

3. Simplify (3 4 * 4 * (3 ~ 

4. Find the fourth power of — — 3'v/(— 4)}. 

5. Resolve x^ -- y* into four factors of the first degree. 

I I 


6. Show that 


7. Simplify 


(I -- *)• (I 4 - *)* 

a 4" ft* g bi 

a — hi a 4- b% 


8. Express ^ ^orm of a 4- ih. 

I - V J) 

9. Find the square roots of (i) —14- 2 -v/(-- ^)> (h) -** t 4- 4v'(— 5). 

10. Prove that ^(4 4 - 3»a/2o) 4- ^(4 ““ ^ 
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1 1 . Show that --y-— - ~ ^ 

V(3 + 4») ^ V(3 


4 

4») 5* 


12. Find the moduli of the following expressions: 


(i) (I + t)»; (ii) (40 + 9 t) (24 + 7 *).* P) 


3 + 4* 
12 4 - 5 * * 


(iv 


13. Reduce the expression {(4 -f 3*) Vs + 4*}/(3 
I (i 4 - i). 


3 - 4 ^ , 12 ~ si 
3 4 - 4 * 12 + 5f 

to the form 
[iV.Sc.] 


14. Suppose that ;i? 4- 4- where 

^ = aj + tag, B = hj 4- t6j. 

Assuming that x, y, a^, bi, h^, », t are all real, find the value of x and y. 

[Lond. B.Sc., Eng,] 


15. If (uj 4 - ii>i) («a 4 - *&a) = ^ 4 - iB, show that 

tan“^ 4- tan“^ — * tan~* ^ , 

and {uj* 4- fci*) («2* + 2 >»*) == . 4 * 4 - B». 

16. Explain the representation of complex numbers by means of points 
in a plane. Mark on a diagram the points which represent the complex 
numbers 2 -f 31. 1/(2 4- 3;). (i 4- i)/(i - i), {(i -f *)/(i — »)}*. 

[Land. B.Sc.] 


17. Give a geometrical construction for the product of two complex 
numbers. Find the modulus and amplitude of (i) (2 4 - 3i)/(i — t) : 

(ii) (cos 5 4- * sin ^ — i)/(cos ^ 4- » sin ^ 4- i). [Lond. B.A.] 


18. Draw a rough diagram showing the positions of the two points 

jjj as ^3 4- i, 4 - t V* on the Argand diagram. What are the 

moduli and amplitudes of these two complex numbers ? Illustrate on the same 
diagram the numbers and zjz^. 

Three complex numbers are such that zjz^ == what geometrical 

significance has this in relation to the corresponding points in the Argand 
diagram ? 

19. Represent in a diagram the complex numbers 5 4- 21, (9 — 7 i)l(i — 2). 

If (r, — — h) = (^3 ^ ““ prove that the points which 

represent the complex numbers form an equilateral triangle. 

[Lond, B.A.] 

20. Explain what is meant by the modulus and argument of a complex 
number* and how they are represented in the Argand diagram. Prove that 
if (i 4- z) {s' — i)l{z — s') is real, the four points, i, — i, r, -r' are concyclic. 

[Lond. B.Sc.] 

21. A, B, C are three points in the Argand diagram, D is the foot of the 
perpendicular from A upon BC and .< 4 B is a diameter of the circle through 
ABC. Interpret geometrically the equation (which need not be proved) 

(6 -- fl) (i: ^ a) « a) {e a), 

wBere a, b, c, d, e are the complex numbers represented in the diagiam by 

B. C, A E. [Lond. B.A.] 
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22. Prove that 

(cos ai + i sin aj) (cos a, + t sin o^) . . . (cos an + i sin aj 
« cos (aj -f aj -f . . . + ttn) 4- » sin (aj -1- aa -f . . . -f o,). 

Factorize be (6 — c) + ca {c ^ a) + ab {a — b) and by means of the 
substitution 

a = cos 2a 4“ * sin 2a, b = cos 2/5 4“ i sin 2/5, c = cos 2y 4- * sin 2y, 
prove that 

cos (/3 4- y 2a) sin (/5 — y) 4- cos (y 4" a — 2/5) sin (y — o) 

4 “ cos (a 4 - ^ — 2y) sin (a — fi) 
= 4 sin (/5 — y) sin (y — a) sin (a — /5). [Land. B.Sc!] 

23. State, and prove, De Moivre’s theorem for a positive fractional ex- 
ponent. Find all the values of (t — i)^. [Lond. B.Sc.] 

24. Explain carefully how the Argand diagram may be used to determine 

the «th roots of unity. Find correct to three places of decimals one of the 
.sixth roots of 35 4- 1201. [Land. B.A,] 

25. Express in the form a 4- where a and b are real and in their simplest 
form 

W ^ (i 

[Lond B.Sc.] 

26. Find u and v, the real and imaginary parts of 

« -f it/ = (2 — i) 4- 
where 2 = 4- iy and a is real. 

Prove that the locus of the points on the Argand diagram representing 
the complex number z such that v == o is a circle of unit radius with centre 
at the point (1,0) and a .straight line through the centre of the circle. 

[Lond. B.Sc.] 

27. If 2 = ;r 4- ty is a complex number, show that 

^ sin 2x 4- » sinA 2y 

tan z r — 

cos 2X 4- cosh 2y 

[Lond. B.Sc,] 

28. Represent on an Argand diagram the number 3 4- 41, its square and 
its square roots. 

Apply de Moivre's theorem to express cos 5^ as a function of cos d, 

[Lond. B.Sc., 

29. Calculate the sums 

4- 4- 

y ^ 4- 4- 

(Hint: show that -J- y ^ = 2.) 

30. Find the solutions of the equation « 1, « being a positive integer. 

Find all tdie roots of the equation (i 4- 4?)" =* ;r»* and show that the teal part 
of each root is -- J, [Lmd. B.4.3 
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31. Resolve a;®" + i into factors. Plot the roots of -f i o in an 

Argand diagram. [Lond. R.Sc.] 

32. Prove that if s = a -f where a and t ar 
converges absolutely if a > i -f 5 i where 8 is any 

00 

33. Prove that the series S (— i)**/(z + «) 

« = o 

if z is not a negative integer. 

34. Discuss the convergence of the series ^ ^ for all real values 

of a, b, c. 


e real/ then the series Tw”* 
positive number. 


is conditionally convergent 




35. aj, aj, ... is a sequence of complex numbers such that -T | | 

is convergent. 

Prove that if u„{x) = -i— - ^ - . . . _ the series £u„(x) 

is absolutely convergent for every value of x different from all the 


36. If X iy = a cos {u -f iv) 4* ib sin {« -f iv), where x, y, u, v, a and h 
are real quantities and i denotes show that 


b\ 


[Camh. SVA.] 


37. Prove that, if x and y are real, 

I cot 4 iy) I < 1 cothy |, | tan (^ + »y) | < | coth y |. 

[Camh. Sc^.] 

38. Define cosh u and sinh u in terms of exponentials, and express them 
as trigonometrical functions of imaginary numbers. 

If ;ir 4- ^y = sec (f 4 * if ^ r cos 0, y == r sin 0 show that 

4(7* sin (f — 0) sin 4 f) = r* sin* 2(. [Lond, B.Sc.] 

39. If log sin 4 - i<l>) — a 4 ip, prove that 

2^2 a ~ cosh 2<l> — • cos 2 0. [Camb, Sch.] 


40. If the points representing z^, z^, ^8 Argand’s diagram form a 
triangle of constant species, prove that (z^ — 2i)/(-?2 ~ -^i) is constant. 

If Zi, Z2 move uniformly on fixed straight lines, prove that z^ also moves 
uniformly on a fixed straight line. [Land. B.A .] 

41. Express log (— 2) and sin*"* (2) in the form a 4 - ib, where a, b are 
real. 

If w ~ -s-—- T- where a. b, c, d are real, show that the values of z, 

Z^ "T- CZ -f’ 

for which u is real, lie in the Argand diagram either on the real axis or on a 
circle whose centre is on the real axis. [Camb, Sch.] 


42. Find the modulus and amplitude of (i ^ i) (i + 2i)l(i + 3*). The 
point X moves along the real axis, and the point z moves so that zjx is a 
(complex) constant; what is the locus of -r? [Lond. B.A.] 
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43. Find all the values of e*, where 2** = a -f ib, and a and b are real 

Consider, in particular, the case where w=-2, = 

[Lond. BSc., EngJ] 

44. Define and state the connection between this function and the 
trigonometric functions sin x and cos x. 

Express in the form a •+■ ib the numbers cos“^ 2, log, (i — 4). 

\Lond. B.Sc., Eng,] 

45. A circle in the 2-plane, whose centre is at sin jS and whose radius is a, 
is transformed into a curve in the tez-plane by the transformation 

w ~ z (cos® P)lz. 

Show that the transformed curve is portion of a circle. 

46. If Zj, Z2, Z3 are complex numbers, interpret geometrically the complex 
numbers z^ — Zj, (zj — Zi)l(z^ — Zj). 

Triangles BCX, CA Y, ABZ are described on the sides of a triangle ABC. 
If the points A, B, C, X' Y, Z, in the Argand diagram represent the complex 
numbers a, b, c, x, y, z respectively, and 

^ ^ — y ^ _ Vmi! 

b — c~c — a^a — b 

show that the triangles BCX, CA Y, A BZ are similar. Prove also that the 
centroids of ABC, XYZ are coincident. [Lond. B.Sc.] 

47. If the complex numbers Zj and z* are represented in the Argand 
diagram by the points P and Q respectively, interpret geometrically the 
modulus and amplitude of Zj — z^. 

If a third complex number Z3 is represented by the point R, and the angles 
of the triangle PQR at Q and R are each i (ir — a), prove that 

(z, — Zj)* = 4 (zj — Zi) (zj — Zj) sin* 0/2. [Lond. B.Sc.] 


48. Prove that the radius of convergence of the series 


2* z» 

+ .... 


is equal to unity and that the series converges absolutely and uniformly at 


all points on its circle of convergence. 



CHAPTER IX 

PARTIAL FRACTIONS. RECURRINd SERIES, 
DIFFERENCE EQUATIONS 

W E first consider some properties of pol}mo|mials in a single 
variable The sjmibols Y, Y^, . .1 , X^, X 3 , , 

represent polynomials, which in particul^ cases may be 
constants. ' 

9 T. Theorems on Polynomials 

Theorem I. — If Y = YiX^ + y2 then the common lectors 
of Y and Yi are the same as those of Fi and Fg. 

For every common factor of F^ and F* is a factor of F, since 
F = FiA"* + ^2- Again, since Fg == F — F^Zj, every common 
factor of y and Fj is a factor of F^. 

Theorem II. — If the degree of Y^ does not exceed that of F then 
there exist pairs of polynomials (Zj, F*), (Zj, Fj), . . . , which may 
in particular cases be constants, such that 

F=F,Z2 + F*. Fi=F2Z, + F3. Y,= Y^, + Y,.... 
and the sequence of polynomials 

Yv F*. F3, Y,... 

has the property that the degree of any member is less than that 
of the preceding member. 

That this process is possible may be seen quite readily from the 

F F 

existence of the first pair Z2, F2 Thus ^ = Zj + so that 

Zg is the quotient, Fj the remainder when F is divided by Fj. 

If F and F^ are of the same degree, Zj will be a constant, i.e. 
a polynomial of degree zero; if F^ is of lower degree than F then 
Zj will be a polynomial whose degree is the difference between 
the degrees of the polynomials F, Fi. Further, since F, is the 
remainder F2 will be of lower degree than Fj. 

Arguing as before, it follows that since the degree of F, is less 
than that of Fj, Yi can be written in the form FgZ, + F3 where 
F, is of degree less than F„ and so on. 

It is clear that the process must come to an end after a finite 
npmber of steps. There are only two possibilities. Either the 
remainder Y^ is zero or is reduced to a constant diligent from 
xero, for some value of n. In either case the proce^ stops. 
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9*11. Application to the Determination of H.C.F. of Two Polynomials 

From Theorem I. it follows that at any stage of the process the 
common factors of ¥„ and are the same as those of and 
Y^^j. It follows that if Y and Yj have any common factor, then 
this is a factor of each member of the sequence Y, Yj, Yg, Yg, . . . 

If there exists a value such that Y, = o, Y«-., =*^0 then 
Yp^i is a factor of Y^^g since Y^^g = Y,^i Xp, It follows that 
Yjp-i must be the H.C.F. of Y and Y^. 

On the other hand if there exists a value of q such that Yg = i, 
a constant different from zero, it follows that the original poly- 
nomials Y and Y^ have no algebraic H.C.F. For the H.C.F. must 
be a factor of Yg which has no algebraic factors. It should be 
observed that any numerical factor only would not be regarded as 
forming an algebraic H.C.F. 

Thus in the process of finding the H.C.F. in particular cases, 
we may multiply the polynomials involved by constants, without 
affecting the result. This is frequently convenient in order to 
simplify numerical working and avoid fractions, Further, the work 
may sometimes be shortened by observing that any factor of one 
of the polynomials Y, Yj, Yg, . . . which is not a factor of the 
preceding members may be omitted. 

The method of dealing with particular cases is illustrated in 
the following examples. 

Examples. — (i) Find the highest common factor of -h x* ^ 6x* — jm? -h 3 

and — 3jv* -f- 24? — 3. 

Here we can take 

y = 24?* -f — 24? 3, y^ = 24?* — 34?* 4- 24? — 3, 

24?* — 34?* + 24r— 3)24r*-f 4?* — 64?* — 24?43(l 
24?* — 34?* 4 24? — 3 

44?* — 64?* — 44? 4 

At this stage the remainder may be divided by 2. For the next step, 

24?» — 34?* — 24?43)2^~3^-h24? — 3(^ 

24?* — 34?» — 24?* 4 34? 

24?* — 4? — 3)24?* — 34?* — 24?43(S^ — t 

24?* — 4?* — 34? 

— 24?* 4 4? 4 3 
— X4?» 4 4 3 


Heniee the H.C.F, is 24?* — 4? — 3. 
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(2) Find the greatest common factor of 
30^* + 37^* 4- iioflr* + iicMf* 4 loyc 4 30 and 3CMr® 4 17;!;® 4 4 30. 

j [Camb. Sch.] 

3<Mr* 4 17^* 4 77^ 4 30 ) 3ar* 4 37^* 4 uox^ 4 4 103^? 4 30 (;if* 

30A;* 4 17^* 4 77 ^® 4 30^^ 

20^* 4 33Ar» 4 Sox^H- lo^x 4 30 X 3 

60X* 4 ggx^ 4 24Q;r® 4 309;r 4 90 ( 2X 
60X* 4 34^® 4 154^* 4 6 ox\ 

O5X* 4 86x^ -A 249;r 4 90 ( 2 

6o;r® 4 34;r* 4 1 54;^ 4 60 

5 x^ 4 52^® 4 95 ^ 4 30 

In this last step the degree of the polynomial is not reduced by the sub- 
traction of twice the devisor. The point of this subtraction is to obtain a 
simpler polynomial of the third degree. 

5 ;r® 4 52^® 4 95 ^ 4 30 ) 30^* 4 17^® 4 77 ^ 4 30 ( 6 
3 o;r® 4 3 i 2 ;r® 4 570 ^ f 180 
— 295.^r2 — 493Ar ~ 150. 

Instead of proceeding further with the general method we observe that 
295^® 4 493 ^ 4 150 == (5^ 4 2) (59^ 4 75)‘ 

Clearly 59;r 4 75 is not a factor of either of the given polynomials. Hence 
if there is a common factor apart from unity this factor must be 5;r 4 2. 

In order to verify that this is the case it is only necessary to show that 
5;ir 4 2 is a factor of 5^;® 4 52^® 4 95^ 4 30. Substituting ;r = — 2/5 in 
this expression, 

- 5 -igf + 5«-35 - 95 -i + 30 = o. 

Hence the greatest common factor is 5;^ 4 2. 

9*12. Prime Polynomials 

Two polynomials are said to be prime to each other or relatively 
prime if they have no common factor, apart from numerical factors. 
Thus, e.g, 2 {x + 1), (>{x^ X + 1) are prime to each other. 

Theorem III. — If P, Q, R are three polynomials such that P is a 
factor of PQ while Q is prime to P, then P must be a faaor of P. 
This result will be almost obvious to the student, but we may 
prove it precisely as follows. 

If P is prime to Q, then P and Q have no common factor. Hence 
the highest common factor of RP and PQ is P. But P is a factor 
of PQ and hence is a common factor of RP and PQ. Thus P must 
equal P or be a factor of it. 

Theorem IV. — If A and B arc two polynomials, then there 
exist polynomials X and Y with no common factor, such that^ 

AX + BY^P Qx AX + BY^x 
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according as A and B have or have not common factors^ P denoting 
a polynomial. 

Let Zj, Xg, -X'3. . . . be the quotients, Fg, F3, . . . the 
remainders in the process of determining highest common factor. 

Then ^ = BX, + F^, B - F^Z^ + F^, F^ - F^Za + F3, . . . 

Fj = ^ - BZi, 

F3 - B -- F1Z3 - B - Z2 - BZi) == --^Za + B (I + Z1Z3). 
F3 == Fi ~ F2Z3 = ^ BZ, Z3 (- ^Za + B + BZ1Z3) 

= ^ (I + Z3Z3) - B (Zi + Z3 + Z1Z3Z3) 


Hence each member of the sequence F^, Fg, F3, . . . is of the 
form .^Z + BF, where Z and F are polynomials. 

Continuing the process of finding the H.C.F. we obtain either 
a constant different from zero or Fp_i = P, the highest 
common factor of A and B. Thus either 


k^AX + BY or P == ^Z + BF. 

It remains to show that X and F are relatively prime. In the 
case ofA=^Z + BF a common factor of Z and F would be 


a factor of k since A and B are prime to each other. Thus the only 
possible common factor is a constant. Hence Z is prime to F. 
Again, the second equation may be written in the form 



I. 


Since P is the H.C.F. of A and B, AjP and B/P have no common 
factors, except possibly a constant. Hence Z is prime to F in 
this case also. 


9*13. Rational Fractions 

We now pass to the consideration of functions of the form 
P/Q where P and Q are polynomials. Such an expression is called 
a rational fraction. If the degree of P is less than that of Q the 
fraction may be called a proper fraction, while if the degree of P 
is greater than or equal to that of Q, the fraction may be called 
improper. 

By division in the usual way an improper fraction may be 
expressed as the sum of a polynomial and a proper fraction. If 
the degrees of P and Q are equal this polsmomial will be a constant. 
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Thus eg + _ (2» + I) (Jg* -I- 1) + * + I 

' ** + I ;»* + I 


2 X + I + 


X + l 
JK* -f- l' 


Theorem V. — ^Equality of Two Rational Functions. — ^L et 
X. X', P, P', Q, Q' be polynomials such that .S’ + PjQ k X’ + FIQ', 
where PjQ and P’lQ' arc proper fractions. Then X = X', 

PIQ = FIQ'. , \ 


Now X -X' = 


P'Q - PQ' 
QQ’ ' 


Let the degrees of P, P', Q, Q' be p, p', q, q' respectively. Then 
since PjQ, P'jQ' are proper fractions, P <q, p' < q'. The degree 
of QQ’ = y g', while that of P'Q — PQ' is the greater of 

P' 9’ P 9 ' • • 

Since P' 9 <9 + q' , P 9 ' <9 9' it follows that 

{P’Q — PQ')IQQ' is a proper fraction. But X — X' ;is a poly- 
nomial since it is the difference of two polynomials. 

Hence the only possibility is = X' and PJQ — P'lQ'. 


Theorem VI. — If PjQR is a proper fraction, where Q and R arc 
polynomials with no common factor, then there exist proper fractions 
XIQ, YIR sudi that 

QR R 

From Theorem IV. it follows there exist polynomials X', Y' 
which have no common factor and such that QY' -1- RX' — i, 
i.e. PIQR = PX'IQ + PY'IR. 

If PX'IQ, PY'jR are both proper fractions then we have the 


required form. 

If they are not both proper fractions then either one or both 
must be improper fractions. - 

Case I. One improper fraction, say PX'IQ, while the other 
PY'IR is a proper fraction of the form V/R. 

We can write PX'IQ —X" +XIQ, where X" is a polynomial 


and XIQ is a. proper fraction. Then 


L 

QR 


X V 

= x-l- 


XR+YQ 

QR ■ 


Since X and Y are of lower degree than Q and R respectively 
{XR -f- YQ)IQR is a proper fraction. Since PIQR is a proper 
fraction, X' s 0 and PX'IQ must be a proper fraction. 
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Case II. Both PX'IQ and PY'/R are improper fractions. 
We can write 


PX'IQ = Z' + XIQ’, PY’IR = Y" + y/R 
where X", Y" are polynomials and XjQ, YfR are proper fractions. 


Thus 


P X 

— = X'' 4- 4- — 4- 
QR ^ ^ ^ -r Q 'Ir 


Y 

R 


+Y 

Since X and Y are of lower degree than Q and R respectively, 
it follows that {XR 4- YQ)IQR is a proper fraction. 

Since PjQR is a proper fraction, it follows that AT'" 4 - Y*" = o. 


Thus 


QR R 


and P/QR has been expressed in the required form. 


9-14. Factors of Polynomials 

Theorem VII. — ^Every polynomial whose coefficients are real 
can be resolved into real factors of the first and second d^ee. 

Let Q denote a polynomial of the «th degree in x. Then 
Q = k (x — a^) (x — at) .. .(x — a„). 
where is a constant and aj, a,- • • • > ” roots of ^ = o. 

Also if o + ijS is a root of the equation, the conjugate number 
a — tjS is also a root. The corresponding factors are 
(* — a — iP) {x — a + iP) = (x — a)* + /3*- 
Thus the two roots give rise to a real quadratic factor. 

If the factor (a: — a — ip) is repeated r times then it follows 
that factor (x — a + ip) must also be repeated r times. These 
factors give rise to the real factor {(* — o)* + 

Thus the factors of Q must be represented in one or other of 
the following forms, where a, p, q are real. 

(i) A non-repeated simple factor of the form x — a; 

(ii) A repeated simple factor of the form (x — a)^; 

(iii) A non-repeated quadratic factor of the form ** -f px -f g; 

(iv) A repeated quadratic factor of the form {** + px + 

Theorem VIII. — If / (x) is any polynomial of dqpxt n, h any 
niunber, then / (x) may be opressed uniquely in the form. 

f {») s a® {* — *)* 4- % {* — A)"-* ■+ a, (* — A)""* -f- . . . 4- ««■ 
Let / (a) s V* + + ^ 2 *"“* 4- ... 4- A*- 
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• n 

Expanding the terms of £ a^(x --- h) by the binomial 

r =^o 

theorem and collecting terms 

n 

2 Ur (x — == + K — nCihaQ}x^-^ + • • ■ 

»' = ° + {«„ — Aa„_i +• • --V (— 

Hence = aQ, 

b^ = ^ 

bn=a„— A«„_i +...+ (— i)”A^flo- 
These (« + i) equations determine uniquely the « + i un- 
knowns Uq, «!, ... Un- 
it will be observed that is the remainder when / {x) is 
divided by x — h. If the quotient be Q then Un-i is the remainder 
when Q is divided by ~ h. Thus the coefficients may be calculated 
in succession. 

The simplest way of setting out the numerical working in a 
particular case may be seen by a study of the following examples. 

Examples. — (i) Express x^ — bx^ -f- lox — as a polynomial in x — 2. 
The first step is to find the quotient and remainder when;r* — 6x^ -h io;r — 3 
is divided by ;r — 2. First expressing the working in full we obtain 
X — 2) x^ — 6x^ -H lox — 3 (;r* — 44 r -f 2. 

' — 2 X^ 

— /\ x ^ 4 - 104; 

— 4X^ + Sx 

2 X -- 3 
2 X — 4. 

T 

Thus the quotient is ;r* — 4jr 4- 2 and the remainder i . 

The result may be set out as follows. First write down the coefificients 
inserting o if any power of x is missing. 

I — 6 +10 — 3 

2 ~ 8 4 

-4 21 

Multiply the first coefficient by 2 and add it to the second giving — 4. 
Multiply the second number by 2 and add to the third coefficient giving 2. 
Multiply the last result by 2 and add to the fourth coefficient giving i. The 
interpretation of the working as set out is that x^ — ^x 2 \s the quotient 
and 1 the remainder. 

The next step may be carried out in the same way. Thus 
I - 4 2 

2 - 4 

— 2 — 2 

Hence the new quotient vs x 2 and the remainder — 2. 


i 
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The third riemainder is clearly zero. Thus b^^ning from the last the 
remainders are i, — 2, o. Hence 

^ — 6;r* -f lox — 3 = (;r — 2)* + o — 2)* — 2 (4? — 2) + i 
— — 2)* -* 2 (;»r — 2) + I. 

The complete working may be conveniently set out as follows: 


I 

- 6 

10 

~ 3 


2 

~ 8 

4 


- 4 

2 

I 


2 




— 2 



— 2 



2 




0 



(2) Express x^ — sx* 

^ 4 - 20X^ 4- X 

— I as a 

polynomial in 

The working may be set out as 

follows : 


I - 5 

0 

4- 20 

4- 1 

_ 3 

- 6 

~ 18 

6 

— 2 

6 

2 

7 

3 

_3 

— 9 

— 21 

I 

~ 3 

- 7 

- 14 

3 

12 

27 


4 

9 

1 20 


3 

21 

1 

J 


7 

30 



3 




10 




Hence 3 ^ — 5^* -f 2o;r* 

4;r- I 




= - 3)* 10 {x- 3)* + 30 {;r - 3)» -i- 20 {x- 3)* - 14 (^ - 3) + 20. 

9'2* Resolution of P/Q into Partial Fractions where PjQ is a Proper 
Fraction 

If the given rational function is improper it should first be 
expressed as the sum of a polynomial and a proper fraction. We 
now have the following theorem. 

Theorem IX. — (i) To the non-rcpeated factor x -- a of Q 
there corresponds a fraction of the form Al(x — a). 

(ii) To the repeated factor (x a)** corresponds a group of 
terms 

T. A., M. 


23 
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(iii) To tte non-repeated &ctor x' -\-px -\-q ooncesponds a 
fraction of tbe fonn {Bx + C)/(** + ^* + ?)• 

(iv) To the repeated fiictor (x* + px + qY corresponds a 

group of terms > 

BiX + C| B^ + Cg 5,jc Jf C, ^ 

x^ + px '+q (x^ + px -\- qY'^ " {x^ + + qY 

The ^’s, S's and C’s are constants, i.e. are independent of x. 

(i) Let Q = (x — a) R, where R is a polynomial wmch has not 
(a: — a) as a factor. Then since R is prime to a: — a, \ 


Q X — a R 

where Xjix — a), YjR are proper fractions. (Theorem VI.) 
Since Xjix — a) is a. proper fraction it follows that X must be a 
constant. 


(ii) Let Q = (x — aYR, where r > i and R is prime to 
{x — aY, i.e. a: — a is not a factor of R. Then as before 

Q- {x-aY^ R- 

where Xl{x — aY, YjR are proper fractions. Thus X is of degree 
(r — i) at most and may be expressed in the form 

{X - a)*-i +AJx- «)"-* +... + Ar, 

where some of the coefficients Ai, A^, ...A, may be zero. (§ 9-14.) 


Hence 


X Ai 

(x — aY X — a 


+...J 

(x — aY " ^ (x — aY' 


(iii) Let Q — (x^ + px q) R, where R is prime to x* + px 4- q. 

P X , y 

Q X® 4- px + g R 

where each X/(x* 4- px 4- ?) and YjR are proper fractions. Since 
X* 4- px 4 - ? is of the second degree the former fraction implies 
that X is of the first degree, i.e. of the form Bx 4- C. 

(iv) This case is similar to (ii) except that the numerators 
involved will be of the first degree. 


9>20. Methods for Determining Coefficients 

There are various methods for determining equations for the 
purpose of calculating the coefficients in the identity which expresses 
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the rational function as the sum of partial fractions. In any 
particular case it may be convenient to use more than one method. 

(i) The substitution of particular real values of the variable. 
In many cases the choice, as determined by the denominators of 
the partial fractions, can provide equations which contain only 
one coefficient. 

(ii) The substitution of a complex number to provide an equation 
in which only two coefficients remain. These, being real, can then 
be found by equating real and imaginary parts. 

(iii) The equating of coefficients of corresponding powers of 
the variable. 

(iv) The use of the formula f(a)l<l>'(a) for the coefficient of 
il(x — a) where f(x)l(f>{x) is a proper fraction and (x -- a) is a 
non-repeated factor of ^ (x). 

To prove (iv) we may proceed as follows. 

Write ^ (x) = {x — a) X (x) where A (a) + o. 

Then <t>' (x) ^ (x — a) X {x) + A (x) giving (a) = A (a). 

== aT" a + W’ ^ 

where A denotes a constant which is different from zero. 

Then /(a) = AX (a) = A<^' (a) =♦= o. Hence A = f (a) l<f>' (a). 

Examples. — (i) Express 

((X - a) - fc) (X ^ c)(x - d)}l{{x ’^a)(x ^ b) (x + c) (x -f d)) 
as the sum of a polynominal and partial fractions, (i) when a, h, c, d are all unequal, 
(ii) when they are all equal. [Camb. Sch.] 

(i) Clearly 

^ a) (x^ b) (x^c) (x^d)^ A I ^ 

(x a) {x b) {X c)(x d) ^x-^a^x + b^x^c^x^d' 
i.e, (x — «) (jr — b) {x — c) (x — d) 

^ (x a) (x ^ b) {x ^ c)(x d) -it A (x h) (x -j- c) (x -f d) 

^ B (x a) (x c) {x d) -it C(x a) (x b) {x -j- d) 

Jt D(x ^a)(x -^h)(x ^ c). 

Put X ^ — a in this identity. 

(— 2a) ( — a -- fe) (— a — c) ( — a — <i) 

^ 0 A [— a -i- b) a c) a d) + o.B + 
i.e A ^ 2a ip a) [c a) {d -j- a) jib a) {c — a) {d — a). 

Similarly B « 26 (a -f 6) -h &) (d + b)/(a b) (c -- b) (d b), 

C ^ 2C (a + c) (b c) (d ^ c)l{a — t;) (6 - c) (d - c). 

D^2d{a-^d){b-j-'d){c^ d)l(a ^ d) (b -- d) (c d). 
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(ii) a = i c = d. The expression becomes (* — a)*l{» + a)*. 

(;ir — a= (jT + a — za)^ 

= — 4 4- a)«.2a -f 6 (;r H- a)* (2a)* — 4 {x i- a) (2a)» 4- (2a)*. 

Hence = i +t^. - 3 ^ 1 , 4 - 


+ a)* 


X 4- a (x + a)^ (^ + «)* r (x + a)*' 


(2) Express — ^ ^ - as s«»n of three partial fractions. 


x^ _ o> . h ^ cx 4 

■(? + I)* (^* + I) “ ^'T'i FhTT? 


[Caw6. 5 cA.] 


i.e. = a (;»r -f i) (;ir« + i) + & + i) + + <^) (^ + i)*. \ 

To determine b, write ^ = — i, giving 6 = J. 

As c and d are real numbers we can determine them by writing x = i, 
observing that x^ 4- i — (x — i) (x 4- i). Thus 

t'a = {ci 4 - d) (i 4 - t)* or *— i — — 2c 4 - giving c ~ = o. 

We can find a by equating coefficients of x^. Thus o = a 4- c giving a = — 

4 - 4 - iT - AT 4 - I 4 - I)* 4 - i' 

(3) Express in partial fractions 2X^1 (x* — i) — 4). 

We first observe that the numerator is of higher degree than the 
denominator, so that it is first necessary to reduce it to lower degree. By 
division it is easily seen that 

2 X^ __ lox^ — Sx 

p“= 7 ir(i»~ 4 ) - 1) (*» _ 4)- 

(x» - i) (x» - 4) * - I i + I ■*■ ;ir - 2 i + 2’ 

i.e. lo** — Sx 

= a ( 4 r + I) (** - 4) + 6 {* - I) («• - 4) 

4- c (at 4- 2) (a* — i) 4- d (;r — 2) {x^ — i). 

In this identity write a;=i, — i, 2, — 2 in succession. We obtain 
a = - i, 6 = - i, c = V. ‘^ = ¥• Th«s 

231 ^ „„ 1 1 16 16 

(X* - I) (;r* - 4) " ^ 3 (^ - I) 3 (* + I) 3 (« - 2) 3 (^ + *)’ 

{4) Prove that if (i + ;ir)» == c, + c,* + • • • + then 

c© I I ^ 5J 

y 3' + i'^>' + 2 y + n y (y + t) {y + a)., .{y + n)' 

where y is not zero or a negative integer. [Com6. SeA.] 

n\ ^ w ! 

Write F{y) = + j) (y + 2). . .(y + «) % f (- »•) ’y + r" 


■^f[-r)-y + r' 


where 4>(y)= n {y +r) [method (iv)]. 
r = o 

Differentiating logarithmically, 


= 27 


»= o 
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Write n' {y -^r) = y{y + + r — 1 ) {y -^-r + i)...{y + n). 

n n—i n — 1 

Then {y) = H (y + r) + Z {H' (y + r)} + H {y + r)). 

rasi r = 1 r 

Hence ^'(o) — w!; w) — (-«){— w + i). i) = (— i)*» n!; 

4,'(-r) = (-r) (-r + i) (i)...(-r +n) 

— (— (n — r)\, I < y < w — I. 

+ l! + (_ 1)««> * 

r\ (n - y) \ y 


nVy n 


^0 + S ^ 


+(-!)« 


y -\-n 


(5) Express xl{x^ — 1) in partial fractions. 

If a is a root of x^ — i then using method (iv) the coefficient of 
il(x ~ a) in the series of partial fractions is i/5a* = a*/5. The roots are i, 

cos d:: i sin r — i, 2. The complex roots may be grouped in pairs 
5 5 

in the form a, a~^ where a — cos ~ — h i sin — - . Taking such a pair the 
corresponding partial fractions are 


5 - a X 


Hence 


— 


I X { a* -f g-*) — (g + a~^) ^ 2 

5 x~^ —X {a a"') 4- I 


AYtr zriT 

X cos cos 


^ ^ + ■" 


4Tr 2ir 

X cos ~ — cos 


5 • . 

x^ — 2;r cos 1- 1 


Stt 4 w 

X cos cos ~ 

5 5 5 


** 1 5^ I ^ X* — 2X cos + I — 2X cos ^ + I 

Note. — ^T he method of this example extends directly to functions of the 
form ;r’”/(x“ — i), where m and n are positive integers and m <n. 

9*21. Calculus Method of Determining the CoefBdents 

Consider the proper fraction PjQ and write P =f(x), Q = F (*). 
Suppose that F {x) = (x - a)” Fi (x) where FiW is prime to (x - a). 
Then 


m 

F{x) 


<h 


+ ...+ 




/iW 


{X - ^ {X- a)” F^(xY 


X — a {x — a] 
where /i(*)/Fi(*) is a proper fraction. 

Multiplying both sides of the equation by F (x), 

fix) - Fi(x) {a„ + a„-i{x - a) + ««-*(* - «)* + • • • 

+ Oiix - = (* - «)"A 

In this equation write x ■= a. Then 

f(a) - «,Fi (a) == 0 


(*)■ 

(i) 
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Now differentiate both sides of the equation {n — i) times 
and in each of the equations obtained write x a. Since {x — a)^ 
is a factor of the right-hand side of the equation, each of the » — i 
differential coefficients will contain — a as a factor and hence 
the expression will vanish for x = a. Thus it is [only necessary 
to consider the contribution of the terms on the left-nand side. 
Denoting this side by ^ (x), and the polynomial \ 

+ ^n-i (X -a) + 

by 0 (x) we require the differential coefficients of \ 
4>(x)=^f{x)-F^(x)ilt(x). 

Applying Leibnitz's theorem on the differentiation of a product, 
and denoting by the rth differential coefficient of (x), 

D^f - DFi . D"- V - ( ^ 

the coefficients being the coefficients of the binomial expansion. Now 
writing X ^ a and observing that = r ! this equation 
gives 0 = D7*(a) r ! -r.(r - i) \a^^r+iDFi(a) 


- - 2) l(«) 

2 2 

- ... - - a„D^Fi{a) 

= D^f {a) -r\ E i a„-r+„D*Fi {a). 

p = or* 

Thus writing r = i, 2, 3, ... in succession, 

0 = Df{a) - (a) - a„Z)F, (a) (ii) 

o == Z)»/(«) - 2a„_gFi (a) - za^-iDF^ (a) - a„D*Fi («) (“i) 

o = D»/ (a) - 6a„_sFi (a) - 6a„:=iDFi (a) 

-3«„-,I>*F,(a) -a„D»Fiia) (iv) 


Thus the n equations (i), (ii), (iii), (iv) provide a series of 

recurrence relations from which a„, a„_i; a„_8, . . . can be calculated 
in turn. 

Exan^le.— Ftwi the partial fractions of ^ where 

n is a positive integer. [M. T .] 

In the given expression write y —x — a. Then 
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a H-y 


(X - i) (2X - t) {st - a)» (1 + y) (3 + 2y) y 

y« + + • • • + + -■ 

6 . c 


yn 

n < 


+ y 3 + 


= n 


^ yn-r , 


r = o 

« — I 


+ y 3 + 2^* 


Hence 

a+y = {I +y) {3 + 2y)y’‘ £ + by' (3 + ay) + (j + y). 

y = o ^ 

Putting y =: o, ~ I, — 3/2 in succession we have 
ao = i. 6 = (- i)» c = (- 
Next consider the form 


2 + y 


(I + y) (3 + 2>/) I -f- :v 3 + 2:)/ 


: yn 27 — + — 

^ r = o>'”-'^ I +J' 




3 + 2/ 

To find a,, I < r < M — I , differentiate both sides of this identity t times 
and put y = o in the result: From Leibnitz's theorem it is clear that there 
will be no contribution from by” (i -f y)”‘ or cy” (3 -j- 2y)~^ since the rth 
differential coefficient for i < r < « — i will contain y as a factor. The 

I I 

only contribution from y” S = £ a^y^ is a,.f 1. 

f =s= o ^ ~ r =0 

Also (i 4 - ~ (— i)'r! (i =* (— lY r\ when y =: o. 

D (3 + 2y)*’^ = (— i)^r!2’’ (3 4- 2y)-*‘-i — (— i)** y!2^3‘'*’’‘^ when y =s o. 
Hence rW = (~ xj^'r! — (— 1)*-^ z** 3-»-i giving 

dr = (— !)*■ (I — 2 »- 3 -*'-x), I < y < « - I. 

2 4 -y 


Thus 


(I 4-y) (3 4 - 2y)y" 

_ f I (-.)» 

' yn-r ^ j ^ y ' 


or 


y" 

X 


r = I 


(x ~ l) (2X - 1) (a? - 2)** 
o « — I 

+ 2: (- 

r == I 






- 2) 

Alternative method. 

Writing y = ;r — 2 as before, we have 

g JL i-J 

yn 1 I 4- y 


I 


(— l ) «+l 2 ” 3 ~» 

3> 2y ' 


(— l)”'*^^2" 3~ 
(2X - if 


1. 


(1 + J') {3 + aj') y" y'li+y 3 +«>')' 

( lln-yn 

Now (I + y)“‘ y 4 -y*— ••• 4 - 


Similarly. (3 + ay)-^ •= * £ (- 1)' «)'>' + i+ay ' 
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Hence 


g +y 


(I +y) {3 + 2y) y" 

idV 


r ■■ 

n 


o 

1 


= A+"r‘(-iK' 

y y = I 


+ (ziil! + 

+ 1 + y + 


I)”« (I)” 


3 + gy 


as before. 


9*3. Expansion of a Rational Fraction 

Any proper fraction PjQ may be written in the A)] 
P ^ Uq + a^x + + . . . + 

Q 


•rm 


where m <n. 


^0 + M + . . . + 

Further, if 60 =4=0, the fraction may be expressed in the form 

I 4 - + ^ 2 ^* + . . • + ‘ 


Suppose that it is possible to expand the rational function in 
powers of x by more than one method. To make the argument 
explicit suppose that by two different methods the series 
ZfinX'^ are obtained. Then provided the interval of convergence 
of the power series is positive, the two expansions must he identical. 
For since the expansions represent the same function for the same 
range of x, say, \x \ < p, where p > o, it follows that 
i 7 A„a;" == \x\ < p. 

From the theorem on identical equality of power series it follows 
that = fin for all values of n. 


9*31. Method of Expansion 

Let Aj, Ag, . . . A„ be the n roots of 

1 + Ct^x + c^^ + ... + C^x^ = o. 

These roots will not all be dStinct if the equation has repeated 
roots, and in general some will be real and some complex. 

Let A be the least value of | A^ |, r = i, 2, . . . , w. Then the 
rational function 

{ao + ojx + a^^ + ... + a^x^)l(i + c^x + c^ + . . . + 
can be expanded in a series of ascending powers of x if and only if 
\x\<\. 

gp + + . ■ . + _ J, k 

I + Cl* + c,** + . + c„*» (* - A,)**’ 

where ^ is a positive integer > i, A is a constant depending on A,. 
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The typical term written down may be expanded by the binomial 
theorem if, and only if, | ^ | < | |, i.e. when we consider all 

the terms, if, and only if, 1 x | < A. 

Expanding each term we obtain a finite number of absolutely 
convergent series. Thus in particular it is legitimate to rearrange 
the terms of the series and group them in powers of x. Thus we 
obtain the required expansion in powers of x. 

Examples. — (i) Express in partial fractions ^ ^ and 

show that the coefficient of in the expansion of this expression in ascending 
powers of x is 

_ n {n 4- i) __ (n -f- i) (sn + 14 ) 

2 2®"^^ * 

State the range of values of x for which this expansion is valid. [Af.TJ 


Now X* — ^x 2 (x — i) (x — 2). 

Write ±_141z: 7 

- 3^ + 2)* 


I (4? — i)* 




(x ~ lY 


(X ~ 2)2 ^ (x 


4r — 2 ' (4? — 2)2 ' (x — 2)2 
i.e. 44?® — 124?* -f 144? — 7 s ^ (4? — i)2 (4? ~ 2)* H- B (4? ~ i) (4? — 2)® 

4- c ~ 2)« + D (4? ~ 2)2 (4? - I)S 4. (;r 2) (4? - i)» 

4- F - i)». 

In this identity write 4? = i, 2 in succession. Then 

4 — 12 4- 14 — 7 = {— i)®C, i.e. C = I. 

Also 32 — 48 4- 28 — 7 == I®. F, i.e. F = 5. 

Equating coefficients of 4?® and the constant terms on both sides of the 
identity, 

— . y = — 4" — 8C — 4F 4“ 2F — F 

i.e. d = *~ SA 4" 4“ 2 F. 

To obtain two other equations write 4? = — 2, — i in both sides of the 
identity. These substitutions give 

— 115 = — 756^4 4“ 192F — 64 — 432D + 108F — 135, 

_ 37 = — 108^ 4- 54F — 27 — 72B 4- 24F — 40. 

Solving these equations we obtain il=ss — jD = o, B~i, E — i. Thus 

44;® - 1 24?® 4- 14^ - 7 _ ^ 4- L i_4. 5 . 

+ (« - I)* ^ - I)* i* - a)’ ^ - 2)* 


Now 


(4? ~ I)* 


00 

(I - 4?)-® =« 27 (if 4- I ^ I < I- 

ft «0 
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1 * 

= - (I - *)-• - — 2 4 {« + I) (» + a) **. I * I < I. 

« as O 


(X - 2)* 


i (I - ix)-* = i r (n + I) (t^)^ I I < I. 


- i (I ~ i^)-» - - (n + I) (n + 2^ (ix)-. 1 i;r I < I. 

Hence, provided \x \ < i, 

+ 'I- -.1 „*'■ +'><”+ 'i'- 


- J r (• + n (W - 1 i: » (• + 1) (» + » «»)■. 

W =a o n — o 

Thus the coefficient of x^ in the expansion is 

(w + 1) - i (« 4- I) (« + 2) - (n + I) 2-«-» ~ 5 (n + I) (« + 2) 

= «. ” ( ” + ^) _ 1^.+, i).(5w + 14 ) 

2 2 "+* 


( 2 ) Resolve 1/(1 -- ax) {i — bx) into partial fractions. If this function is 
expanded as a series of ascending powers of x, (i) by utilising the partial fractions 
already found: (ii) by multiplying the expansions 0 / (i — ax)"-^ and (i — 6;r)■"^ 
show that the coefficients of x'^ obtained by the two methods are identical. 

[Lond., B.A.] 

Write j-. £ — — , 

(i — fl;r) (i — 6jr) i ^ ax i — bx 

i.e. I ^ A (1 — bx) B {i — ax). 

Putting X ^ ija and i/b in succession we find that 
A = al(a ~ 6), B - fc/(a - b). 

00 

Now (i ~ ax)~^ — £ a^x^, \<^\ < 

n as o 


00 

(l — bx)-'^ ar” S b^x**, \bx \ < I. 

n SB o 

Using the partial fractions the coefficient of x'^ is 
a — b a ^ h* 


Again, (i — ax)’^^ (i — hx)^^ 


f 00 

1 -h £ 

^ n *a I 


)( 


00 \ 
I + £ b^x* 

n =« I / 


The coefficient of x^ in the product is 

a^ 4 . 4- 4- . . . -f- 

This is a geometrical progression of « + i terms whose first term is a^ 
and whose common ratio is h/a, The sum of the terms is 
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~ («)"**}/(* ~ a)’ ‘•®' ~ 

(3) Prove that if a, b, c are unequal, it is impossible for the coefficietUs of 
two consecutive terms in the expansion of (i — ax]l(t — bx) (i — cx) to he 
both zero, [Madras, B.A.) 

- I / 4. £jz£.\ 

{1 bx) (i -- cx) — c \ I — I — cx) 


Now provided | 6^ | < i, | | < i. 

00 

(i ~ = £ b^x^, (i 

y = o 


CX)-^ 


00 

: £ C^X\ 

r ss= o 


00 


Hence 


£ [(b^a)b^^(a--c)c^lx-. 
® = o 


(I ~ bx) (1 - cx) 

Suppose that the coefficients of x* and x^^^ are both zero. Then 
(6 — a) + (a — c) c** ^ o, 

{h — a) 6^+' 4- (a — c) = o. 


Hence 




since 6 — a +0, 


+0. This requires 


h ^ c, which is not true. 


(4) Resolve \ partial fractions, and hence find the value 

\^X 1 ) \X *T 2j 

of the function, correct to 6 places of decimals, when x ^ — 0*02. [Camb. Sch,] 
2jr* 4- 3^ + 4 _ , -64? 4- C 

(;r — i) (;r* 4- 2) x—i'^x^ + 2' 

i.e. 2;r* 4- 3^ + 4 == -^ (^* 4* 2) 4- -j- C) (x — i). 

Put x^ i ; then 2 + 34-4 = 3^. ^ = 3- Putting ^ o. - i we 
obtain 4 = 2.4 — C, 2 — 3 + 4 = 3^ 4- (— P + Q (— 2), 
i.e. 3 = 34 4- 2B — 26'. 


Solving these equations we obtain C = 2, B = — i. Thus 
2;p« 4“ 3^ + 4 _ 3 , —x-^a 

(X- x)(x»-h 2) X - 1'^ X* + 2 

= - 3 (I - - i - 2) 

-- i - 2) (I ~ 4- - . . * k 1 < I 

« ^ 2 7;, ^ • ‘ • 

Now when 

~ 0*02, X ^ = 0 0004, X * - 0*000008, X * — 0-00000016, . . . 

It is clear that higher powers of x will not affect the result correct to 6 decinuU 
places. 

The value is ^ 

2 4- -07 ~ -0014 4- -000022 - -00000044 . , . « - X-931378 

correct to 6 decimal places. 
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(5) Prove that 

(x-i)(x-2) . ..(x- n) 
i) (*+ 2) . . . {x + n) 

and deduce that 

_ (« + I) ! ^ (n + 2) I 


n 

S ( 1^*“' 

r = o r!*-l(n-r)!(;H-r)’ 


(« + *■) I 


(»» + 3 ) I ^ (”l- 4 ) I 


(» — l) ! I 1 2 ! (» — 2) ! 2 I 3 1 (« — 3) ! 3 ! 4 W» — 4 ! 


Write (*-t)(^-2)...(;y->») _ ^ ^ 


x{x + x){x + 2)...{X + n) + r 

(x -i){x- 2)...{X -n) 


Thai 


= S + i). . .(^ + f - I) (;» + y + i). ••(:» + «). 

r — o 

In this identity write x — — r. Then 

(-f - -«) = A, (- f) (- r + !)...(- I) +»), 

i.e. (— i)” = A, (— i)’’*'! (n — /)!, 

- 5 ('+ i) " i » 

. 

E ie 


Hence the coefficient of ijx* in ^ , n 

f = o 


n 

Z rXr. 

y r= O 


Now consider the coefficient of i/x* in ^ 
i.e. the coefficient of I /AT in 

(‘+-y(^+j(*+-y-(>+j 

i.e. in|i — }« (n + i).^ + . . . I |i + in (n + i)^. . . I . 

This coefficient is — n (« + i). 

n 

Hence — n (« 4 - i) == — ^ *K> 
r = o 

i.e. « (n + I) = (- !)"-> + (- I)-* +■ • • 

I (»")l 

^ 1)1 wr 

Multiplying throughout by (— i)** we obtain the required result. 
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(6) Express {x (x + i) . . . (^ + in partial fractions. Hence, show that 

r + !)...(* +»•) " 5 ^ Qi! (» - s)l (* + i)’ 

where the A ^ are polynomials of degree n in a with integral coefficients. Find 

Ag and show that 

lint. ; — — = a*«a. [Lond. B.Sc."] 

Proceeding as in § 9*20, Ex. 4, we have 

^ ^ ^ 

Tlx -h I). . .(;y + ♦') “ ^ i! (y — I)! AT +ii 

I __j 4. i-jy 

^ 2! (y — 2) ! AT + 2 ' ^ r\ AT -f r 


Hence 


n 

£ 


- Firr{“ + 1^ + 1’! + ••• + («“ 

+ {#! + 2“!! + 


i)!i 


■H 

I 




^ + 3 


\~“j H- 3 fi ! i- 3 ! 2 ! 


+ . . . + 


3 1 - 3) i f 


(~ 1 ) 
5 


5 Is ! 


s ! I ! “^ 5 ! 2 1 s !"(» — 5 ) ! J 


\ 

n-s)\f 


5 = o ^ ^ 4 - 5 


where . 4 . = (« - i) ! a* (i + n + T! + ' ' ' (h - s) l)' 

polynomial of degree « in a and all the coefficients arc integers. 

/ a , a* . a**-* \ 

= a* lim. (i +-,+ ”, + •• • 

GO ' 

»*(^+ n + + + 


is a 


Again, lim, j- 

„ ^ 00 


A. 
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EXERCISES IX 


1. Expi«8S in partial fractions — *). Hence 

or otherwise show that , 

( a - a ) (a - (a - y ) (a - S) (6 - a) (6 - (p - y) (6 - 8) 

{a — b) (a — c) {a — d) (6 — a) (b — Ic) (6 — d) 

4* two similar terms + y — 8. 

\ [Camb. Sch.] 

2. Find constants a, b, c such that \ 


5^ + 1 


{X + l) {X + 2) (^ + 3) x~+ (x+ i) {x+ 2 )'^ {x + 1) (x + 2) (;r + 3)' 

[Madras, B.A.] 

3. Express the following functions as partial fractions: 

Jx -\) (x~^~iy X^i- [C«»b 6. Sc*.] 

4. Prove the identity: 

16 {x + 2 ){X- 4) (* - 6) 


(X -l){x- 3 ) (* - 5) - 7)[~-5 


5. Split into partial fractions: 

X* + X + i 


(i) 


{x - t){x- 2) {X - 3) 


. (ii) 


.*5..+ _7„ 

- 3 * - 


* + I 


,.^1 
4? — 7 J • 
[Camh. Sch.] 


(x — 1)* (x — 2V 

[Madras, B.A.] 


6. Split into partial fractions: 

I X* 


X* {x + 2 )* (I + 2x) (i + 


[Madras, B.A.] 


7. Resolve the expansion . ? - - — ^ into partial fractions and 

hence prove that the coefficient of in the expansion of this expression in 
ascending powers of ;r is 

~ I - 1)«+* (3n + 5). [Sc.T, Prelim.] 

8. If ^ (;r) is a polynomial of degree not greater than that of a polynomial 
/ (x) show that 

^ W - ^ (<*) a polynomial in x 

(x^a)f{x)^ {x^a)f[a)^ fix) 
provided f {a) #o. Discuss the case of / {a) =* o. 

Expand (2X® — 5X* + 2x* -h 64?* — 2)/{(4r + 2) (4r» — i)*} in a series 
of ascending powers of 4?, stating carefully the general term. [Cumb. Sch.] 

9. Prove that the coefficient of 4?** in the expansion of 

!/{(» - ^) (I - «*) (* - ■**)} 

'In ascending powers of « is (n + i)** 


[Camt. Seh.] 
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10. Resolve the exiwession into partial fract^ Find 

the first three terms in the expansion of the expression in ascending powers of x. 

11. Expand ^ a series of ascending powers of x, giving 

an expression for the coefficient of the general term. Show that the sum 
of all the coefficients up to that of inclusive is (2«+* — 311 — 5) or 

yV (2**’^* + 3^ — 4) according as n is odd or even. 

12. Resolve ^ x*) partial fractions and hence find the 

value of the function correct to 6 decimal places, when x 0*05. [Camb. Sch,] 

13. Express as a sum of partial fractions; and 

expand in ascending powers of x as far as the term in x*. [Camb. Sch,] 


14. If ^^"Z ’ Y )i\x'^^) "0 + + ^2^** + • • • to cx), where ' x \ < t, 

find a^. Show that is the sum of the first (n 4 - i) coefficients in the 
expansion of 1/(1 — x) (x — 2) in ascending powers of x, where | x ] < i. 

[Madras^ B.ScJ] 


15. Express 


X + 4 


_z- — » in partial fractions, and find the coefficient 

(X* - 4) (X + 1) ^ 

of in its expansion in ascending powers of x. State the conditions 

under which the expansion is valid. 


16. Observing that 

Ll__= a* { i I I \ 

(i — <Mr) (i — xja) a* — i\i — ax a* i -- x far 

show that a" -f + • • • + ~ (** *“ t) 

obtaining the coefficient of x* on both sides of the identity. 

17. Express ^ in partial fractions and hence expand it 

in ascending powers of x. [Madras, B,Sc,] 

X % 

18. Find the coefficient of x" in the expansion of i)»* 

[Madras, B,A*} 

19. Express (3 - 7x^)l{i - ^x) (i + 2x) (i + x) in partial fractions, and 

hence expand the function as a series of ascending powers of x. State lor 
what range of values of x the expansion is valid. [Lond* B^Sc*'^ 

20. Th® expression a + ^ expanded in the form 

X 4 - # -f- 2x* 4- pj^ 4 - . . . where x is small. Find a, b and c. 

[Madras, BBc.J 
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21. Express in partial fractions i/{x — a)* {x — 6)*. Hence, or otherwise, 
prove that 

(r -f i) 6*^ + 2r + 3 (r — i) -f . . . -f (r 4- i) a*" 

= {(r 4 I) (a"+> - 6'+») - (r 4 3 ) ah (a^+i ~ fc"+^)}/(a - 6)*, 
where r is any positive integer. [Lond. BA.] 

22. If X is so small that its fourth and higher poweri may be neglected, 
express (i — x)l{i 4 x)* (i — ;»r 4 x^) in ascending powers of x. 

\ [Madras, B.Sc.] 

23. Express 10 (i — 3x)l(2x 4 i) (4? — 2)* in the form of three partial 
fractions. Expand the latter by the binomial theorem in\ascending powers 
of jr as far as the term in x^. 

24. Express x/{i 4 x^) (3 — 2;r) in partial fractions. Prove that, if 
this expression is expanded in ascending powers of x, in the form a^-\- a^x-^ . . ., 
the sum of the coefficients of the first (4M 4 i) terms is ^ {i — (f)*"}. 

[Lond., B.A.] 

I 4 ' 2 X 4 4 

25. Resolve into partial fractions T/ — r^-ri — • — ir and then 

^ ^ (i — (i 4 :r) (i 4 Af*) 

transform into a series in ascending powers of x as far as the term involving x*. 

[Sc.T.] 

26. Express {{x — i) 4 in partial fractions. Hence, find the 

coefficient of x-^ in the expansion of this expression in negative powers of^, 
stating the values of x for which the expansion is valid. [Lond, B.A .] 

9 ' 4 . Recurring Series 

Suppose that the rational proper fraction 
P ^ g p + ai a: + gjjX* + • • • + 

Q I + + Cjj** + . . . + c„x” 

has been expanded in an absolutely convergent power series 

«0 + MjX + + . . . 

Then ap -f- gjX + a^* + 

= (l + CjX + CpX* 4 - . • • + C„X") (Mp 4 - «!* + Mg*® + • • •) 

Since the series is absolutely convergent the product on the 
right can be rearranged in ascending powers of x. Further, from 
the theorem on identical equality of power series it follows that 
the co<^cients of the corresponding powers of x on both sides of 
the equation are equal. Thus 

«o = «o- «i + = «i 

Uf CgW,-] 4" 4" • • • 4" CfNp = ttfi r < M, 

Ur + CiUr-1 + -f . . . + = 0, f > ». 
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A series possessing the property that beyond a certain 

point the coefficients are connected by a linear relation of the form 

+ ^2^r~2 + . . . + = O, 

where Cj, Cg, . . . are constants, and « is a fixed integer, is called 
a Recurring Series. 

9*41. Scale of Relation 

It is convenient to adopt here a slight change of notation. Let 
w be a fixed positive integer, p 2 , ^>3, • . . Pm m constants and 
Uq + tiiX + «2^® + . . . + + . . . a series such that any 

m + I successive coefficients are related by an equation of the form 

+ Pi^n-l + p2^n-2 + • • • + Pm^n-m = 0 (i) 

Such a series is called a Recurring Series of the mxh Order. 

If we know the first m coefficients in the series, i.e. «o» 

. . . successive coefficients may be determined by (i). 

Since this relation itself contains m constants, it follows that a 
recurring series of the mih. order depends on 2 m constants. 

Thus, in particular, if we are given the first 2 m terms of a series, 
then the series may be continued as a recurring series of the mth 
order in one and only one way. 

It is clear from § 9*4 that the relation (i) is derived from a rational 
fraction whose denominator is the polynomial 

^ +PiX + p^^ + . . . + Pm^ (ii) 

The relation (i) between the coefficients, and the polynomial (ii) 
have both been called the Scale of Relation by different writers. In 
what follows we shall call either of the equations the scale of relation. 

9*51. Convergence of Recurring Scries 

If X he sufficienUy smalls any recurring series is absolutely 

convergent. 

We use the scale of relation 

«n + Pl^n-l + ^2Wn-2 + • • • + = <> 

and denote by p the greater of the numbers | />i | + | ^ 2 1 + • • • + | 1 

and I, and by k the upper bound of | w,. |, r = o, i, 2 , . . . w. Then 

1 1 ^ I I • I ^n-ll "t" I ^2 I * 1 *^n-2 I 4* • • • + I Pm ! • I ^n-« I 

P I ^nx I# 

where « — m<«x<» — i, and | u^^ | is the greatest value of 
1 |, « — w < r < w — I. 

T. A., H. 


24 
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Again 

I I < I A I • I + I I • I “ni-2 I + • • • + I I ■ I “ni-m . 

< P l««j 1. j 

where | u„^ | is the greatest value of | «, |, «i — |« < r < — i. 

Continuing this process we obtain a sequence oi values u^, u^, 
««8' • • • "«®> ®“ch that 

! «n I < /> 1 M«i 1. 1 Mni 1 < P I «»J. 

I ««2 i < P 1 “na I I «»,V I < P 1 «» J- 

It should be observed that there can only be a finite number of 
members of the sequence and that if | I be the last member 
then |«„^| is one of the values of 

1 Wq l> I I* I ^2 1» * ■ • > 1 I* 

Thus I I is a constant which is independent of n. 
Multiplying the inequalities together ] 1 < where k is 

independent of n. 

Clearly the number^ must lie between nfm and n, for the above 
process can be repeated at least [n/m] times where [n/m] denotes 
the integral part of n/m. 

From the definition of p it follows that 

\u^ \ < Kp^ where K is independent of «. 

1 j 

Also lim. I Mn I ” < hm. (K^p) = p. 

» -*■ 00 n -*■ 00 

Hence the series certainly converges if | a; | < i/p. 

9*52. The Generating Function of a Recurring Series 

J/ is a convergent recurring series then its sum is a 

rational j^oper fraction. The sum of the series is called the 
Generality Function. __ 

Let s be the sum of the recurring series whose scale of relation is 
«« + A«n-l + A««-» + • • • + Pvil*n-m = 0. 

S = «0 + + «a** + • • ' 

Multiply s by p^x, p^*, . . . and add. Then 

S (I + A* +^*** + • • • = «o + +«!** + -. • 

where Oo ^ = «, + pju^ . . . , and in general 

Or — Uf + A“r-1 + •• ■ +A**»» 

r o, I, 2, . . . — I. 
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The coefficients of the higher powers of x vanish because of the 
scale of relation. Thus the generating function is the proper fraction 
ao+aiX + + . . . + 

I + +p^x^ 

Thus we have shown that the necessary and sufficient condition 
that a power series in x be a recurring series is that it be an expansion 
of a proper rational function of x. 

The method used in this section is that for summing to infinity 
any recurring series whose scale of relation is given. In any 
particular series we can write down immediately the denominator 
of the generating function and then determine the numerator by 
equating coefficients. If, however, we are only given the series 
it is first necessary to determine the scale of relation. The method 
may be seen by a study of the following question. 

Example. — Show that the series whose nth term is is a recurring 

series and find its generating function. For what range of values of x does the 
latter represent the sum to infinity of the series. [Camb. Sch.] 

Consider the series 

Uo -f U^X + UaX^ + . • . -f -f . . . 

00 

where Mo = o, « > i. The given series is £ 

w = o 

Suppose that the coefficients u„ satisfy a relation of the form 

Mn + PiU„..i + + Ps^n-» = «>, tl > 3. 

We now show that it is possible to find values of p^, p^ and p^ satisfying 
the equation. Substituting for ««, Mn-a this relation becomes 

2»»n* -f* Py2^’‘^(n — i)* + — 2)* -h />a2""’*(w — 3)* o. 

This equation gives on simplification: 
n*{S + 4- 2/>, + />a) — 2n {4P1 -f 4 />a + 3 P») + 4 Pi + 8/>a + OPe o. 

If this condition is satisfied for all n > 3 it follows that 
8 -f 4pi “h ^pM 4- />* == o* 

4P1 + ^Pt + 3 P» = 

4Pi + ^P2 + 9p2 = o. 

Thus there are three equations to determine the three unknowns Py^ p^^ p^^ 
Solving them we ^nd 

== - 8, = 12, - 8. 

It follows that the given scries is a recurring series whose scale of relalion is 
I _ 6;r 4- 12^* — = (i ~ aar)*. 

The generating function has the form 

«»» + V = » + i6»* +724f> + . . . 

(i — axY 

since o, Mj « 2, ii, « i6, m» = 72. * - Multiplying both sides by 
(i 2x)* it is easily seen that 

4^ 4- 4- ** 2^ + 

i.e. 40 « o, 4t ** *» ^ ** 4 * 
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Hence the sum of the series, i.e. the generating function is 

{2X + 4^*)/(i — 2x)* = 2;r (i + 2X)l{l — 2X)^, 

The factor (i — 2;r)* in the denominator of the rational fraction shows 
that the expansion is valid for | ^ | < J. j 

00 

i.e. 2x (i 2x)/(i — 2;r)* = i 7 ^ < i. 

n — o 

9*6. Determination of the General Term of a Recurring Series 
If the generating function be expressed as th^ sum of partial 
fractions of the form \ 

A/(i + 

where A, fi are constants and r is a positive integer, then we can 
determine by expanding A/(i + fixY in ascending powers of x 
and collecting coefficients of x”. The expansion will only be valid 
provided \ ixx\ < i, i.e. \x\ < i/| /x |. The method is readily 
seen from a study of the following examples. 


Examples. — (i) The sequence u^,u^, w*, ... ts defined by Mq = o, Mj = i, 
~ 4 - Wfi-a* (n — 2, 3, . . . ). Obtain a general formula for u^ and 

I /a/s 4 " 

show that Un is the integer nearest to — j . [Camb. Sch.] 

The scale of relation is i -- x — and the generating function has 
the form 

^ . , 


I — X — x^ 


: X 4 - UiX^ 


i.e. a© 4- a^x = (^ 4- 4- • • • ) (i — ^ 

Equating coefficients it follows that a,, = o, a, — i. 

I - x- x » "" 

^here „ = - ^ 

2 ^ 2 

Expressing as partial fractions the generating function 


5 = — iiV-5 + J/V5 ^ — SUP’ - a-)*”, \x\ < 2/(V5 + >)• 

— i — cur 1 — fix * 1 1 / v v / 

Hence «, {(^^)" + (- O’- (%= ')"}■ 


From the definition of u^ it is clear that is an integer. 


.} < 

2 


and < (. 62 )* < 0 - 5 . 

Also for « > 2 , < 0 * 5 . 

It follows that must be the integer nearest to | 
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(2) A sequence of terms «„ «„ . . . u„ . . . is such that any three 

consecutive terms are connected by the relation 

6 Wn+i — 5«« + ««~i =* o. 

Jf U0 — i, Mj = find an expression for u^ and show that the infinite series 

^0 + Wi + Mg + . . . 

converges to the sum unity, [Camh, ScA.] 

Proceeding as in Ex. i it is easily seen that the generating function is 

_JL == I - - I 2 

I — |;r 4- (i — \x) (i — ^x) i — i ^~ix 

= - (i - ix)-^ 4- 2 (i - Ix)-^ 

00 00 

= ~ i: (W" + 2 i: \x\ <2 

n — o 



The infinite series m© 4 - Mi 4- «2 + • • • expansion when at = i. 

Since the power series Hu^x” converges uniformly for x i, the sum of 
the series Hu^ is obtained by substituting at = x in the sum function of 
SunX^. Also when at ~ i, 

__L- j*. . = , 

1 -;x+ 


(3) Find the nth term of the recurring series whose scale of relation is 
Un - 4W«~1 4- 5Wn-l - == O. 

and whose first three terms are 1,0, —5. [M.T,] 

The generating function is 

I — 4A? 4- 5^* - 2Ar» 

Multiplying both sides of the equation by 1 — 4Ar 4- 5^* — 2Ar* and 


equating corresponding coefficients we find that a^ = i, a^ 
The generating function is 

- jf. I - 4 ^ _ ^ I 


- 4. 


’ o. 


I - 4^ 4* - (I - 2Ar) I AT 

Evaluating A, B, C in the usual way, we find A 
Hence 


B 

(I ~ x)^ 

: 2, = 


I — 2A? 
3, ^ 


_JLz_ 4? 

(I - ^)* (I*' - 2^) 

= 2 (i ~ 4- 3 (i — — 4 (i — 2Af)*“i 

00 00 00 

= 2 r;r«4-3 -2: (^4- -4-2: 2^x\ 1 ^ 1 < i 

n = o w = o « = o 

= r {2 4 > 3 4 - I) - 2"+*} AT", 

n s o 

Thus Wn = 3" 4- 5 - 2«+*. 

Since the first term of the series is «o it follows that the nth t^m is 
where « 3n 4- 2 - 2**+^ 
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(4) A sequence of numbers do, d„ ... is defined by d^ f , dj « — 

+ sd,.-! + 2d^j = 0, r > 2. Fiisd the value of d^. 

Proceeding as in the previous examples it will be found that the generating 
function is 

3-+^+”^. ^ 3-+ L + ri i = - i (* + **)■* + (^ + *)■* 

00 00 

= - 1 S (-lY (f)v + i; (- I x\<\. 

r = o r ~ o 

« ^ I)r{_ J(J)r ^ 

Hence d, iV (x - i 

This result may be used to calculate the coefhcients in § 9*21 Ex. 
Change the notation of the latter example by writing d^ == a„_r, so that 

^0 = <*n. = «n-i» • ■ • Then d© — J, dj = — J and so on. 

97. The Sum to a Finite Number of Terms 

If the general term of the series is known, theh the sum to a 
finite number of terms may be obtained by using the method of 
§ 9-52. On the other hand, if is not given and it is necessary to 
calculate it by the method of § 9*6, it may be more convenient to 
sum the series directly by considering the terms which make up u^. 
The methods are illustrated by the two following examples. 

Examples. — (i) Find the sum ton terms of the series whose nth term is 
In § 9*52 Ex. it is shown that the scale of relation is 

(i — 2x)* = I — 6^ + i2;r* — 8;r*. Now write 
S = 2;r + i 6 x* -f -f 256;!?* -h . . . I~ 

— Oat S = — i2Ar* — 964?* — 435Mr* — . .. 

— 6.2"”'(« — — 6.2"n*x*+^ 

+- 12 X^ 5 =s 4- 24Ar* 4- I92Af* + . . . 

4- I2,2’*“*(m — 2)%" + I2.2"“^(n — 4- I2.2**«*Ar**'‘'* 

- 8;r« S « _ I6<r4 ~ . 

- 8.2»»-»(m ~ 3)*;r« - 8.2«“*(n ■~2 )*;p’»+i ~ 8.2«-i(n 

- 8.2"n*Ar«+*. 

Adding, S (t — Oat 4- i2Ar* — Sx^) 
a= 2A? 4- 4Ar* 4 Ar**+* {>- 6.2*»n* 4* I2.2*»~^(w ~ i)* — 8.2"~*(if — 2)*} 

4_ ;p«+*{i2.2"«* — 8.2 "~*(m — l)*} — 8,2**W*Af*»+* 

« 2;r 4- 4Ar* - 2»+i(n 4- + 2«+*(2n* 4* 2« ~ i) - 2«+*»*^*‘'^** 

This equation determines 5. 

(2) Find the sum to n terms of the recurring series 
i4-2Ar4-3^*4-9 *^+--- 
for which the scale of relatim is 

«« » - *n-^ + [Cana. Sck.] 
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The generating function has the form 

(ag + + ;i? - lar* + Sx*) 

Proceeding as in § 9*6 we find, = i, «! = 3, a, = —5. 

Again expressing the generating function as partial fractions 
1 + 3^ - 5^ * ^ , 

I + ^ — I04r* + 8 ;r« 2 ^' i j^x’ 

where .<4 = J, B = |, C = •— Expanding each of the partial fractions 
separately and collecting coefficients of like powers of x. 


i + x- lox^-h 8x* y f ^ ^ I ^ I < i- 

Hence the {r + i)th term of the given series is 
{A -h B.2*' -f- ( — i)'’C.4*’} AT**. 

The sum to n terms is 

n ~~ 1 n — 1 w — I 

A £ x^ + B £ ( 2 xy -h C B (- 4;r)^ 
r=:o r=:o r — o 


= A 



-i 


I — Af" 


+ i 



1 — 

I - 


- . c ^ 

~ 2;r ^ I + ipr 

2”x” _ - i_— ( i)”4”x 

- 2X ® ® I -f 4 ;^ 


« 


9‘8. Coefficients which are Polynomiak in n 

If u„ is a polynomial of degree p in n then series Zu^ is a 
recurring series whose scale of relation is (i — The assump- 

tion is that 

Wn = ^ + + • • • + 

where A,, A,, . . . , A„ are constants independent of n. 

Write Sq = M, + «i* + «,** + + . . . Then 

(i - *) So = «o + (Ml - «o) * + {«» — «i) ** + («8 — «s) + • • • 

= «o + + *'1** + *'**“ + • • • 

where r„ = m^+j — m„. Now if « > o, 

•'ll = {^ + Ai(« + i) 4- A2 (m + i)* + . . . + Ao(« + i)*} 

— "t" + • • • + Ao«^} 

“ Me + Ml* "I" Ml** + • • • + Mj)-i**’~^> 
where uo> th- f*t> • • ' Mk-i ^ constants independent of n. Thus 
t'n is a polynomial in » of degree p — i. 

Write *Si = (i — *) So — Mo. Then Sj == Vo +ViX + v^ + . , . 

Similarly by considering (i — x) Sj and writing 
*S, = (I -i:)Si -»o 
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it follows that Sg = zi'o + + ^2^* + • • - where is poly- 

nomial in n of degree p — 2. 

Proceeding in this way it follows that I 

= Po + + P2^^ + . . . + pn^ + . . . 

where p„ is of degree unity in n, i.e. 

Pn = »'o + 

where vq and are constants independent of n . 

(I - x) S,_1 = Po + (ft - Po)x + (p* - Pi) + 

+ {Pn — Pn-l) *" + ••• 

= Po + (^ + ^^ + • • • + ^ + • • •) 

= ^0 + ViXl{l — x). 

Hence Sp„i == {t’o + ^}/(^ This is a proper rational 

fraction whose denominator is (i — x)^. 

From the definition of i.e. xSj,^^ {i — x) ~ k, 

where k is constant it follows that Sp_2 is a proper rational fraction 
whose denominator is (i — - 

Retracing the steps by which the sums S were defined it follows 
that So is a proper rational fraction whose denominator is (i — 

It follows that the given series Su^x^ is a recurring series 
whose scale of relation is (i — 

It should be observed that this result provides us with a direct 
method of summing a certain kind of power series. 

Examples. — (i) Prove that the sum of the infinite series whose nth term is 
(— is — where x is positive and less than i. 

[Lond. B.Sc,] 

The series may be written in the form x)^ where — m*. It 

follows that the series is a recurring one whose generating function is 
{i — x)}^, i.e. (i + 4r)». 

Let S denote the sum of the series. Then 

S — i^x + 2 ^x^ — i)**w*;r*» + . . . 

(i -j- ;r) S ~ .y -f 3^* — 5^® + 7^ — • • • 4* i)"( 2 n ~ i) . . . 

(i -h ^)® 5 — — ;r + 2 ;r* — 2;r* + 2;«r^ — . . . 4* (— i)** 2 ;r« -f- . . . 

— — ;ir -f 2 X ^1 — jr 4- Af* — AT* + . . . ) 

= — ;r 4- 2 X^I[i 4- x). 

Hence 5 ^ (i + x) 4- 2X^}I{^ + x)^ - jr (i - x)l{i 4- ;r)«. 

( 2 ) Sum to n terms the series 4* 2 *. 4- 3*. ;r* 4- . . . [Camb. Sch.] 

The question requires the sum to n terms of the recurring seH^ SUfX*" 
where » (j' 4- 1)*. The generating function is (i — x)K 
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Write 5 = 1® -h 4 - 3®;r® + 4®Ar® + 5®;r^ -f . . . 

(i — ;r) S I 4 - 7;r + igx^ 4 - 37^?® 4. 6 ix* 4 * . . , 

+ ( 3 »* — 3 » + i) 

(i — at)* S = I + 6;r 4- I2;r* 4- i8;»r® 4- 24;^® 4- . . . 

4- (6w ~ 6) — (w® 4- 3M* — 3n 4* i) 4“ n*x**^^ 

(i ^x)‘ S ~ I + 5^ 4- 6;r® 4- 6;if® 4- 6;i4 4- . . . 

4 - 6 x”-^ - (n* 4 - 3«* 4- 3w — 5) x» 

4 - (2w* 4- 3w® — 3« 4 - — «®ir**+* 

= T + 5 ^ + ; - (w® 4 - 3 W® + 3 « - 5) 

4 - (2w« 4- 3n® — 3w 4 - i) Ar»»+i — 

/. S ■— {i 4 " 4 ^ 4- — (w 4- i)*^” 4 “ (3W® 4- — 4) 

— ( 3 w“ + 3 w® — 3 ^ + 0 4 * «®;r"+®}/(r 4- ;r)*- 


9-9. Linear Finite DifiFerence Equations 

The scale of relation 

+ A^^n-1 + p2^n-2 "1 • • • + Pm+i^n-m+1 + Pm^n-m ~ ^ 
may be written in the form 

^n+w A^«+w-l "i” P^^n^m-^2 ”1“ • * • “I" Pm-l^^n-^rl Pm^n ~ 

In either form p^, ...» pm--v Pm represent m constants. 

We may regard this as an equation determining and speak 
about as the solution of the equation which may be referred to 
as a finite difference equation. Further, since the coefficients 
Pv Pv •••* Pm 2 Lre constants and . . . only occur linearly 

it may be called more precisely, a linear finite difference equation 
with constant coefficients. 

The general solution will involve m arbitrary constants, for 
clearly Wq, zq, are arbitrary. A method of finding by 

applying the method of partial fractions to the generating function 
has already been considered in § 9 ’ 6 . 

It is convenient at this stage to introduce the characteristic 
equation 

■Ap”‘^+ ••• +Pm-lP+Pm^O. 

The relation between the characteristic equation and the 
second form of the scale of relation is easily seen. With the help 
of the characteristic equation we can write down the general solution 
of the given finite difference equation. Methods of solving such 
equations will be considered in Chapter X. 

We give here some results on the form of 
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Case L (m = 2). — Let a and p be the roots of the characteristic 
equation 

+ PiP + ^ 2 = 0 . 

Then the general solution of the difference equation j 
Wn+2 + A^n+1 + Wn == O is 
= Cja** “1- C 2 ^^, a 4* 

= (Ci + nc^) a” a = j8, 

where Cj arbitrary constants. ^ 

If the roots are complex the solution can be written in the form 

= c/" cos np + Cgr" sin np 

where r = | a | , p = amp. a. 

Let Uq, Ui be arbitrary. Then 

In this equation a^, are functions of Mo, tq and are completely 
determined when and % are given. Since a and j8 are the roots 
of p^ + PiP+Pt—o, the equation whose roots are i/a, i/j3 is 
I + piX + = o. Hence 

1+P1X + p^^ = (i — ox) (i - fix). 


Then if o + /8, 


a© + 

T.+PlX + p^* 


4- -fi 
ax ~ ^x' 


where Cj, c, can be regarded as arbitrary constants, since a^, Oj are 
arbitrary. Thus 


= 


aX 


+ 


''2 

I — ^X 


~Ci S a"a" 4- Cg jS"*”, la*|< I, |j8al< I, 
n^o « = o 

= S (Cia» + Cj)8«)*». 

W ss= O 

Equating corresponding coefficients, 

«, = < 40 * + c,j 8 ». 

If a and j3 are complex, a and /3 will be conjugate numbers and 
we can write a = jS = where r =» | a |, ^ mnp. «• 
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In practice it is convenient to take the principal value of Then 

= (^ + c*) >■” cos n<f> + »■ (cj — c,) r" sin 
— Cif" cos 4- CgT" sin n<f> 


where Q and Cj are arbitrary constants. 
Next suppose o = /S. Then 




I — aa: ;i — ax)* 


OC 00 

= C, a"x" + Cg 27 (m i) a“x", | ax | < I, 
« = o n~o 


= i; {Q + {« + I) Cg} 


Hence, = (Q + Cg + wCg) and writing Q + Cj — Cj, 
Ca = Cg, we have the required form. 

Case IL (m > 2). The argument used in Case I can be 
generalised so as to apply to cases in which fn> 2, We state 
results for w = 3. 

Let a, jS, y be the three roots of the characteristic equation 
p® + Ap* + P2P + = 0 - Then tf^ general solution of the 

equation 

^n+3 + + ^2^n+l + Pz^n = 

/«fes ow^ forms 

«n ~ Cia« + c^p^ + Cay'*, a *4= jS 4» y, a// foofs real; 

= qy** cos np + ^^2^” ^ ^ ^ complex, 

r = |a|, ^ = amp. a; 

Wn = Cja** + (cg + wcg) a ^ p, p = y; 

== (^ + wcg + w%) a\ a = ^ = y. 

Examples.— (i) nth term of the recurring series whose scale of 

relation is — w„ =» o, where Uq ^ o, Mi « i. [See § 9.6, fex. i.] 

The roots ot the characteristic equation p* - p - i =i* o are i (i i Vs)* 
Hence the general solution of the difference equation is 

{* (I + V5)}" -f {* - V^5)}^- 

Substituting for » « o, i we find Cj ** i/\/5» C| = — i/Vs* Hence 
« (i (I 4* V5)]*ly/5 ~ H (I -- Vs)} VV5' 
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(2) Find the value of which satisfies the relation 

«n ~ 4W«-l + 5Mn-8 - == O, 

where i, = o, «, == — 5. [See § 9 6, Ex. 3.] 

The characteristic equation is 

pS - 4p2 4- 5p _ 2 = o = (p - i)2 (p - 2)j 
The general solution is 

u„ (Ci 4- ncs) !*» 4- = Cl 4- nc^ -f Cg 2 ” 

Substituting for w = o, i, 2, and solving for Cj, Cj, c, we fi)[id 

= 5 , Ca = 3, C3 = - 4. 

Hence u„ — 5 $n — 2”+*. 


(3) A sequence of numbers satisfies the relation Un = — Wn-a- If 

«o I, Wj ~ (i 4- \/’f)l2,find the value of u^. 

The roots of the characteristic equation p* — p + i — o are 

i (I ± V- 3) -= i (I ± t Vs) =- cos Jtt ± i sin Jir 
= Cl (cos 4- t sin ^tt)" -h C2 (cos Jtt — j sin Jtt)" 


^ nrr , . nrr 

~ Cl cos — 4- ^2 sin — , 

‘ 3 3 


where Ci — Ci 4- C^, = * (cj — Cj) are arbitrary constants. 

The result could have been written down from the general formula quoted 
above. 

Substitution for n == o, i gives Cj — Cg — i . 


tt , WTT 

Hence m- = cos ■ 4- sin . 

3 3 


EXERCISES IX 

27. The scries i + 3^ + 7^* -f • • * + + • • • is such that 

Pn-\-X ~ ^Pn '^Pn-~\* 

find the value of [Camh. Sch.] 

28. Find the generating function and the general term of the series 

2 + 3^ + 5^* + 9^* -f • . • 

29. If Mn satisfies the difference equation 

^n+8 ~ ^^n+2 + 4^+1 “ 3Wn ~ 

and Mo = I, Ml ~ 2, Mg — 3, prove that the sum of the series Su^x^ is 
(i + 3^*)/(i - 2X 4- 4^* - 3^*)' 

30. Find the sum to n terms of the series 

2 H- 7x -f 25;r* 4- 9i;r® 4 * . . . . 
on the assumption that the series is a recurring one. 

31. If Mo, Ml, Mj, ... are numbers connected by the recurrence formula 

Wn - 4«n-i + 5«fi-* - 2«n-8 O. 

find an expression for m„, given Mo =« o, Mj = 2, m, « 5. [Camh. 5cA.] 
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32. Prove that i + ^ cos fl + cos zB ^ cos 3^ + • • • is a recurring 
series whose scale of relation is i 2Ar cos J + ;r*. Find the sum to n terms 
and to infinity. 

33. Find the generating function and the sum to n terms of the recurring 
00 

series S x^sitinB. 
n ” I 

34. In the series + u^x + u^x'^ + . . . any three successive coefficients 
are connected by the relation 

Wf+i + P'^r + == 0; 

show how to find the sum to n terms. Assuming that the series 
2 + I + I + + . . . 

is of this type, find the wth term and the sum to infinity. [Camh, Sch.] 

35. Find the sum of the series + aiX + a^x^ + . . . whose coefficients 
satisfy the relation 

3^n 7««-i + - ^n-s = 0 and i, = 8, ag - 

proving that 2a„ =r 20W - 7 + [Camb, Sch,] 

36. Given that Uu^x^, are recurring series whose scales of relation 
are 1 + px + qx^ = 0, i + rx -j- sx^ 0 respectively, prove that 
S (Un + Vn)x^\s also a recurring scries and find its scale of relation. 

37. If ZUf^x^, ZvnX^ arc recurring series whose scales of relation are 
1 +px +qx^ — 0 and 1 +rx + sx^ = 0, respectively and p^ + 4J, f* ♦ 4s, 
prove that Zu^v^x^ is a recurring series whose scale of relation is 

i pYX + (ph + rq^ - zqs) x- - pqrsx^ + qh^x^ = 0. 

00 n 

38. If Z UnX*^ is a recurring series of the wth order, and = Z Uf, 

n = 0 y ^ 0 

00 

prove that Z v^x^ is a recurring series of order w + i. 

w = 0 

39. Find the general solution of the difference equation 

Hence, find for all positive integral values of «, if Mq - 2, « 9, 

«2 = 5 » Wa = 9. 



CHAPTER X 

FINITE DIFFERENCES 


I N previous chapters we have been concerned mainlv with functions 
of a continuous variable, i.e. the variable could kke any value 
inside a given interval or domain. Thus given any sub- 
interval of the given interval there exists values ob the variable 
inside the sub-interval, however small it may be. lit this chapter 
we consider functions of a discontinuous variable, i.e. 'the function 
is given for a certain specified set of values in the interval. Some 
of the elementary theorems of finite differences will be developed 
and certain operators used in the calculus of finite differences will 
be introduced. 


lOT. Divided Differences 

Let y —f(x) be a fimction of x defined for x = x„, x^, 

Xf, 

Define by the equation 

r* Xi] - ^ yo , vi 

Xq Xq X^ Xq X^ X-^ — Xq 

Then [xqX^] is called the divided difference of / {x) for the values 
x^ Clearly the order of x^, x^ is immaterial since 


[*0*l] = 


y^-yx 

Xti — X'l 




♦o — ^0 

If *0, Xx, Xf denote three values of the argument then define the 
divided difference of / (x) with respect to Xg, %, Xg by the equation. 

~ Xg — Xg 

Substitution for [xgx{}, [aqa:*] gives 


r Xeyi-Xxyo+Xxyg-Xgyx-ArXgyg-x^g 

[ Wd - 

ye (*a - *i) + yi (^0 - h) + (% - ^o) 




yt 


y* 


{Xg —X]){Xg~Xg) 


{*i ~ *o) (*i ~ *i) (*i — 
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This divided difference is thus a symmetric function of Xq, Xi, Xf 
and hence we can interchange any two values of the argument 
without affecting the value of the divided difference, in other 
words [x^x^] is independent of the order of Xq, x^, 

In general, the divided difference of n + i arguments is defined 
by the equation 

[Xi^lX2 ^ ] = ^ 

Xq x^ 

Expressed as a symmetric function of Xq, x^, X 2 » this 

can be written as 

^ ^ Zi 

(^0 ^ l ) (^0 ^2) • • • (^0 ^n) (% ^0) (^1 ^2) • • * {^1 ~ ^n) 


4- ... -I . 

(Xn - * 0 ) (Xn -Xj) ... (X„ - 

The cases n = i, « == 2 have already been proved above, and 
the general case is easily proved by induction. Hence the divided 
difference for each value of n is such that any two values x^, x, can 
be interchanged without altering the value of the divided difference. 
The results may be expressed in the form of a difference table as 
follows: — 


^0 

^8 

^4 


yo 

yi 

ya 

ys 

y# 


[^ 0 ^ 1 ] 

[X 1 X 2 ] 

[XtXs] 

[^ 8 ^ 4 ] 




[XoXiXgXg] 



10-11. Tnw.rpnlflfi ftii Formulae in Terms of Divided Diffiaences 
I. We can express/ (*o) “ terms of/(xj) and divided differences 
in the following way. By definition 


[Xi^lX,. . .*«] 


\XjXf. . .xJ [xp%i. * 

*0 — *» *0 ■“ **I 
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[x^. . = - 

[X^l. . = - 


[ XjX ^ . . [Xg ^- . 

Xq ^n— 1 ^0 ^n— 1 

[ %^2* * *^n-2] [^0^1 * * *^w -3] 

■^0 ^ n — 2 ^0 ■^ n — 2 


. .\ 


^0 % ^0 ^3 

[wj=-J^ 4 +j !54 

^0 ^2 ^0 ^2 

[,^1 = -m. + m-. 

X^-X^ Xo~X^ 

Repeated substitution for the right-hand member gives 
[xiXi] /(%) , y (*o) 


[^o*i«2] = - 


+ 


[X^X^g] = 


- *2 (Xo - *l) (*o - *2) (*o - «l) (*o - *2) 

[XiX-^a] 

Xg Xg (Xg X^(Xg Xg) 

f(Xi) , f{Xg) 


+ 


{Xg-Xi) (Xg - *2) (Xg - Xg) (*9 - *l) {*0 “ *2) («0 “ ^s) 


[X^Xg. . .X^] = - 


[XjXg- • -X^ [XjXg- . -^n-l] 

Xg-X„ (Xg- X„_i) (Xg - X„) 

[XiXg] /(%) 

(2:, - *2) . .". (*-0 - X„) (Xg-Xi)... (Xg - xj 


4. /(^o) 

(Xg *1) • • • (^0 *») 

Hence /(a:o) —f(Xi) 


n — I 


-f- 27 {Xq Xj) {Xq ^ 2 ). . . (^Q X^ [^1^2* • 

r = I 

4“ (^0 — %) (^0 ^2) * • • (^0 ^n) [^0^1 • • ’^n]* 



Finite Differences 


385 


Changing the notation by writing x instead of x^, we can say 
that if a; is any given value of the argument 

W — I 

/ (x) =/ («l) + £ {x-Xi)(x-Xi)...(x- Xr) [Xj^Xf . . + R^{x) 

r = I 


where (x) = (a; — Xj) (x ^ x^). . .{x -- x^) [xx^., 

ThUvS f (x) has been expressed as a pol5momial in x with a 
remainder term W- The pol5momial depends on the values of 
the function at a finite number of points only. The result which is 
an identity, is known as Newton* s general interpolation formula. 
In its present form it depends on a series of divided differences 
with reference to arbitrary arguments of the variable x. No 
restriction has been placed on these values, except that they must 
lie in the range of values for which / [x) is defined. If remainder 
term R^ (x) is so small that it can be neglected, then / (x) can be 
calculated from Newton's formula. 


II. Using the symmetrical formula for [XoX^Xz* . ,Xn] and 
replacing Xq by x we have 

[,v.. . .»,) _ — ^ 

/(%) , fM 

(Xi-x){Xi—Xi)...(Xi ’"■■■ 'x„-x){x„-xi)...(x„-x„_iy 


Hence 


fix) =/W 


{x - x ^ ) (x - 
(% -Xt) (Xi -x^j. 


•jx -X n) 
•{Xl -Xn. 


f /r ^ JlT" ^1) -xy)...{x -X„) 

^ * (^8 (^2 • -(*2 -^n) ■ ■ 

f (v ) Xj) {x x^i • • • (a; x„_yj I 

{Xfi — AJ] ) (Xf, X2) . . . {x„ 

(a: - a^) (a: - a;,) ... (a: - x„) [xXiX , . . .a:„] 

£ f( ) (x -a:,)...(a: -a;,_,) (a; - . . , (a; - a;„) 

(Xr - Xl) {Xr - Xg) . . . (X^ - A!,.,) (aC, . (X^ - 

+ 


where f?, (a:) = {x - Xi) (x-Xg)...(x • xj [xXiXg . . .a:„]. 

T.A., 11. 


«5 
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The result may be expressed more succinctly as follows. 

n 

Write ^ (:t') = n {x — Then by logarithmic differentiation 

r = 1 

s 

y = I * — *r 

•!>' (*r) = (Xr — Xi) (X-X^)... (*, - Xr+i) . . . 

(Xr-X„). 

The formula then becomes \ 



fiXr)<l>{x) 

{X - *r) •I’’ (*r) 


+ (x) [xx^x^. . .X„]. 


This is known as Lagrange's interpolation formula. The 
remainder term {x) is the same as that which occurs in Newton's 
formula. 

One difference between the two interpolation formulae, which 
is important from the point of view of applications, should be noted. 
In the Lagrange form the terms of the approximating function do 
not depend on divided differences, whereas in Newton's formula 
each term depends explicitly on a divided difference. 

If the points x, x^y . . . , can be arranged in the form of an 
arithmetical progression with constant difference o), i.e. 

+ fco, r == I, 2, . . ., n then [xx^x ^- . .x„] can be expressed in 
a simple form in terms of the values of the function at the given 
points. For substitution in the formula gives 

[**,*,. . .*„] = 

, 

(*n-l x) (^n-l Xy) . . . (*n_i X„) 



/ w 

- *l) (*-*,)...(*-*„) 

/(x + ntu) /(x + n — iio) 

l) o). . .o» — l) o>.(« — 2) CO.. .CO (— co) 

/(x + n — 20)) 

— 2) co.(n — 3) <0. . co) (— 20*) 
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+ • • • + 


/W 

(— m) (— 2<i>) . . . (~ «*») 


/ {x + nut ) f{x + n — itt>) 
a/*n ! to" (« — i)]iT 


Hence »! a>” . .x„] 


f{x + n -20)) _ 

<«>»(» — 2 ) !2! 

+ (- i)« 


/W 

nV 


=/(* + nw) — + » — ito) + Q)/(* + « - 2 w) . 

+ (- !)«/(*). 

10'2, The Operatar A 

Let y =^f (x) he a, function of x defined for a set of values in 
the interval (a, b) and let x, x + h he two such values of the 
argument. Then the operator A as applied to / (x) is defined by 
the equation 

Af{x) =f(x + h}-f(x). 

A/W is called the first difference of f(x) with respect to A. 
The symbol A is then an operator which has a meaning only when 
applied to a function of a given independent variable with reference 
to a particular increment A. Thus the symbol A is not complete 
and it would be more precise to represent it as 

A 

x,h 

In general, however, there is no ambiguity in the use of A 
since x and A are known and understood in particular cases. Where 
there is any doubt they must be stated. 

Now let Xq, %, X 2 , Xn he a. monotonic increasing sequence 
of numbers such that a <Xq < x^ <b, A^ = x^^^ — x^ and 
Vt ==/(*r) for f = 0, I, 2, . . n. Then A/W ==/(*r+i) -/(*.) 
=yr+i-yr- 

The most important cases occur when is constant, when we 
can write = sjq + rat, r = i, 2 , .... n, at denoting the constant 
increment. 

It follows from definition that if z = ^ (*) is another function 
define in (a, b) then 

A (^ + 2 ) == Ay + Ax. 

In particular, if we take the set of values defined above, 

A iyt + *r) Ayr ■+• Av r = 0, I, 2, . . ., . 
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Clearly the result extends directly to any finite number of 
different functions, in other words, the operator A obeys the 
distributive law for addition. 

Observe in this connection that if s is a positive integer, 
s 

Here we are 


Cf,4 


27 (A^'r) is noty in general y equal to A 

y = I I 

dealing with operations on the same function. Thus 
s s 

s A^'r = ^ {Vt+i - yr) =y.+i-y^ 

y = I y = I 


( 5 \ s + I s 

£ yr) = £ yr- ^ yr =%+!• 

y=i' t — 1 y—i 

The two expressions will be equal, if and only if, = o. 

Next consider how the index laws apply to A- Define A^3'» 
where w is a positive integer, by the equation 

hry = A 

Thus, e.g. using the increments defined above, 

A*yr = A (AjVr) = A (>'r+l “ 3'r) = >'r+* “ -|- >',• 

From the definition it follows that A obeys the index law for 
multiplication y i.e. 

A»‘(A’’^) = A”‘+»'>' = A'’(A“j')- 

Further, A obeys the commutative law with regard to constants. 
For, if c denotes a constant, 

Acy Aj- 


10‘21. Table of Differences 

Differences may be expressed in 


Argument 

Function 

A 


yo 

Ay® 

^1 

yi 

AVi 

^2 

yz 

Avs 




y* 

y* 


Avs 

Avt 


the form of a table as follows: — 

A* A® 


A®yo 

A*yi 

A*^s 

A*y3 


A®yo 

A®yi 

A*3'« 


ys 
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Each entry in a vertical column of differences is obtained from 
the two nearest entries in the adjacent left vertical column by 
subtracting the entry above from the one below. 

As a numerical example take / (x) = x*. = — 2, Xj = — i, 

Xjj = 0, Xg = I, X^ = 2, Xg = 3, Xf. = 4. 


Argument 

Function 

A 

A* 


A* 

A® 

— 2 

16 

-15 





— I 

I 

— I 

14 

- 12 



0 

0 

I 

2 

12 

24 

0 

I 

I 

15 

14 

36 

24 

0 

2 

16 

65 

50 

60 

24 


3 

81 

175 

110 




4 

256 






Observe 

that for 

the function the 

fourth 

differences are 


constant. 

10 ‘ 22 . Properties of the Operator A 

In this section we assume that r denotes a positive integer or 
zero and that to is a constant, different from zero. 

I. It has already been shown that A obeys the following 
laws; — 

(i) the distributive law for addition, 

(ii) the index law for positive integers, 

(iii) the commutative law with regard to constants, 

i.e. Acf{x)=cAf{x)- 

The result (iii) is also true if c is replaced by a function g {x) 
which is periodic and of period to. Thus 

Ag {x)f{x) —g{x+ (o)f{x + to) -g{x)f(x) 

= g{x){f{x + <o) -fix)}, smce g{x + m)=rg {*), 

= g ix) Af(x)- 

II. If u{x) and v (*) are functions ofx defined for x =*,=* + fo* 

and v{x) = A « (*) 

V (x) + v{x + O)) + ...+ V {x + n — I w) =u {x + nu>) —u{x). 
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We have 

V (x) + V {x w) + , . , + V {x + n — icu) 

== A w + A *^ (^ + <*^) + • • • + A w ^ 


— {u{x + w)--u (x)} + {w + 2a») — « (^ + a)))( + . . . + 


^u{x + nw) — u (x). 


{u {x + net)) — m(x + n — icii)} 


A particular case of this formula has been used in me summation 
of series. Thus if we write = i, tt> = i, v (r) = u (r) = 

n 

the result takes the form E ~ — u^, where — u^. 

r = I 


III. If m is a positive integer, then 

/m\ 

{x) z=z u (x + moj) — l^Ju(x + m — ia>) + 

( m\ 

^Ju(x + m — 20)) i) ”^u{x). 

The result may be proved by induction. 

^8 w (at) = A { A W} = « (^ + 2co) — 2W (a; + w) + w (a;) 

= W (% -4” 2€u) — ^ 

(- i)^u(x). 

Hence the result is true for w =2. 

Assume it holds for w = ^ where is a positive integer, p>2. 
Then 

= A {« (* + — (Q** + ^ — Ito) + — 3w) - 

...4- (- 1)’’«(*)} 

= {«(*+ ^ + I«) —<«(* + {« (* + — 

« (JC + - io))} + {« (* + p-lw) -u(x+ p -- 2a»)} 

— (* + ‘i') *■«(*))• 
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Since ^ ~ ^ i positive integer, it follows 

that 

«(*)=«(* + p + iw) - ^ + P*») 

(p + 1\ 

\ 2 y — io>) —...+ (— (*). 

Thus if the result is true for m =p,it holds also for »» = ^ + l. 
The formula has been proved for »» = 2 so that it is true in general. 

Observe that the coefficients in the expansion of A" « (*) are 
the same as those in the binomial expansion of (i — x)*. 

If in the general result we write x =n, u{n) = u„, <0 = 1, 
we have 

A*** — « fl,+n ) *^“+"-1 ^ 2 ) **« 

which is in a form directly applicable to series. 

The general result can be used to express differences in terms of 
divided differences. Thus 

A"/(x) =:/(x + ncu) - (^f{x + n - ico) + 

(”)/(« + n - 2a>) I)” fix) 

= m^n ! [xxjXi. . .x„] from § lo-ii. 

IV. If f (x) is a polynomial of degree p then A”/ (*) ** constant 
and A*^^/ (x) — 0. 

Write f(x) =a„ + ajX + a^x* + . . . + where a„ + 0. Then 
A/ (x) = (a® + ai (x + a>) 4- «8 (x + <«>)* + • • • +«j) (x + tu)*} 

— {«o + + «*** + ••• + « 

= 60 + + • • • 

where 1^, 6*. .... 6,^-1 are constants depending only on a^, a^, 
«». .... and 6^1 = wpa,. Since w + 0, a, + o, it follow® 
that + 0. 

Thus A/ (*) is a polynomial of degree p — 1. 

Similarly, A* / (*) is a polynomial of degree p — 2. Proceedii^ 
in this way it follows that Affix) is a constant and hence 
A'+VC*) 



392 


Finite Differences 


10*23. Errors in Table of Differences 

Let jVo, yi, y2, . . . , jVr* . . • . the values of the function corre- 
sponding to the values Xq, X2, . . . , of the argument x. 

Suppose that an entry, say y^, is incorrectly inserted in the table 
asy^ + 8 and consider the effect on successive columns of differences. 
Table A shows part of a table of differences and thi terms between 
the diagonal dotted lines show those which will be affected by the 
introduction of 8 . It will be seen that in general the number of 
terms affected in the column for /i*y will be s +\i in number, 
these being A*yr-^ 8 » A*yr-«+i» * • Ayr-v Ayr* provided s <r. If 
$ > r the number of terms affected will be r + i and these will 

be A* 3 'o. A'yi. •••. A'^f 

y Ay A*)' A®)' A*^' A®y 


yr-s 

yr -4 

yr-s 

yr-t 

yr-l 

yr 

.Vr+1 

yr +2 

yr +8 

yr 4 * 


Ayr-6 

Ayr-4 

Ayr-* 

Ayr-* 

Ayr-1 

Ayr 

Ayr+l 

Ayr+* 

Ayr 4 « 

Ayr+4 


AVrni 

AVr-4 

A*yr-a 

A®yr-* 

A*yr-1 

A®yr 

AVr+1 

A*yr+, 

A*yr +3 


A*yr-« 
A»yr-. 
A®yr-» 
A*yr-2 
A®yr-i 
A®yr 
~ A®yr+1 
A*yr+* 


A®yr -6 

A*yr-4 

A*yr-» 

A*yr-* 

A*yr-1 

A*yr 

A®yr+i 


A®yr -5 


A‘yr -4 

A®yr-» 


A‘yr-* 


A®yr-1 

A®yr 


Table A 



Finite Differences 


393 


The numerical effect of the introduction of 8 on each of the terms 
is illustrated in Table B which records only the errors involved. 
Thus, e.g. A^r-i will exceed its true value by 8, whereas ^y, 
will be less than its true value by 8. 

y Ay A^y A^y A*y Ah' 





8 

8 . -58 

-48 

— 38 108 

68 

38 — 108 

-48 

-8 58 

8 


Table B 

Assuming s < r we can write down the magnitudes of the errors 
in the s + i terms of A'y- Corresponding to A*yt-r> A'^-r+i. 

A^.-,+j A'yr the respective errors will be 8, - 8, 8, 

i)» 8. In these terms the coefScients of 8 are the binomial 
coefhcients in the expansion of (i - 8)‘. Obvious modmcations 
will be necessary if s > r. In this case the coeifiicients involved 
wiU be those of the last r + i terms of the binomial expansion. 
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Example . — Show that if an mtry in the following table is corrected the function 
tabukUed is of the third degree in x. 


X 

/W 


X 

/W 


^ /w 

1-4 

5704 


1*8 

I0-07* 


2’2 16-488 

1-5 

6*625 


1*9 

1 1 469 

2-* 18-457 

1*6 

7656 


2*0 

13031 


2-k 20-584 

1*7 

8*803 


2*1 

14-671 


2 *K 22*875 

construct a table of differences. 


\ 


X 

/w 

A/W A*/W 

a\/w 


1*4 

5704 


0*921 


\ 


1*5 

6*625 


1*031 

0*110 

o*ot)6 


1*6 

7*656 


1*147 

o*ii6 

0006 


17 

8*803 


1*269 

0*122 

0006 


1*8 

10072 


1-397 

0*128 

0*037 


1*9 

1 1 *469 


1*562 

0*165 

— 0087 


2*0 

13*031 


1*640 

00 

0 

6 

0*099 


2*1 

14671 


1*817 

0*177 

~ 0*025 


2*2 

16*488 


1*969 

0*152 

0*006 


2-3 

18-457 


2*127 

0*158 

0006 


2*4 

20*584 


2*291 

0*164 



2*5 

22*875 






The function tabulated will be of the third degree in x provided (x) 
is constant. Five of the values are equal to 0 006 and the remaining four are 
different. An incorrect entry of one value in the column for / (x) will produce 
four incorrect values in A*/W* From the position of the four values it 
follows that the incorrect entry is 13*031, corresponding to x = 2*0. Since 
0^037 — 0 006 = 0*031, this suggests that the error 8 is 0 031 and that the 
correct value corresponding to x ^ 2 0 is 13*0. Since 

— 0 087 = 0 006 - 3 X 0*031, 0 099 = 0 006 + 3 X 0 031, 

— 0025 = 0*006 — 0031 

the result verifies. 

Thus changing 13*031 into 13 0 has the effect of making A*/ W constant 
and equal to 0 006. Hence / [x) is of the third degree in x. 


10*24. The Norliiiid Operator A 


The operator A/ W is defined by the equation 
and A/{*) is called the;irs< difference quotient oif{x). 
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Similarly the second difference quotient is defined by 

A/ W = A {A/W} - A + «^) -/ W j 

to to to Cl> I ^ ' 

_/ (y + 2tu) — 2/ (X + to) +/(x) 


In general A/W = A ( A / (*)) = t 

to to * to * — ■ — * 

CO 

Changing m into w + i, this equation can be written as 

nt m — I m 

A/(« + to) = «* A /(*) + Af(x). 

to to to 

From the definition it follows that the operators A and A are 
related by the equation ^ 

m 

A^/C*) = «>"*A/(*)- 

to 

Using the symbol === to denote symbolical equivalence, 

m 


If CO = I, the two operators become the same. 

From definition it follows that A obeys the distributive law for 

to 

addition, the index laws for positive integers, and the commutative 
law for constants and periodic functions of period co as in the case 
of the operator A* 

10*3. The Operator E 

This operator is defined by the equations 

Ef{x) ^f[x + to), E^f(x) ^E{E^-V(x)} =/(^ + f» w). 

As in the case of the operator A» ^ depends on x and c<#, and in 
applying it we must assume that these are known. Hence the 
symbol E should be regarded as an abbreviation of E . 

X, to 

From defudtion it follows that E obeys the same laws of com* 
hination as A amd A- 
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Thus if A is a constant, then 

(F + k)f(x) = Ef (X) + kf {x) =f{x+aS)+kf [x) 

— M (*) + / (* + H = (^ + E)f(x). 
(kE)f{x) =E{kf(x)} ^kf(x+a>)= (k)f(x). 

It is easy to extend the operation E for negatwe indices. 


Thus 


j^fix) = E-^f(x) 


■-/{x-a,) 




-f{x) = E-”>f{x) =f{x-mw). 


The operator E~^ behaves exactly like E'^. Thus 
E-^E^f{x) = E-^ {E^f(x)} = E-^f {x + nw) 

= /(x + wcD — mto) = E^E'~'^f [x). 

Thus in the case of E division or multiplication by negative 
power of E is permissible. 

Further, E obeys the following law for multiplication, a property 
which is not shared by Thus 

E{f(x)<l, {x) il> (x)} =f(x + w) <l> {x + w) <!> {x + w) 

=^Ef{x).E4>{x).E^(x). 


10*31. Symbolic Methods 

Since Ef [x) =/■(* + w) == {f(x + tu) — /(x)} +/(*) 

= A/W +/(*)= (A + i)/W' 

we can write F==A + i or /L = E — x. 

If we assume that / (x + tu) can be expanded by Taylor’s 
theorem, then 


(tfi tijfi 

Ef{x) =/(x+ tu) =/(x) + tuD/(x) +^D*/(x) + ^D»/(*) 4---- 


where 


D = 


A 

dx' 


The Taylor expansion may be written symbolically as 
[i + tuD + ^D* + ^D» +...)/(*) =^“"/(x). 
Ef{x) =t!""/(x), or £==6-0 


Thus 
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Summarising the formulae for symbolic equivalence we have 

J5==i + A4=i + <«*A = 

or — 1== — i. 


Symbolic calculus provides a powerful method of obtaining 
important formulae. As far as addition, subtraction, and multiplica- 
tion are concerned the symbols E, A. A> behave as if they 

Oi 

were algebraic quantities. A polynomial whose terms consist of 
these symbols, the coefficients in the polynomial being constants, 
represents an operation. If there is more than one polynomial 
they may be combined by multiplication, addition, and subtraction 
to form a single pol3momiaL The proof of the two following 
theorems are examples of symbolic calculation. 


A. A™/W = (^ - 

= [f™ - + ( 2 ) -•••+(- I)”*)/ W 

- £-/■ {X) - £»->/ (X) 4- (^) £"•-*/ -f (- I)-”/ (X, 

/ffi\ 

— f(x + mtxi) — {x m — Jw) {^\f {x m — 2w) 

-•••+{- i)“/W. 

B. f{x + m) = E”'f{x} = (I -t- A)’"/W 




- 1+ (") A/M + (”) A’/M + ■ ■■+(”) A"/M. 

We now consider how the symbolic methods may be used to 
obtain the formal expansion of a function as a series. We have 
shown in B that if <0 = i and x is a positive integer, 


X 4* I 

£*4= 

r sss o 





But if X is not a positive integer we can still attach a meaning to 
JS* when applied to any function. Thus, e.g. E^f (0) ==/ W* 
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Now the series Z A** applied to any function / {%) has an 

infinite number of terms if x is not a positive integer, unless 
A*/ W = o for r > n, where « is a fixed positive integer. In the 
case of every polynomial there exists an integer «jwith this property 
and the operator £* can be extended so as to\ apply to a poly- 
nomial, where now x is no longer restricted to a positive integer. 

If / {x) is not a polynomial then JS® applied \o f (o) gives the 
infinite series 

£«/(o) = (i + A)*/(o). ' 

l.e. /(X) =/ (o) + (*) A/ (o) + (*) AV ( 0 ) + . . . . 

Clearly the expansion cannot be valid if the series is divergent ; 
even if the series is convergent we cannot say without further 
consideration that the expansion is valid. The discussion of the 
conditions under which the expansion is true, is beyond the scope 
of the present book. 

We can obtain Newton* s backward formula by symbolic reasoning 
as follows: 


Since JS — A 4= 

Expanding as an infinite series 

Applying the operator to / (o) we have 
E-f{o) =/ W =/(o) + Q A/(- I) + (* t 0 + 


If * is a positive integer or if / (*) is a polynomial the foimula 
wiH apply. It will only be valid in other cases if the series is 
conveigent and / {*) satisfies cwtain conditions. 
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If in the symbolic fomula 
write * = I, we obtain 




4! 


we 



Applying the formula to / (x) and taking the increment to be co, 

f{x+ (X)) =/ (x) + A/(^ — co) + A*/(^ 2co) + 

AV(^ +.- 


10*4. Factorial Expressions 

A descending factorial expression of degree w is a product of 
m factors of the form 

/ {x) / (x — co) / (X — 2co) . . ./ (it — W — Ico) 
where m is a positive integer. Examples of such expressions are 
x(x--x){x — 2) {x — 3), x^ {x — 2)2 {x — 4)2, 

(yc + i) (3^ - 8) (yc - 17), il(2x + 3) (2x + 1) ( 2 x -- i). 

Similarly, an ascending factorial expression is a product of the 
form / (^ + w) f [x + 2 <x}) f [x 3co) . . ./ (^ + wco). 

Examples are 

[x + 2 ){x + 3) (;r + 4), ll(2X + 5) [2X + 9) (av + 13). 

Clearly by reversing the order of the factors a descending 
factorial can be arranged as an ascending factorial and vice versa. 

Two important factorial expressions are 

x[x — <xi)[x — 2co) .,.[x — m — ico) 

(x + co)”^ (x + 2co)“^. ••{x + Wco)-^ 

and these may be denoted by (jr)^, o* W-m» co respectively.* 
They are obtained by putting f (x) = ^ and / (x) = ijx in the 
general factorial expression. 

If CO = I we write 

W«.l I) (* - 2)- ••(*-»*+ I) 

(*)-«.! = (*)-» = l/{(* + 

• OtW notati<kl» are in use for the^ factorials, and a summary of i&ese is 
given ia Jordaa: of Finite DiffereficeSt Ch9:g> Ih 
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If m and n are positive integers it follows from the definition 
of (*)m. <0 that if M » > «, 

Wm. a. =*(* — <")•••(*—« — It") (* — «") W — Iw) 

” {^)n* w 

This formula will be assumed valid for any valjue of m and n. 
Then if we write « = o, 

~ (*)»•<■> (^)m>o> 

giving (x)o,<o = I. 

Next, if we put w = o, 

I = W„.a. (x — n<o)_„,a, = (x + nto)„,u (*)_„, a, 
or W_„,« = Til(x + noi>)„,a> 

— i/{(x + nw) {x + n — la») . . . (x + “»)} 

= l/{(x + to) (x + 2to) . . . (jc 4- «ti>)}. 

Hence the assumption of the validity of 
Wt»,<o “ (*)»,<■» 

is consistent with the notation adopted initially for (x)„,a> and 

(^)— JW'tO* 

We can obtain a more general form for {*)„, „ by replacing x 
by ax + b. Thus 

(ax + b)n, o, = (ax + b) (ax + b — aw) (ax + b — 2 aw) . 

(ax b — m — ito) 

(ax + 6)_m, to = (<** + 6 + xcd)~^ (ax -\-b 2 a<u)~^ 

(ax + b + 3ato)~i. , , j ma(o)~^. 

10*41. Difference Quotients for Facmrial Expressions 

(i) We have to A {/(*)/(* — “»)/(* — zw). . (x — m — iw) 

= /(x + m)f(x)f(x — w)...f(x + m—2w) 

— f(x)f(x — w)...f(x — m— 2 at)f(x — m — iw) 
= /(*)/(* - t")- • •/(* - m- 2w) {f(x + to) - /(* - w - !<")}• 

We can consider in particular the forms corresponding to 
f(x) =ax-\-h. 
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The fEctoria.1 expression becomes 

{ax + h) {ax + 6 ato) {ax + 6 — aato) . . . {ax + 6 — ain — i<o) = 

{ax + 

Hence w ^ {ax + b)„, a> ^ {ax + <a{ax + b+aoj- 

{ax b — awo) aw)} 
A {ax „ = am {ax + „ 

tii 

Proceeding in this way we find 

2 

A («* + fc)m. a, = {<•« ~ I) {ax + 

3 

A + ^)m, o) == (w — l) {m — 2) +^)to~3, wf 


A + ^)m, CO = {m -- 1) . . ,2 (ax + . 

Oi 

== a^~^m \ (ax + h), 
m 

jli{ax -h 6)„, <„ =a™»t!. 


91 


A + &)m, a, =0, n > m. 

<0 

In particular, if a = i, 6 = o, we have 

A (•^)w, Cti Wnt~n, a; ^ 

o, w ! (w — - m) I 
= 0, n > m. 

Wtn _ ^ - 1 ) - 2 ) . . . - w + I) 


If 09 = I, 


Hence 


ml 


ml 


<} 


m 

A 


(*)=( * ). 

\w/ \ni — w/ 


£xample.^ — Show that iff> i w a positive integer^ then 

X — 1 y r I 

Since ^ » (y -f i) (a?),., we can write 

(y -f l) (x)r ~ (a; 4- i)f4i Wr+i* 


T. A., 


26 
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Writing down the correspoadingejEpressions for X » i, 2 , . . m, and adding, 
{r + D £ W, 

;if «* I 

- { (2)rfl - (l)rvx} + {{3),+l - Wr+l) +...+{(»• -|^ l),+l - 
«s (« + 1)^+1, since {i)r+i = o, r > i, 
which is the required result. 

(ii) Next consider the factorial 

l/{/ (X + 0})f(x + 20}) . . ./ (X + Wcu)^. 

Proceeding as before 


^f(x + o})f(x + 2a})...f(x + mo}) 

f {x O}) — f {x ffi J. (o) 

/(x + oj)/(x + 2 co) .../(x + mo}) f{x + m + lo}). 

If / (x) = (ax + b) the factorial becomes (ax + a, and the 
result gives 

A («* + &)-«, ^ = a, 


10*42. Expansion of a Polynomial in Factorials 

Let <f> (x) be a pol)momial of degree w in Then we can 
represent ^ (x) in the form 


^ (*) = «o + «i 


Wl, <0 
l! 


+ *2 


W2. c» 
2! 


+ •••+««, 


(^)m, tti 

m! 


for the right-hand side is a polynomial of degree m with »» -f i 
arbitrary constants. Substituting x — o we see that flo ^ (o)- 
Next, applying the operator Aio succession we have 

CO 


A ^ (*) ~ ^ ^ 2* ««+•*■ + (f» _ 1) ! ‘ 


A^(*) 


(*)m- 2 .<»- 
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Writing *=o in each equaticHi. we have «, = A^(o), 
s = I, 2, and “ 

^(x) (o) + A ^ (o) + A ^ (o) 4- . . . 

I Wm, ? j t^\ 

$ 

The coefficients ^ ^ (o) can be obtained by writing down the 

vdues of ^ {x) for x = o, a>, 2 w, and then calculating the 
difference quotients in succession. The expansion can also be 
written in the form 

*(«)-# (0) + ^ A ♦ (0) + ^ A‘ (o) +.. . 

The function ^ (*) can be expanded in terms of a more general 
factorial as follows. Write 

I • 21 ff$l 

Proceeding as before, but writing x = a instead of x = o, and 
observing that A (* - «)r, a, = r(x- a)^i, „ we see that 


Hence 


6r = A ^ («) = -^ A*" ^ {«)• 


^(x)=.^ (a) + A <^ («) + A ^ («) 4-. . ■ 


(x-a)m.w * 




?kii? A j. ^ ^IL" A * 


= ^ («) + A^ {«) + A*^ («)+.. - 

I ! 01 21 W" 

ml ai’» -r \ / 

This is the general form of Newton’s formula for a polyninnial, 
It can be i^ed to find ^ {x) when ^ (a) and the diffemices for ^ 

Rtc known. . 
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Examples. — (i) Express 2X* — iix* + 22x* — I2X + 2 in the form 
a, + atX -ir {X - 1) + (x - 1) (X - 2) (x - t) {x - 2) {x - 3). 

The form required is 


= ^(o) + A^{°) + “T + 



I 1 To 

z { 

w 

\ 

4 ‘ to 

where to ~ 1. 



2 

, 1 


X 

4 (*) 

A^ W 

AH*) 

A 4 (^ 

\ A ^ W 



A> 

O) 

to 

\ «*> 

0 

2 

I 




I 

3 

7 

6 

6 

48 

2 

10 

19 

12 

54 


3 

29 

85 

66 



4 

114 





t^X) 

-- 2 4- Wni? 
- 2 -f . 


i“.0 + 

3! 

".6 + '^>-*v 2 ’. 48 . 

4! 


Hence <l>(x) = 2 -i- x {x — i) x {x - i) {x - 2) 

+ 2 X {x - i) - 2) {X - 3). 


(2) Express i ~ 3^* — x^ in the form 

Uo + aiX + a^x (-v -f 2) + fla^ + 2) (;v + 4). 

In the usual notation 

X = {x\, at, x{x -i- 2) (x)^, m. x(x 2) (^ + 4) = (x)^, w, 

where a» = — 2. 


2 3 


0 

4 (*) A 

1 

2 

A A 

^ 2 

- 3 

— 10 

0 

- 6 

- 4 

17 

- 46 

18 

- 6 

109 


Hence i — 3^* — 

- i 4* 

Wi» ^ 1 w** 
n 2 1 

i?.6 + (!>•(- 6) 


= 1 4“ 2;r + 3^ (at -f 2) (flr + 2) 4* 4)* 


(3) Express 8-jr* 4 - 28;r* 4 - i6jr — 8 tn the form , 

4- {2X 4- 5) + (2^ + 5) (2^ + 3) + + 5) (2^ 4- 3^(2^ 4 
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The required form is 

(x) = + «i (-2^ + 5)1 4* «2 + 5)2 4- (2X + 5),. 

This can be reduced to the standard form by the substitution / = 2^1; -i~ 5 
or — 5. The given polynomial then becomes 

and the form required is 

<*0 4" 2*1^ + (/ — 2) + a^t (t 2) (/ - 4) 

= / (o) + A/ (o) + A/ (o) + 1/ (o). 

t nt) A/w Ayw A/w 

222 


Hence / (f) 

t.i ^ t(t - 2) 


= 3 + _. + 




= 2 + (2;r + 5) - 2 (2;tf + 5) (it + 3) + (air + 5) (z* + 3 ) («r + l). 

(4) Find the polynomial of the third deforce such that 

P (o) = I. ^ (i) = 4. ^ {i) = »5. ^ ( 3 ) = 40- 
Use the formula 

(o) -f A ^ (o) + A* 4 (o) + A' ^ (o)- 


^ - r + 8 + * (1:^.6 

^(at) = I + -|.3 + •“ 3 

= I +x +x* +x*- 

(5) Fmi the polynomial of the third degree in x which takes the values 8, 1, 
o, - 19 when x = - 1, o, l, 2 respectively. 

Use the formula 

^ (2r) = ^ (_ I) + A ^ (- ») + ^ ” 
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* ♦ (») A A* A* 

- I 8 

0 1 6 

- I - 2i 

I o — 18 r 

- 19 \ 

2-19 \ 

♦ w . 8 + 1 . + .) (- ,) + (l±^ (6) + I- 

- I + 3** - 4**- \ 

(6) Find ^ (x) where ^ (x) is a polynomial of the third degree stich that 
^ (- 2) = 85, i (- 1-5) = 40. ^ (- I) = 15, 4 (- 0-5) = 4. 
Use the formula 




where <a = 0*5. 


{x -h 2)1, ctt 


A^(-2) + 


{X + 2)„ CO 


X 


A 

A* 

— 2*0 

85 

-45 


- 1*5 

40 

- 25 

20 

— 10 

15 

— II 

14 

- 0-5 

4 




AV(-*' 

{x + 2),.a i . 
3l«>* 

A* 




AM = 8s 4 . (* + ^) + (* + »)(* + >-5) 

^ (*) = 85 + 1 1 (0-5) t 45) + 2 I ro s)» 


2 1 (o-5)* 


, (x + 2){x + 1-5) {* + i) , 8.^ 

= I — -f 4iir* — Sx*. 

(7) Find the polynomial of degree four such that / (— 2) a5= 72, / {— i) » 44# 
f(p) *s 40, /(i) = 96, / (2) = 272. ITrite ifotiw most general form of the 
p^ynomial ^ (x) of degree six which has the same values as f (x) when x ^ o, 
± i» ± 2, and determine ^ (x) when (i) *= o and 1) = o also, 

ILond, B.Sc.] 

^ /W A A* A* A^ 


2 


~4 

56 

176 


120 


60 


24 
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/W -/(- *) + A/(- *) + A‘/(- 2 )' 

+ A*/(- i) + AV(- *) 


= 7* + (^ + 2) (- 28) + (f-±iLjL±_L) (4^) + (x + z){x + t)x 

+ ( * + 8) (y + I) * (4f - I) 

= 40 -f 18^ + 2gx* 4* Sx^ + X*. 

Since ^ (x) is a polynomial of degree 6. it may be written in the fcwra 

^(x) = at + thix + 2)1., + o, (2r + 2),„ + a, (» + 2)n + a* ( 4 r + 2),,, 

+ «.{*+ 2),„ + 0, (2r 4- 2),,i. 

Also since ^ (*) =>• / (;») for * = o, i i, ± 2, 
ao=/(— 2 ). Oi = A/(— 2 ). “« = A*/(— 2)/2!, 0, A*/(— a)/3l. 

“4 = AV{- a)/4l 

^ W = / W + «, (2r + 2)j,i + a, (* + 2),.,. 

W = /' W + «B (2; + 2),„ + a,i) (» + 2)„„ where i) = (f/iir. 

Using logarithmic differentiation, 

D (» + 2),,i = D {(* + 2) {X + i)x{x - 1) (x - 2)} 

= (;r + 1) * (ar - 1) (2; - 2) + (2r + 2) * - l) {x — 2) 

+ {x + 2) {x + I) (x - I) (4? - 2) + (,»: + 2) {x + t)x{x - 2) 

+ (2f+ 2) (*+ i)2r(*- 1). 

D{X + 2),.i = D {(» + 2) (X ■^ 1 )X(X - I) (2f - 2) (x- 3)} 

= (2r + I) 2; (2r - I) (2f - 2) (2r - 3) 

+ (* + 2) * {* - i) (» - 2) (x - 3) 

+ (Bf + 2) (* + i) (x - i)(x - 2) (x - 3) 

+ (bt + 2) (2; + i) * (2r -2) (x - 3) 

+ (* + 2) (* + I) ^ - i) (x-3) 

+ (x + 2)(x + i)x(x- I) (X - 2). 

When X = t. D (x + 2)*,i = 3.2.1.— i. = — 6, 

Dlx + 2),„ = 3.2.I. — X. - a a» 12. 

When* - - 1, 0(* + 2),„= i.-r.-2. - 3 = - 6, 

r»(* + 2),„= I. - I. -2. -3. -4 1=34. 

Also, since/' (*) = 18 + 38* + 24** + 4 x’. f W = i 04 . /' (- i) = - »■ 

Since 4 ' (i) = (~ i) = «•■ 

o =s 104 — 6a5 + 

O =ax — 20 — 6^1 + 5f4fl4. 

Solving these equations, « 3 ®* ^ 3 i/ 3 * Hence 

^ (#) - 40 + i8* + 39»* + 8** + ** + 38 (* + 2) (* + i)s( (* - I) (» -*- a) 

+ ^ (* + a) (* + i) * (Jt “ *) (* — *) (* ~ 3 ) 

•» 40 4- 4&r 4- “ *7** ~ + 7** + ¥**• 
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10'43. Successive Differences of a Polynomial 

The application of the operator A to a polynomial lowers its 

a> 

degree by one and hence if the degree of the pohnomial is m, the 
mth difference quotient and the mth difference w'^l both he constant 
and differences of higher order will he zero. 

To obtain the differences in a particular casfe we express the 
pol5momial in factorials and then apply the results 


<*> _ 

i — — — 7 "“ 7 . 


r w 

“ — = — n am, A 

tja m\ {m —n)\ cn 


[m, (t> _ ^ 


m\ 


■n] 


2 = O, M > W. 

oi fn\ 


Example. — Find successive differences for <l> (x) — i — 3 ^* — x^, 
01 = — 2. 


We have seen in § 10-42 that 

^ (at) = I + 2 (x)i.oi + 3 W2. CO ~ Ws.co. where to - 2. 
A ^ W = 2 -f h (^)i,co ■" SWs'Co “ 2 — 3;r* 

CO 

2 

A ^ W ~ 6 — 6 (x)i, Qj ^ (y ~ 6 x 

CO 


for 


A ^ W = - A ^ W = 

CO <0 


n 

Since co” A A" follows that 

CO 


= — 4 + A ’ ^ (*) = 24 — 24*, A* <!> W = 48- 


10*5. Generating Functions 

Let / (t) be a function of i which can be expanded in a power 
series whose general term is uj^. Then 

f(t)=ZvJ’‘. 

If the series contains an infinite number of terms it must be 
assumed to be convergent. 

Then / (() is called the generating function of and is written as 
/{/) =G«.. 

The term generating function as applied to a recurring series 
has already been considered in § 9-52. 
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Examples of generating functions are provided by well known 
expansions. 

(i) (I = I 4- ^ ; (i ~ = Gi. 


(ii) e* = i+^ .f ^ +...4.1*+. 


i! 

I 


I 


(iv) - log (I 


t . <* . _ I 

‘ (a; + i) ! ~ ^ (a; + i) ! 


t) + l + <+... + !! a. 

2 3 X ' 


log (I 


0 = G . 

X 


(v) (I +<)™ =I 

New generating functions may be obtained from known 
expansions by various operations such as differentiation and integra- 
tion term by term or they may be obtained by summation of a 
given series. If an operation is used it will be necessary to justify 
what is done. In particular, if differentiation term by term is 
used questions of uniform convergence will arise. 

00 

Thus, for example, the series 2* converges uniformly to 

X ^ o 

1 /( 1 for \t\<a<i. Hence the series obtained by 
00 

differentiating U with respect to t will converge to the 

X ^ o 

differential coefficient of 1/(1 — 0 and moreover the convergence 
is uniform for the same range of values of t. This gives 

I + 2 ^ + . . . + 4 • • • = 




Multiplying throughout by t, 
t 


CO 

;r-o (I 


, and Gac 


:/)*’ (I - tf 

If we differentiate r times and multiply throughout by t'jr ! 
we obtain 
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00 

2 

;ir as o 


0- 




and G 


C)-(di 


We can regard G as an operator which ob^s certain laws as 
in the case of operators already considered. We[have the following 
properties. 


(i) G{f(x) + <f>(x)}^Gf(x) + G<t>{x), 

This following immediately from definition\ and the result 
clearly extends to the sum of a finite number of functions. 


(ii) G {cf (x)} = cGf (x) where c is a constant 

This follows from definition. As an example, consider a poly- 
nomial of degree w. Then in accordance with the Newton formula 


/ W - / (0) + (*) A/ W + Q AV (»)+•• • 

+ Qa'/(o)+---+(^)a“/(o). 


We have just seen that 


G 



(I - ty+i- 


Hence Gf{x)=^Z ^ AV (o) . 


(iii) If Gf (x) is given then Gf {x + i) may be found as follows 

00 

Write Gf(x) so that — Z f {x) I®, or 

X o 


4 , ( t ) =./{ o)+f { x ) i + f ( 2 ) t ^ +...+/ (X+ I) + . . . 

=/(i)+/(2)/-f... +/(*+!) 

= Z /(* + i)I* 

X ^ o 

Hence Gf (* + i) = 

t 

From this result it follows that 
G A/{*) « G {/(* + I) -/(*)} = Gf{x + I) - Gf{x) 
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Proceeding as above we find 

(?/(» + M)- -/(O) -</W '/(..-I) 

We can now find the generating function of 

A” fix) =f{x + m)- + m-i) 

+ + -•••+ (-!)’"/(*) 

, f ^ ~ 

Hence G A”*/ W = 

5 j- X)' 

10*6« Interpolation Using Differences 

If we are given the values of a function / (x) corresponding to a 
finite set of values of the argument x then the problem of inter- 
polation is concerned with the determination of the value of the 
fmiction for some other value of the argument. The problem is, 
in general, indeterminate for the value of the function can be 
assigned arbitrarily. To obtain a useful solution some restriction 
on the form of the function is necessary. In particular, if the 
function can be represented by a polynomial of degree n, then the 
problem has a unique solution provided, n + i values of the 
function are known. If we approximate to the function by a 
polynomial then we can obtain an approximate solution, but it 
will be essential to consider the error term involved in the 
approximation. 

Simple interpolation formulae are based on Newton*s formula 
proved in § It has been shown that 

[xXiX ^. . .Xn] =/ (^ + + n Xw) + . * . 

+ (- 
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and also 


/(*) =/{*l) + ^ {( x - Xi ) (x -**) ...{x - Xr ) [x^x^. . .Atr+l]} + 

r=. I 

where (x) = (x - x^) {x -x^...(x - x„) [x^iX ^. . 

In the last equation write 


• a, 


: ^ 4- (y — i) a>, y == I, 2, ] 


Then 


AV(a)) 
+ i?„ ix] 


since rica’’ [x^x^. . .a;,+i] = A*"/ (*i) == A’'/(«). 


= + A/W 


(^ — a) (^ — a — ct>) 


+ 


i! to 

(x ■— a) {x — a 


2 \ 


AV(«) 


}...{x - a 


2w) 


A”"V{«) + Rn{x)- 


(m - I) ! w"-! 

If we omit the remainder term we obtain Newton’s interpolation 
polynomial for forward differences. 


/M=/(.) + 4 ,::^a/W + 


2 \ cu* 


AV(«)+--- 


The degree of approximation obtained by the use of this formula 
will depend on the magnitude of the remainder term which has been 
neglected. This formula for a polynomial has already been proved 
in § 10-42. 


log 2175 = log 2 + A log * + ' 


A" log 2 + . . 


Example . — Given log, 2-0 = 0'693i. log, 2-1 = 0-7419, log, 2-2 = 0-7885, 
log^ 2*3 = 0*8329, find an approximate value of log, 2-175. 

In Newton's formula take ^ =^2*175, a = 2, cu = 01. Then 

(0-175) (o- 1 7 5 - 01) 

2! (0-1)1 

Argument Function A* A* 

2-0 0-6931 

0-0488 

2-1 0-7419 — 0-0022 

0-0466 o 

2*2 0*7885 — 0-0022 

00444 

2-3 0-8329 

1- 75 X 0 75 X (—0 0022) 

2! 


log 2-175 = 0*6931 + 175 X 0*0488 -f 


0 7771- 
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10'61> Newton’s Formula for Backward Differences 
If in the formula for divided differences 

r^r •>- .1 - — I 

^ /w + . . . + — - 

(*3 ■*'l) • • • *r+l) (^r+l %) • • • (*r+l — *r) 

we write Xj. == a — (r — i) w, then 


[^1^2* • •^r+l] 


f M / (^ — ^) , f(a — 2 aj) 

r! CO** I ! (r — i) ! co^ ‘ 2 ! (y — 2) ! oi’’ 




or r! oi’’ =/ (a) - (a - o)) + (a - 2a>) 

-... + (-!)’• 0^/(a -rw) 

=/(«) - Q («) + Q -■■■+{- i)^Q £-v(«) 

- (i - Q £- + zl' (') B-j/la) 

= {I - £- 1 }" / (a) = (F - I)" F-"/ («) 

== AV (« — rai). 

Now make the substitution «;, = a — (r — i) w, r = i, 2 ,. . 
in the formula 

/ (*) =/ (iKi) +” S ’{{* - %) (x Xr) [X^Xf . .*r+i]} 

r = I + iRn (*)• 


Then/(*) =/(«) + 

” I ^ ~ {a- fo))] 

rZi' * 

+ Rn (*)• 
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If we neglect the remainder term we obtain the polynomial 


(x -- a) (x a + (o) 




+ - 3») +. . . 


In particular, if a = o, a> = i. 


f{x) =/(o) A/(~ I) + 


x{x + i) 


AV(~2) 


x(x+l)(x + 2) 


AV(-3)+... 


a formula which has already been developed by symbolic reasoning 
in § io* 3 i. 

To see how the formula is applied, consider the table of differences 
in the following form. 

Argument Function A A* A* 


« — 3«> /(« *“ 3») 

A/(«~3«) 

a — 2a» /(« — 2w) A*/ 3«>) 

A/ (« - 2«) AV (<» - 3«^) 

a ^ io f (a ^ ta) A*/ (<* “* 

A/(« — <*») 

fl f(a) 

The table shows that the differences to be used lie on a line 
sloping upwards from f {(i)» The formula is useful in dealing with 
interpolation near the end of a table. 

Exaixiple , — Given that the values of sinh x for x « 0 20, 0-24, and 0 28 
are 0*20134, 0*24231, and 0*28367 respectively, find an approximate value 
for sinh x when x ~ 0*27. 


X 

tdnh^r 

A 

A* 

0*20 

0*20134 

0*04097 


0*24 

0*24231 

0*04136 

0*00049 

0*2$ 

0*28367 
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Take * =» o-ij, a = 0-28, <a »= 0'04. Applying the general formnla, 
8inho-27 = 0-28367 - X 0 04136 + (-o-oi)(- 0^01 + 0 04) 

= 0*27328. 

The value of sinh 0-27 correct to 5 decimal places is 0*27329. 


10*62. Intstpolation widtout Differences 

In principle this is solved by the use of Lagrange’s formula 


f{x)^ E 


/ W >P (x) 


= t(x- Xr) >l>' (Xr. 


+ <l> (x) [XXiXt. . .x„], 


where 0 (x) = (x — x^) {x — X 2 ) . . .(x — *„). 

Various special formulae* may be derived by considering 
suitable distributions of x^, x 

The practical objections to the use of the Lagrange formula mre 
the amount of numerical calculation involved and the fact that the 
introduction of an additional point x„^i implies that the calculations 
have to be done all over again. In the case of formulae using 
differences it is only necessary to add additional terms in order to 
obtain a more accurate result. The Lagrange formula has the 
advantage that it can be used directly where the values of the 
argument are not equidistant. 


Examples.— (i) Find the polynomial f (ar) of the third degree such that 
/(_ I) = 5,/(i) = i./(2) = - i,/(5) = - 79- 

Since / (*) is of the third degree we have from Lagrange's formula 

- o) {x — c){,x — d) 


, .. A x - l»(x -c)(x -d) , ,,^^(x_ 

/(*)=/ {») j'a -b) {a- c) {a - d) + * (6 


Write a 


+ i (c -a)(c- 
— I, & = I, c = 2, d = 5* Then 


a) {b — c) (6 — d) 

+ {d -a) {d-b) {d - ie)' 


{X - aUx - b)[x-d) , , lx - a) (ar - b) {x -J, 


fw - w + !■> + 


(- 1 ) 


2.- 3. 

(ar + i) (af 


3i- 




■ " "+ il. +% (.’-Vli’- s’- « (« + » ■' <* - “I 


Observe tl»t in this example the arguments are not equidistant sp that 
the formulae for differences do not apply. 

•For the*,, reference may be made ^ 

Differtneis and to Milne-Tbomson: The Calculus of Ftntlt Dff 
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(2) Given cosh 0-30 = 1*04534, cosh 0*31 ~ 1*04844, cosh 0 33 ~ 1-05495, 
find an approximate value of cosh 0-32. 

Apply the formula 


(x --b){x ■ 


/M - Ma) (a -&) ^ v"' (B 

where ^ = 0 32, a — 0 30, b — 0*31, c 


f) + fib) - ^) + 

' ' ih _ (U „ ^ 


cosh 0 32 = 104534 X 


I 04844 X 


- a) (fe ~ c) 
0*33. / W = 

( 0*32 - 0*31 ) (0*32 - 0*33) 

(0*30 - 0*31) (0*30 - 0*33) 

(0* 32 — 0*30) ( 0* 32 — 0 33 ) 
(o"3i - 0*30) (0*31 - 0-33) 



(x a ) {x - b) 
(c — a) (c — by 


1-05495 X 


(0-32 - Q- 30) ( 0 - 3 ^ - 0 - 3 1 ) 

(0*33 - - 0-31) (0*33 -> 0 30) 


== 4- 104844 + J X 1*05495 = 105164. 


10 - 7 . Difference Equations 

We have seen in Chap. IX, how difference equations arise in 
connection with the study of recurring series. The equations 
were of the form 

+ Pl^^n-l + p 9 ^n .2 + • * * + Pm^^n-m = O 
where n is a variable positive integer, m a fixed positive integer, 
Pi* P2* • • • > Pm constants. 

With changed notation we can represent the equation in other 
equivalent forms. Thus 

“f" Plf^ x-^m—l H” P^x^-m —2 4 “ • • • “t" Prn^^x ~ ^ 
f{x + m)+ pj{x + w - I) + pj{x + m -2) + + p^f{x) = 0 

where x represents a variable positive integer and f{x) are 
functions defined for positive integral values. 

Since f {x + r) = E'^f (x), Ux+r == E'^ttx, the equations can be 
written in the symbolic forms 

(E^ + + p 2 E^-^ +... + pjUx=-o', 

(E^ + p^E^-^ + p2E^-^ + * * . + :^m) / (^) = 0. 

Again, since E 4= ^ + A we can express the equation as 
(A^ + ^ A^“' + «2 + . . . +^m)/ (^) = o* 

where Oi, ^2, . . . , are constants depending on pi, p2, . * • » Pm- 
^us difference equations can be represented in a variety of 
equivalent forms. 
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In general, we can regard an ordinary difference equation as a 
relation between an independent variable x which takes integral 
values, a dependent variable y, and any successive differences of 
y, i.e. • • •• The order of the equation is determined by 

the order of the highest difference and the equation is said to be 
linear if y, A^. ... in the equation are all of the first degree. 

Thus the original equation can be described as a linear mth order 
difference equation with constant coefficients, since p^, 
p^ are independent of x. 

If we are given a function F (z) defined for ^ Zq + a>, 

Zq + 2o}, . . . , 4- ro) r being a positive integer we can reduce 

the function to one of the type considered above by the substitution 
^ If F (z) becomes f{x), then f (x) is defined for 

positive integral values of x, o) being replaced by unity. 

Consider any function p (x, y, c) = o where c is a variable 
parameter, which is constant as far as the operations E, A are 
concerned. Thus c can either be an absolute constant or a periodic 
function of period unity.* If we operate on p (x, y, c) = 0 with J?, 
we have p {x + i, Ey, c) = o. Eliminating c between the two 
equations we obtain an equation of the form p (x, y, Ey) = o. 
This is a difference equation of the first order. 

If we begin with p (x, y, q, c^) == 0, where and Cj are para- 
meters, operate twice with E and then eliminate q, Cg between the 
three equations, we obtain an equation of the form 

p{x,y, Ey, E^y) =0 

which is a difference equation of the second order. 

Similarly, if we start with m arbitrary parameters, operate 
with E successively m times, and then eliminate the m parameters 
we obtain a difference equation of the wth order. 

p{x,y, Ey, ..., E'^y) =0. 

Thus if we are given a difference equation of the wth order we 
may expect to find in its general solution m arbitrary constants 
which may be, as mentioned above, periodic functions of period 
unity. 

Examples.— (i) Given y c, then Ey ^ c ^ y and the difference equaUtm h 

— y »r o, or (JF i) y o. 

• A function /(;r) is periodic and of period a» if /(^ 4* rat) « /(^r), where 
r denotes an integer. If ai = i, / + r) « / W- 

T, A., ir. *7 
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(z) Given y » Cj 4- then 

By ^ Cl + c^{x -h i) ^ y + 

B^ ==r Cl 4* c, (;r + 2 ) ss y 4- 2 c,. 

Eliminating Ci and c^, 

E*y — zEy 4- y = o, or (E — i)*^ ^o. 

(3) Given y = Cja* 4 - c^p*, then 

By = 4- 

B*y = c,a*+* + c^p'^+K 

Eliminating c^ and Cj, 

F*y — (a + p) Ey apy = 0, or (E — a) {E — p) y o, 

(4) Given y = (c^ + o®, then 

Ey = {^1 4- f, 4- 1 )} a*+i 
E*y = {ci 4- ^1 4* 2 )} a*+*. 

On elimination we obtain 

E^ — zaEy 4- vL^y = o, or {E — a)* y ~ o. 

1071. Linear First Order Difference Equations 
The general form of a first order equation is 

Ey -y<P{x) =^^{x) (i) 

where ^ (^) and 0 (x) are given functions of x, the variable x being 
defined over a suitable set of {x} values. 

Equivalent forms are 

««+i - w = 0 w 

/(x + i) -f{x)^(x) = lA(*) 

(I + -y,f,{x) =lp{x) 

The general solution of (i) is of the form >'=»(*) + A (*) where 
A is any particular solution of (i) and z = v {x) is the general 

solution of Ez — zp(x) —o (ii) 

This result may be proved immediately by substitution in (i) 
when the form (ii) is obtained. 

Consider then the problem of finding a solution to the equation 
Ey —yp {x) = 0 

subject to the following conditions: — 

(а) A ssrstem of values of x of the form * = « + » is given, 
where n denotes a variable positive integer; 

(б) il is an arbitrary constant and the solution is to be surii that 
^ acs it when a: — a. 
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Write y — Ug, — so that we require a solution of the 
equation 


==f{a + n) 


such that Ua^k, 

In (hi) take the values o, i, 2, . . . , w — i for ^ in succession and 
multiply corresponding equations. Then 

— =/(«)/(« + !). ../(a + n-i). 

Writing * and returning to the original notation, 

y = u^=kf{a)f(a +x)...f(x - I). 

Examples. — (i) Solve the equation Ey — (x i) y ^ o where x iakee 
positive integral values and y — i when x ~ 1. 

The general solution is 

y = ^.1.2. . .;ir == kx\ 

Since y ^ i when ;p = i, ^ = 1. 

(2) Find the general solution ofEy-{-y — 2x + $ where x takes positive 
integral values, 

A particular solution is seen to be ^ -f- i. For 
The general solution of 

Ey + y — o 

is y s= ^ (— i)* so that the complete solution is y = A (— i)* 4- -f I. 
where k denotes an arbitrary constant or a periodic function of period unity. 

Note , — If in the first order difference equation — y ^ (4?) ^ (x), ^x^ X, 
where A is a constant, # i , and tp (x) ^ ax -\-b, a and being constants then a 
particular solution of the given equation is a*x + 6' where a' and b' are constants 
depending on A, a, b. Thus substituting y = a'^r + 6' in jEy — Ay 4 - d We 

have a' (4r 4- i) 4- 6' ~ A {a'x 4- b') ^ ax ■\~b. 

Equating corresponding coefficients, 

a' (I - A) « fl, 4 - 6' (I ~ A) = 6 

giving a' ^ a/(i - A). 6' = {(i - A) d ~a}/(i - A)*, 

Thus if A « - I, a=2, 6= 3 then a' = i, d' = i as in Ex. 2. 

10*72. Homo^neous linear Difference Equations and OmstuK 
Coefl&aents 

We shall conader only formal methods of solution. The 
equation is of the form 

/(* + ♦») 4 - ^i/(* 4- m - I) +/»*/(* + »«-*)+•• • + 


4Z0 
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or E^y + piE^^^y + + . . . +Pmy == o 

where y =^f{x), and pi, p2> • * Pm constants. 

In symbolic form the equation may be written 

(£”* + p^E'^-^ + p2.E'^-^ + . . . +J^>m) y = (( or (^ (£) y = o 
where <f> {E) denotes a pol5niomial in E, 

The equation 

pm + p^pm -1 p^m -2 ^ = 0 o)^ p (p) ^ q 

is called the characteristic or auxiliary equation of the difference 
equation. It has m roots which may be real or complex, simple 
or multiple. 

Case I. Suppose first that the m roots, pi, p2» • • •* Pm. are all 
distinct but may be real or complex. 

If c^ denote an arbitrary constant or a periodic function of period 
unity then y^ = c^p/ is one solution of <f> (E) y o. 

For 

E^'CrPr^ + plE’^-Kpr’^ + + • • • + PmCrPr^ 

= CrP/*”^ + Ac,p/+'»-l + P^rPr’‘*^-^ + ■ • • + />mCr/>r* 

= Crpr^ (pr) == O, 

since p^ is a root of p (p) = o. 

The functions y^, yg, . . . , y^ are thus m particular different 
solutions of the equation each containing an arbitrary periodic 
function. Hence yi + y2 + • • • + ym is also a solution, and since 
it contains m arbitrary periodic functions it is the general solution. 
Thus 

y = ^iPl® + ^2P2® + • • • + ^^mPm* 
gives the general solution, provided p^, pg, . . . , Pm ^^^e distinct. 

Examples. — (i) Solve the difference equation E^y ~ 6E*y + iiEy — 6y = o* 
The characteristic equation is 

p8 _ 6p3 ^ lip ^0 = o 

and the roots are p — i, 2, 3. 

Hence the general solution is 

= Cj -h Ca2« -f c,3*. 

Note , — The given equation could have been expressed as 

f(x 4- s) ^ tf(x 4- 2 ) -f ii/(^ 4* i) - 6/{;v) « o 

=» O- 


or as 
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(2) Solve the eqttation 2 A* «* + 2 A = o. 

Using ^ === J? — I the equation becomes 

2 + 2 (£ — l) Mj, — Ma, = o, 

or (2 - 2J5 - i) = o. 

The characteristic equation is2 p*— ap — i=:o and its roots are 

P === 4 (i ± v/3)- 
Hence the general solution is 

Note. — It is not necessary to transform the ^ form of the equation into 
the E form in order to solve it. The given equation is 

(2 A* + 2 A 1) -- o 

and the roots of 2 A* “f“ 2 A — ^ ~ ^ considered as a quadratic equation 
in Aare 4 ( — r ± V3)- 

Since .E =4^ i -f A roots of the characteristic equation are 

I -f4(— T-i:V3) - 4(J± \/3) 

as already proved. 

Suppose now that one or more of the roots of the characteristic 
equation are complex. These complex roots will occur in pairs of 
the form a ± where a and jS are real. Since the roots are all 
distinct it is sufficient to consider one pair a ± ip. The corre- 
sponding terms in the general solution will be of the form 

(a + W + ^2 (a - 

where arbitrary periodic functions of period unity. 

Write r = |a + ip\ = + ^ = principal value of 

amp. (a 4- iP)> then r = |a — ip\, — <^ = amp. (a — ip). Then 
(a + ip)^ + (a - iPY = 

= (cos x<f> + i sin X(l>) + V® (cos X(f> ~ i sin x4) 

= (/l?i + r® cos x^ + i ^ 2 ) sin x<l» 

= cos x<ti + K 2 r^ sin X(f). 

The solution is now in real form. 

Examples. — (3) Solve the equation H" 2ynf8 + 2yn+i + = <>• 

The characteristic equation is 

p» -f 2p* 4 2p -f I = o = (P + i) (p* + P + *)• 

The roots are — i, 4 ^ ^ i ^ Vs)* 

Now I 4 ( “* I 4* * Vi) I = 4 + ^V3) ~ 

Hence the general solution is 

2WTr , 2«fr 

= c, (- i)» + cj cos — + c, sm — . 
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(4) Find the general solution of the difference equation 

yn+8 - 9yn^t + 43yi.+i - isyn « o 
given that y » is a particular solution. 

Find for all positive integral values of fi. where jy^ =: o, y, = i, =» 2 
also. I {Lond. B.Sc.] 

The characteristic equation is />• — 9p* + 43P — 75 = o. Since 5^ = 3** 
is a particular solution of the given equation, p = 3 is a root of the charac- 
teristic equation. Thus p® — 9p* + 43p — 75 = (p — B) (p* — 6p -f 25) and 
the roots are 3, 3 ± 4*. \ 

Since | 3 + 4* | = 5» amp. (3 -f- 41) = ^ = tan-^ J, ^he general solution 
may be written as 

=: A .3* 4- B.5** cos np -f- C.5" sin np. 

Substituting yi == o, y, = i, y* — 2, we have 

0 = 5A cos p -f- $B sin ^ -f 3C 

1 = 25A cos 2p -i- 25B sin 2p -f gC 

2 = 12$A cos 3^ -f- i2sB sin 3^ -f 27C. 

Now cos ^ = f, sin ^ = J, cos 2^ = — sin 2^ = 

cos 3^ = -JJJ, sin 3^ = 

Substituting these values, 

3A -f 4B -f 3C = o 
•-7.4-1- 24B 4 - 9C' = I 

— iiyA 4- 44B • 4 ' 27C = o 
giving A = -yJ,. B = tSs. C = - A- 

Case II. Suppose now that the characteristic equation 
^{p) =0 has multiple roots. 

In this case the number of distinct values of p will be less than m. 
Hence the form written down above for the general solution will 
now contain less than m arbitrary constants or periodic functions. 
Thus it will not be the general solution and it is necessary to find 
further different particular solutions of the given difference equation. 
Suppose first that p = o is. a double root corresponding to the 
factor (p — o)* of ^ (p). We have shown in § 107, Ex. 4, that 
y = (cj + CjX) o* gives rise to the equation (E — a)*y = 0. The 
term provides the other particular solution required. Thus 
coneqwnding to each double root a we have terms in ffie general 
solution of the form (cj + c^) a*. 

Note. — If the double root is complex corresponding to 
p = a + tjS, o, i8 real, then the terms in the general solution (Jott* 
in number) will be of the form 

(ci + c**) r* cos*^ + ((^ + c**) r"smx^ 
r s* 1 o + ^ amp. (a tjS). 


where 
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Suppose now that p = a is a root of multiplicity s of the equatkm 
^ (p) ~ Then the corresponding terms in the general solntim 
will be 

>- = [ci + c* Q + C3 Q + . . . 4 - c. a- . . .(i) 

The formula holds for both real and complex values of o. We 
can verify directly that (i) is the general solution of 

(E — a)*y —0 (ii) 

by showing that c, ^ a®, / = i, 2, . . . , s are particular soluti<ms 

of (ii). Their sum, which is (i), will contain s arbitrary constantss 
or periodic functions and so will be the general solution. 


Consider 



o*. 


C - 0 {(< ^ 0 -(ti i)} 


Hence 


{E — a) u =0 



o*+i 



Applying the operator £ — a in succession we have 

(£-«)%=C,(^ * 
(£_a)%=c.(^ * 


(£-a)*-*« =C,Qa*+‘-* 

(E — a)*~^U = c^***~^ 

(E — o)*M =0. 

Thus, provided i<t<s. *j)«* a« aU pax#^ 
8oluti<^ of (E — a)*y = 0, which laoves the result. ' ■ 
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Example. — (5) Solve the difference equation 

f {* + 4) - 9 /(* + 3) + 3 o/(* + 2) - 44/ + I) + 24/W 

given that a particular solution is 3*’. 

The characteristic equation is 

/ ip) = P* - 9p* + 30 P* — 44P + 24 

Since 3* is a particular solution, p — 3 is a factor ol[ 4 (p)- It is easily 
seen that 

4 (P) = (P - 3) (P* - + I2p - 8) = (p - 3)^(p - 2)>. 

Hence the general solution of the difference equation 


/M = '■1-3* + +'■»{*) + (,)_ 


D 


^1-3® + U'2 + ^3^ + 




10*73. Complete Linear Equation with Constant Coefficients 
The equations to be considered are of the form ; 

f(x + m)+pj(x + m — i)+ pj(x + m - 2 ) 

+ ‘- + Pfnf(x) = y i) 

where V (x) is a given function of x. 

To find the general solution of the complete equation it is 
sufficient to find a particular solution and add to this the general 
solution of 

f (x + m) + pj (x + m — 1 ) + pj (x + m — 2 ) + , , 

Pmf{x) =0 (ii) 

Thus if F (x) is a particular solution of (i), and G (x) is the 
general solution of (ii) then the general solution of (i) is 

f(x):=F(x) + G(x). 

In this section we shall consider a symbolic method of finding 
the particular integral when V (x) is of the form ca^ where a, c 
are constants. 

The given difference equation may be written in the form 
<l>(E)f{x)^ca- 




and symbolically^ 

We now consider how to attach a meaning to the expression 
where p (E) and ^ (E) are polynomials in E , 
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Since E (a*) = a^+i = a.a», £>• («») = a^.a”, £-«• (a*) = a-^.a^ 
it follows that (f> {E) —<f, (a) a*. 

^ 4 > (^)~1 

ja* = V {%), we can regard v (*) as a function 


If we write 


{.<!> {E) 

satisfying the difference equation 

<f> (E) a* = ^ (E) V (x). 

A solution of this equation is v (x) = a®, provided ^ (a) + o. 


For <f> (E) a* = ^ (a) a* and ifi (E) 
= ^ (a) a®. 


lA («) 


>l> {E)a’ 


Hence returning to the original equation a solution of 

will be f {x) = -j^-T cfl!®, provided (j> (a) #= 0, i.e. p = a is not a 
(p [a) 

root of the characteristic equation. 

Thus if F (x) is the general solution of (ii) then the complete 
solution of (i) is 

fix)=F{x)+^J^y 

In the particular case in which V (x) = c corresponding to 

c 

« == I, the complete solution will be f (x) == F (x) + 

<l> (i) o. 


Examples. — (i) Solve the equation 

2/(4? + 2) - 2/(4? 4 * I) -/(^) =- t* 

The characteristic equation is2p* — i = 0, the roots being 

i{i± a/ 3 ). 

Thus the general solution of the given equation is 
(2) Solve the equation 

f[* + 4) _ 9/(* + 3) + 30f(,x + 2) - 44 /(^ + *) + * 4 /W •= 3 . 4 *. 
The characteristic equation is 

^ (p) ^ _ 9 + 30 p* - 44 P + *4 “ ° ~ 3) (/> - *)*• 
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llie particular solution is 


'( 4 ) 


3.4* = |. 4 *- 


The complete solution is I 

/ (*) = + ctx I te* + |.4* 

If p = a is a simple root of ^ (p) = o we ma3^proceed as follows. 
Replace the equation if> (E) f (x) = ca* by ^{E^f (x) = c (a + A)* 
where in the limit A ->• o. The particular Solution will be 
c (a + A)*/^ (a + A). The general solution will now take the form 


/(*) = 


c (a + A)* 

^ (a + A) 

c (a + A)* — ca 
^ (a + A) 


+ Cja® + terms corresponding to other roots of 

/W=o 


(cx 


+ {^1 + 


<!> {a + h) 


a» -I- 


Replace q + 


by a new constant and consider the 


<!> (a h) 

limit as A 0 of {c (a + A)® — ca*}/^ (a + A). Since a is a, 
simple root of <f> (p), the first differential coefficient (a) + 0. 


Hence 


(a + A)* — a® _ 


and the general solution is 

In the special case in which V {x) = c, i.e. <1=1 and ^ (i) = 0 
the particular integral takes the form cx/<l>'{i). 


Example. — (3) Find the general soltUion of 

f(x + 2) - -f I) + 2f(x) ^ 2» 

The characteristic equation is 

/»* — 3/> + 2 ~ o 

and the roots are p == i, 2. Since ^ (p) = f>* ~ 3 p + 2, (p) 2 p — 3- 

(2) ^ i. Thus the general solution is 

f(x) « 4r2*-> + 4- c,2» 


EXEBCISES X 

I. Given two functions ^ (^), ^ W, defined for x ^ Xt, . . 

/(jt) » ^ (x) 4 0 (4r), prove that the divided differences of / (x) axe equal to 
the sum ^ the corresponding divided differences of ^ {x) ^ 
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Show also that if c is a constant^ the divided differences of (x) are equal 
to the product of c and the corresponding divided differences of ^ {x), 

2. Prove 

(i) = w!. 

(ii) = (« + w*)" - (^) (x + m - 1)" 

+ (7) (^ + ♦« -2)* !)•«". 

Hence show that 

3. If Xq, Xi, X Xn are values which are equally spaced, the distance 

between neighbouring values being h, prove that 

[^r^r-X* • ~ p A*^ ** {^q)> 

where r = i, 2, 

4. If 4 >(E) denote a polynomial in E, prove that 

^ (-E) u {x) = (a‘^E){a-‘*u {x)] 

where oi denotes the constant increment of x. 


5. If denote the value of when = o, and JE*"o* the value 

of E^x* when x o, show that 

(i) JB"»o« mE £"»“io«’^ 

(ii) A*^" = w£. = m (A”*"^o"-^ + 

Write down the values of 

Ao”» A*o^ A*o“ 

6. Show that E 4 = i + A result to obtain the formula 




Hence find the sum of the series 


+ +3*.n + 4'-n+.... 


7. Prove that 

A ~ A/W -/W A4W 

8. If x^^> :=z X (x -- 1) (x -- 2). , . {x - n i) where n > i and is an 

n ^ l)Cr+l) 

mteger» show that £ x^^^ == — T+l — • 

The nth term of a series «„ is a polynomial of degree 3 in n, and % « o* 
n, SB ^ 16, n, « — 24, 1*4 - la, n, « 32. Determine in tertxis Of 

» 

n®** and evaluate £ «r. 

y a* I 
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9. If / (x) is a pol3niomial of degree n, show that 

/W =/(o) A/(o) +7,*(* - I) AV(o) +... 

I 

+ ^ - I) ■ -i {4r - n + 1) A"/ (o). 

A polynomial of degree 3 takes the values — i, y, 15, and 20 when 
ir = 2, 3, 4, and 5. Find the polynomial. \ [Lond. B.Sc.\ 

10. A function is tabulated at constant intervals. Consider the effect 
in successive columns of differences of one incorrect entry. 

Show that if one entry in the following table is corrected, the function 
tabulated is of degree 3 inx, and find / (12*72) correct to 4 places of decimals. 


X 

/W 

X 

/w 

X 

/w 

12*0 

000059 

12*4 

0*00950 

12*8 

0*02043 

12*1 

0*00237 

12*5 

0*01219 

12*9 

0*02297 

12*2 

0 00449 

12*0 

0*01497 

lyo 

002529 

12*3 

000688 

12*7 

0*01774 


[Lond. B.Sl\] 

II. If 

{x)r.m =X(x - 

io)(x~ 

2a>) . . .{X — rui 

w), express the poly- 


nomial f[x) = — 5:^* + 9;r 2 in terms of (;r),,2» Wa-a* 

12. Solve the difference equation — (A -f- 2) Un+i 4 - -- o, where 

^ is a positive constant, distinguishing between the cases ^ = 2 and k ^ 2. 
Find the particular solution, when ^ = 2, -- o, Wg = 4* 

[Lond. B.Sc.] 


13. Solve the difference equation 

A*>'® — 3 — 24 -f SoyjB 

given that the auxiliary equation has a repeated root 
in the solution if ^ = o and yj — 45. 

14. Find the general solution of the equation 

Wa»+2 - 4W«+i + 4 -- ^* 

15. Find the general solution of the equation 

A^y — /^y — 6y = a* 

What is the solution when a = 4 and a = — i ? 

16. Iff (t) is the generating function of m®, prove 

(i) Gfw,+, = (ii) G A “. = (7 - * ) / W. 

(ui) GA"«.= (7 - 

By writing n&itig these results, show that 

«®+* =* «(r + ( j) A «* + (2) A* **« + ’ • •* 


— o. 

Find the constants 
[Lond. B.Sc.] 
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17. li p and n denote positive integers or zero and 

(i) 0 for every fixed ^ > o as w 00, 

00 

(ii) S l^njil < ^ where ^ is a constant, every w > o, 

p^o 

(iii) ;tr„ o as w 00, 

show that or„ = a„o^o + + • • • + ^i«n^n o as w •-> 00. 

[Choose € > o arbitrarily; then there exists a positive integer M such 
that for n > M, |jv „1 < ejik, so that 

|tfn| < l«n0*0 + + • • • + “nM^Ml + i*- 

Since a„p^ o, there exists a positive integer N such that for all n> N, 

|a„x,| < ejzM. 

Writing p ^ o, i, 2, ... M in the above inequality for 1 ®,) it follows that 

^ Me e 

|<'»l I + 2 

p — o 

from which the result follows. 


18. Use Ex. 17 to show that if To, converges to L, then 

M ~ O 

n = o 

also converges to L. 

[Hint.— In Ex. 17 choose a„p = ^„ . Xn = «»+«. P^ove 



CHAPTER XI I 

SUMMATION OF SERIEsl 

I N earlier chapters various methods of summation have been 
considered. Before elaborating further methods we give 
examples of the application of those given earlier. We shall 
consider examples on (i) geometrical progressions, (ii) sum of powers 
of integers, (iii) induction, (iv) binomial theorem, (v) exponential 
series, (vi) logarithmic series and (vii) recurring series. 

11*11. Geometric Series 

Esrample. — Sum the series — — — ... to infinity 

i < X < i). [Camb. Sch.] 

Since the series converges absolutely for | | < i, the order of the terms 

may be deranged without ajffecting the sum. Hence if S denote the sum of 
the series 

5 = 4” • • • 

4* + ;r« 4- . 

— ~ — . . . 

_ ^8 _ . 

- ^ . _£ ^ 

I— — i — i — ;r* 

= (I + it - X* - -X*) = (1 +;r)/(i +*r*). |*1<I. 

11*12. Sums of Powers of Integers 

Examples. — (i) Sum to n terms the series 

I 4 . 2 * 4- 3 » 4- 4 4- 5 * 4- 4- 7 4- 8 ® 4- 9* 4- . . . [Camb, Sch,] 

The sum depends on the form of n, i.e. whether it has the form ^p, 3 ^ 4- 
3 ^ 4 2 , where /> is a positive integer. Let 5« denote the sum to n terms. 
Then 

St, “ ^ (a*- - *) + ^ (3»’ - 0* + ^ 3*»^ 

f SB I fs=sl rSBSl- 

p p p 

« 3 £ r — 2 ^ 4 (9f* — 6f 4 I) 4- 27 ^ ^ 

frttx rsai 

sa* 3 f — zp 49 ^ f* — 6 ^ i'4i^4‘27 ^ ^ 

fflsX fs«l f mt t f m X 


3 £ r49 E r*4 27 

r am 1 f * I r 
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- P - 3‘ip{p + i) + g.iPip 4- I) (2p + I) 4 27 . ip^ip 4 !)• 

=as 4. 4 ^p% _ p^ Qjj reduction, 

- An* + 4*n» 4 ifn* - Jn. 

Tf n is of the form 3P 4 i. we have 5„+, « 5„ 4 3/) 4 r 
i.e. Sjp+i — 4 ^3^8 -j- 4 4 I, 

Substituting ^ ~ J (n — i), 

= A (» ~ I)* + tt (n - 1 )® + i! (n - I)* 4 I (n ~ I) 4 I. 

If n is of the form 3^ 4 2, 

5,,+8 = 5,^+1 4 {3P 4- 2)* = ^-p* 4 4 4 j^p 4 3. 

Writing ^ = i (« — 2), 

S« = ^ (w ~ 2)* 4 (m - 2)» 4 M (n ~ 2)» 4 Y (» - 2) 4 5. 

(2) Express 

(x 4 «)• 4 (2^ 4 ir^~ i)> 4 {2*x 4 n ~ 2)» 

4 (2^x 4 n“3)* 4 ... 4 (2"~*^r 4 i)» 
in the form px^ ^ qx^ -{■ rx s and verify that 

y = 18 (7p 4 — 6si — 6 — 12 (7p 4 i)* 4 9?. 

[Camb. ScA.] 

The sum may be written in the form 

♦> — I 

£ (2*x 4 n - 0* 

f =a O 

« — I 

«= 27 {2«;r» J- 3.2«4r*(n ~ /) 4 3.2*4r (n ~ 0* 4 (n ~ O*)- 

f = o 

W— I « — I W — I 

Hence ^ = 27 2**, 5' *» 3 27 2**(w — f), y = 3 27 2*(« — /)*, 

fsO /sssO /tssO 

« — I 

s == 27 (« - f)». 

f = o 

Hence /> == {(2*)" — i}/(2* — i) » ^ (2*" — i), 

and 5 = 27 f* s= Jn*(n 4 i)*. 

t ^ 1 

In order to find q write 
« 27 2«(n - t) 

t tst o 

^ n + (n— I). 2* + (» - 2 )-** + • • • + 2.a*«-‘ + i.2»»-* 

Then - n - i + (« - 2).2> + (» - 3).2* + . . . + i.a*"-*. 

Thne 4, - r + 2» + 2‘ + . . . + 2*«-* + 2*«-* - (a»« -- i)/3. 

Hence «= (*, — »,_i) + (*,-» — Sn-,) + (*•-• — *»-*) + - • ■ + (*i ^ 

m I (a»» - I) + J (a**-* — i) + i(a**-* - i)H + f,(a* - i) 4* * 

» J,a«. J {3**«-*' - 1} - i (» - i) + » *“ i {«*"** - 3" — 4V 
Hence j » Ha***’ - 3» - 4}- 
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n — I 

In order to find r consider a« Z 2* (« — f)». Then 

/ = o 

ffn = n* + (w — l)*.2 + (» — 2)®. 2® + . . . |h 2®. 2““® + I®.2"~1 
= (n — i)® + (« — 2)®. 2 + (m - 3 )*. 2 ®U . . . + I*.2«-® 

— <Tn-*i == 2n — I *f (2W — 3).2 -f (2« ~ 5) . 2® + A. . + 3 . 2»»-* + I.2"-». 
Write />« ~ <Tn — so that \ 

f»n~l = 2n - 3 + (2M - 5). 2 + (2M — 7) . 2® + I.2"-®. 

Thus Pn ~ Pn-l — 2 + 2 . 2 - 4 - 2 . 2 ® 4 - ••• + 2**“® -(- 2”-^ 

= 2.(2«~1 - 1) + 2’*'^ 3.2"-» - 2; 

Pn “ (Pn — Pn-l) + (pn-1 “ Pn- 2 ) + (pn-2 — Pn-#) + • • • + (p2 ““ Pi) + pj 

= (3 . 2»‘“1 — 2) -f- (3 . 2«-® — 2) H- (3 . 2«- » — 2) 4 - ... 4 * (3 . 21 - 2) 4-1 
~ 3 (2«-l 4 - 2"“* 4 - 2**“® 4 - • • • 4 - 2) — 2 (m — l) 4- I 
= 6 (2"“^ — i) — 2« 4- 3 = 6.2“”^ — 2n -* 3. 

Again <r„ = (a„ — 4- — <y„-2) . 

+ {On~2 — <^n-3) 4- • • • 4- (<^2 “* O^l) + <^1 
" Pn -f Pn-l 4- P«»2 4 . • • 4- P 2 + <^1 
~ {0.2"“^ — 2n — 3} 4- {6.2“~® — 2 (w — i) — 3} 

4 - {6.2’*-® — 2 (« — 2) — 3} -h ... 4 - {6.2 — 2.2 — 3} 4 I 
6 {2”“^ 4 2"”* 4- 2”-® 4- ... 4- 2} 

— 2 {w 4 - (« — 1) 4 “ (w — 2) 4 ... 2} — 3 (w - I) 4 I 
— 12 (2’*-^ — I) — (« — i) (w 4 2) — 3 (» — i) 4 I 

— 12.2"*“^ — «® — . 4« — 6. 
Hence r == 36. 2”“' — 311® — i2w — 18. 

In order to complete the question it is necessary to evaluate 
18 {7p 4 i)* - 6sJ ~ 6 - 12 (7p 4 i)^ 4 9q^ 

Now 7^ 4 I = 2®«, (7p 4 i)^ = 2", (7p 4 i)* = 2*«. Also 

^4 = Jn (« 4 i). 

Substituting in the expression we obtain 

i 8 . 2 *» — 3 « (« 4 I) — 6 ~ 12 . 2 *" 4 3 ( 2 *”'^* — 3 « — 4) 
s=: 36.2"”^ — 3W® — 3n — 6 — 12.2®" 4 12.2®" — 9« — 12 
= 36.2”-^ — 3«® — I2W — 18 — r. 

11*13. Induction 

'JSxamplts, — (i) By induction, show that the sum to n terms of the senes 
whose rth term is to«~^(i/2r*) is tan'~^2n 4 i) 4 ^. [Lond. B.Sc.] 

When « « I, tan-'i(2n 4 i) — 4 ^ = tan~i3 — 4 ir. This is equal to 
tan“®(i/2) provided 

tan-'^S — tan-®4 = 4’*’» i*®* - » tan 4^ =« 1. 

This condition is obviously satisfied. Thus the result is true when « i 
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Now assume that it is true for n ^ p i.e 

P 

' S tan-i(i/2ra) = tan-i(2/> 4. i) - 

I 


p 1 

y ^ = tan-i(2/) 4. i) -I- tan-i{i/2 {p 4- i)»}. 

This is equal to tan-i(2^ 4- 3 ) __ provided 


tan-i( 2 /) 4 - 3) = tan-'i(2^ + i) 4- tan-i ~r~^ 

^ \P 1 )^ 
2p 4- I 


i.e. ./> + 3 ={./.+ i + ^-_}/{ 


2{P+ I)» 


)■ 

The right-hand side is equal to 4^* ^ = 2 ^ 4 - ^ 

2/)2 4- 2/) f- I ^ ^ 

the result is true for n ^ p + i if it is true for n p, and so it is 
in general. 


Thus 

true 


( 2 ) Prove that, tf 5, is the sum of the rtk powers of the numbers 
a -\- d, -{- 2 d, a 4 - 3 <f, . . . (« 4 * nd), then 

nS^ — 6 \® •= — i)d^, and 4 2 ^ 1 ® •= o. [Camb. Sch.] 

5j — {a 4 “ 4 ~l~ 2 <f) 4 ~ « . • 4 -f' nd) 

= { 2 a + (K + 1 ) d) 

S, = (a + d)^ + {a + 2 d)» + . . . + (a ndf 
S, = (a + d)> + {a + 2 dY -h ■■■ + (a + nd)K 
The method of induction is used. The results are easily verified in the 
case w =s: I. Consider first 

nS, - S,* = ^ n*{«» - I) 

i.e. nS, — —{20 4 - (n + i) <i}* + — l)d’‘ 

4 12 

= ^ {6a* + 6a {« + i) + (2»* + 3»» + l) <i*} 

o 

i.e. S 2 = ^n { 6 a^ 4 6 rt (« 4 i) ^ 4 ( 2 »* 4 3^ 4 i) 

Assume the result is true for « = r and denote the sum in this case by 
Then 

S^^r+l) ^ 5 ^(r) 4 . 4 . (y 4 . I) 

= ir { 6 fl* 4 6 a (r 4 i) 4 {2r^ 4 3»' 4 r) 

4 (a* 4 2 a (r 4 1 ) 4 4 

« J { 6 a* 4 12 a (y 4 i) ^ 4 fi {>'’* 4 4 i) 4 6 aV 

4 - Oa (y* 4 y) ^ 4 ( 2 y* 4 3 ^* 4 r) «?*} 

=- j {(y 4 - i) 6 a* 4 12 a {y 4 i) 4 6 (»'* 4 4 1 1 

4 6 a (y* 4 y) ^ 4 ^ i#' 4 i) (^r 4 i) 
ass j 4 . i) ( 6 a* 4 i 2 ad 4 4 6 (y 4 i) 4 y ( 2 y 4 1 ) 

«= i (y 4 I) { 6 a* 4 6 ad (y 4 2 ) 4 [2(»' 4 i)* 4 3 (>' 4 i) 4 i] 

Hence the result is true for w » y 4 i true in general. 

T* A., ti. 2$ 
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Next consider «*Sa ~ 3»SjSg — aSj* 

« Si( 3 n 5 , - 2 Si») 

= Jn {2a 4 - (» + i) d} { 3 » 5 g 25 i*}. 

Now ~ 2Sj* = 3 *^1*) “i“ *^1* I 

= - I) d* -f i«*{ 2 a + (M 4 - i) d}» 

= Jw*{2a* 4- 2« (« 4- i) d 4- (n*U- n) d*}. 

i.e. Sg »= in {2a 4- (« 4- i) d} {2a* 4- 2a (» 4- i) d 4- (dj* 4- n) d*}. 

Assume that this result is true for n ^ r and denote the corresponding 
sum by Then ' 

5 a<*'+i> =x 4 - {a 4 * (y 4 - I) d}* 

s= Jy {2a 4* (r 4“ i) d} {2a* 4- 2a (y + i) d 4- (»'* 4* r) d*) 

4. (a 4. (,. 4. i) 0}* 

= J {4a* 4 - I2a*(y 4 - i) d 4- 12a (y 4 - i)*d* 4 - 4 (*' 4 * i)*d* 

4- 4a*y 4 - 4a*y (y + i) d 4- 2ar (y* 4- y) d* 4- 2a*f»' 4 - i) rd 

4- 2a (y 4- i)*yd* 4 * 4 * i) (r* 4 - r) d*} 

= i (»• + i) { 4 “’ 4 - i2a*d 4- 12a (y 4 - i) d* 4 - 4d* - 4 - 4a*yd 

4- 2ay*d* 4- 2a*yd + 2ay (y 4- i) d* 4- r (y* 4- y) d*} 

“ i + i) {2a 4 - 4 - 2) d} 

{2a* 4- 2a (y 4- 2) d 4- [(y + i)» 4* 4- i)] d*}. 

Hence the result is true for w y 4 - i and the result follows. 


11*14. The Binomial Series 

Examples. — (i) Sum the series, n being a positive integer: 

^ I I j ^ L 

(an) 1 (an) 1 ^ (an — 2) ! (an 4- 2) 1 ^ (an — 4) 1 (2n 4* 4) 1 ^ 

-i- ^ V 

^ 2 I (4n - 2) ! ^ (4n) !* 


[Cain6. Sch.] 


The given series is 

I /. , 4 » ( 4 « - ») , 4 « ( 4 » - ») ( 4 » - *) ( 4 » - 3 ) , 

l^snv+ +•■• 

4W (4W - I) ■ ■ ■ (4W - 2W + l) \ 

^ (2») I I 


=■ {* + 4 .C, 4 - ..C, + . . . + 

From the properties of the binomial coefficients, 

I + 411^1 + ««^4 4- • • • + in^sn-t 4- 4n^2n +' 4ii^l»*i'l 4* ... 4- 4»^4« 


Also 4^Cr » 4ft^4n~r* Hence 

* + 411 ^* 4 - 40^4 4 - ... 4 - 4 I|C«I* *“ 4 »^ 4 n 4 " 4 n^ 4 ti-t 4 ... 4 * 4nC$n- 
2 {I *4 411^1 4 * 4 »Q 4 - ... 4 * 4 «^tii} ““ infill ** 2 **‘*'*» 
i.e. I + 4- 4 nCg 4- ... 4- 4 »C,^ « 2 «**-» 4- i, 

Hence the sum of the given seriests - 
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(2) Prove that 

I 


(i) 




fill 1+54. ” 4 . W (n - 1 ) (W - 2 ) 

' ' m ^ m (m — 1 ) ^ m (m — i) (m — ‘ 2 ) ‘ * 

<a » H- I terms = — 2LiJ — 
w — n + I 

provided m is not less than n, [Camb, Sch.'] 

^ ^ ±±.4, LiliS _ 

'^ 2 *. 3 1 2 *. 4 !^ 2 *. 5 l 

31 41 51 

1-4 (-4) §•!(-*) (-1) #-41-4) (-!){- 4) ^ 

Now (i + 4r)^ = I + fjT +^** + ^ + . . . 

When 4f = I the expansion becomes 

,1 - . t i 4. t - { - -...). 

Hence if s denote the sum of the given series 


j 


1 + I + I - 3« giving £ SI - I Vs- 


(ii) Hie {r + i)th term of the series is 


Expressing x/m (m ^ i) (m — z) , . . (m ^ r i) as a sum of partial 
fractions 

^ 1 irJ.)!:' a. !_ . 

\) I \ 

1 + ... 


m — 2^^ . . , Vjn — t -V ^ V 


m{r ^ i)\^ 


(m ~ 2 ) 2 I (r — 3> t 

X I 


I {- I)’’-"-" .!_ J. I 

+ JS^-(s-i)!(r-J -'7r! + • • • ^ m - r + I (r-i)' 
Writiiig ,P, = «(n- i)(n- a)... (»-»'+ ») the sum of the series is 


II 

I -f s 
r «a 


nPf 


j m (m — 1) (w — 2) . . . (w* — r + i) 


+ {^'ti ■ 


m - 2 2 li 


^ m - I I J * ■ 

“^iT^ iTul^m-a afTl 


jhEm 

m-T$ $ 


h) 
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I >n (w — i) ! w — I I ! (m — 2)! 



(- 1)'-' , 

m — 2 

2 ! (»■ - 3) ■ 

+ 4 - 

nPr I \ 


— y 4 “ i (r — i)\f 

■ 4 

+ ."Z 4 


W — : 

^ 2 1 (« - 3) ! + • • • 


I \ n^n ^ ^ 

^ w « 4 - I * (m ~ I) ! / 


~ I 4- -- f P, — ^ 4- 4- 4 f— 1 

i!^ 2! 3I ^ ‘ ^ ^ («-i)!/ 


^ r "^1- 4 - - *'?4. _ »^5 4 _ 

*'♦1^1 I*** 


m— i\^i! i!t! 1I2! 113! 


+ (- 1)"-* - 


T f 8 nP * 


l! (w ~ 2) ! i 


_L ^ * 4_ _« 6- 

' m — 2\ 2 1 2 ! 1 ! 212! 


If* 5 n^6 


213! 


4 . . . 


4 f— i\n-S n-Pn ^ 

2 !(n- 3 )!/ 


r nPr 


I . n-* r+a 

• /-. I ^ I ~" • • • 


+ 


— r -f I l(f — 1) I (r — i) ! 1 ! (r — i) ! 2 I 

4. (— i)«-r Vl^I ^ 

^ (y I) 1 - y) !j 

/ n-Pn-l nPn 

n — 2) 1 In — 2) \ 1 \ f 


m — '« -f 2 I (« — 2) 1 [n — 2) \ 


w — n + i (« — i)! 

* + ^ + ••• + (- i)"-‘ «-iC.-,} 

+ fT(m - i') <* “ + • • • 


n (n - 1) (»t - 2) _ _ Cl 

+ iTim - 2 ) + • • • 


+ (- i)-\.,C„_.} 

"s + . . . 

+ (- 


«(«- I) ...(«_-»■+ I) , C- C 4 . 


+ 


+ (- l)"-VrC.-r} 


n {n - I) .^. 2 . _ j ft 

(S -'2) Ilw - n + 2) ‘ ‘ ^ w - « + l‘ 
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Now if /> is a positive integer, 

(1 - »)» = I - ,c,* + lypCrif + 

for all values of x. Writing x = i, 

o = I - ,C, + ,C, - . . . r (- I)-’,C, + . . . + {- 
Substituting p = n ~ i, n — 2, w — 3, ... 1 in succession it follows that 
all the expressions in { } are o. Hence the required sum is 

w — M-j-t ffi n i' 


11*15. The Exponential Series 

Examples. — (i) Sum to infinity the series of which the rth term is 

( 3 ^* - 4 r - 2 )lr !. [Lond. B.Sr.] 

Write Uf. — (3^* — 4r — 2)/r !. Then 

u 4 .1 _ 3{r - I) + 3 _ 4 2 

■ (r — i) ! (f — i) ! r I (r ~ 1) \ (r — i) 1 r t 

A1 12 

Also Ml r 

‘ o I I ! 


TT ^ 3r* — rir — 2 

Hence L - , 


^ 00 j I 

i(ir-rri 

00 


provided each of the series converges. 

00 T 00 


2 X . 

f =a I ^ 


00 


. .(i) 


T T T 

Now Z : -- v-f ^ Z -r ^ -r 


Also the series 



converges to e. 


Thus the series on the right hand side of (i) are convergent. Hence 


00 

Z 

r — i 


3 ^* 


4 ^ — 2 


rl 


— ; 3^ ^ _ 2e -I- 2 = 2. 


Alternatively the series may be summed as follows. Let denote the sum 
to n terms, S the sum to infinity. Then 5 = lim. S*, if tliis limit exists. 


n -V 00 


S.- 

3 

I 

I i 

2 

n 

2 

+ 

~ol 

I ! 

2 1 

+ 

'3 

IT 

I* 

2! 

2 

3* 


3 

iT 

i 

3 I 

2 

4^ 
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+ 


+ 


(n - 4) I 

(« - 3) I 
3 

(*. - 2) ! 


( w - 3) I 

i 

1 

■ (« - I) 1 


(« - 2) I 


Adding by the method indicated by the dotted lim 


o I o ! (n ~ i) ! (n — i) ! n ! 
Letting n oo, S = 2. 



(« — I) 1 w * 


(2) Sum to infinity the series whose nth term is {n* + n) !. 

Let u^ denote the «th term. Then 

_ w (n 4 - 1) _ (n 1) 

,y, 

? 

. 2jr" ^ ‘ 

+ ZT— TTi* ^ > 2. 


00 

Hence £ w, 

« = I 


- 2 ) ! ^ - I) ! 

00 jr" 

2ar + S Un = 2X+ S ^ 

n — 2 » = 2 


, + * .s 


„ = 2(’‘ - *) '■ 

since both the series on the right obviously converge for finite x^ 

00 00 ^ X” 

J>. r «„ = ;r* 2: ^,+ 2Jr £ ^ « ;r*^» -f 22re* 

«=:i « = o^ n = o^* 

11*16. The Logarithmic Series 

Exaaqdes. — {i) Express */(3» — i) (3* — 2) in partial fractions. Prow 

Write 




(3^ - I) (3^-r~ 2 ) ( 3 ^ - I) (3^ - 2)' 

i.e. X ^ A (yf — 2) -i- B (yf -- i). 
Put JT = J, f in succession, giving .4 = — P = |. 

» (- 1 
w I (3»» - *) (3»« - *) **"■* 

- i I (- +^.^) 

W *w I 

£ T 3» — i:*2*»-* 

00 




I I 


fl«B I 


$n i' 
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provided each of the series converges. The first series on the right m«y he 
written in the form 

I 1 

i S (-)'-» 

r =r I ^ ^ 

00 

an^ the second as — | H (— 

r = I y o** 

00 

Now log«(i -f- £ (— ly-^x^jr, provided \x\ < i. 

r = I 

Putting ^ i, X i the two series are obtained. Hence the sum of 
the given series is 

ilog(i + i)-«log(i+i), 
i.e, f log 3 - t log 2 - I log 3 + { log 2, i.e. § log 3. 

(2) Show that log^ — log^t -f log^t ~ logy^e + 


[5.r., PtelimJl 

The series may be written in the form 

_J i_4. „J . 

log.2 log.4 ^ log.8 log.i6 ^ • 

— i ^ 4 - 

lOg.2 2 l 0 g <2 3 l 0 g ,2 4 l0g,2 ' 

= }/log.2 = log.2/log.2 = I. 


11*17. Recurring Series 

Example . — Sum to n terms the series whose rth term is (2f -f i) 3*'. 

[Land. B,Sc,] 

From Chapter IX., § 9*8, it follows that the series i7(2r 4 * i) is a 
recurring one whose scale of relation is (i — .y)*. 

Let s^ be the sum of the series to n terms. Then if is 3 
= 3 ^ + 5 ^* + 7 ^ * 4 - . . . 4 - ( 2 w + I) x\ 

(i ~ = 32r 4- 22r* 4- 2^* 4- . . . 4- 2;r*» — (2n 4- i) 

= 32? 4 - 2 X ^-^ — — (2» 4 - i) 2r’*+S 

X — I 

Hence = {32? — 2?* — {zn 4 - 3) + (2« 4 — x)*. 

Substituting 2? = 3, Sn = w . 


11*2 ^iplication o£ Partial Fractions to Sununatioa Series 

Let be the »th term of the given smes, « the sum of the 
series. Then it may be possible, by the method of partial fractions 
to express as the sum or difference of other terms. Then suppo^ 
e.g. that 

«« = «• + «’«+*, + ..• 

Then if the series I!wn> • • < can be summed se^parhtdy 
to ». w, . it {(^owst^t 
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It should be observed that if the given series contains an infinite 
number of terms it is necessary that the series . . . 

all converge. In such a case it is frequently convenient tc| consider 
first the sum to n terms and then let w oo. 


Examples. — (i) Show that 

5 . 7,9 


1.2.3 


^ z f- . . . to infinity 

3.4.5 5.6.7 


3 


Let Uf. denote the rth term of the series. Then 

^ “ {2V — l) (2f) (2y + l) ~ 2f — I 2r'^ 2V I 

Thus 2y + 3 = A 2 r {2r + 1) + J 5 (2y ~ i) {2r + i) + C 2 y {2r — i). 
Putting 2r = I, o, — i in succession we obtain, ^ - 2, B ■= — 3, 
C — I. Hence Uf may be written in the form, 

» y 

\2r — I 2r/ \2r 2r j / 

(V)nsider the sum to n terms of the given series 
n 

2 Mr 
f = I 

2n - 2 « -f I T 

= 2 r (- !)'-• -i - £ I)' 

r=i ' r=2 


2 ( ^ 

n 

- 2 1 


1 ) 

y == i\2»' — I 2r/ 

y — I 

\2y 

2r + 1 / 


2n 

2 £ (- 

r — i 
2n 


2n j I 

* + 2 ir+l 


= 3 ‘+i;rTi- 


Letting n 
00 
£ 


r = 1 
-> 00, 


= 3 H {- ly-^ - I + Hm. 


y s- I y = 1 

provided the seyies on the yight converges. 


2» + I 


Now log,2 


00 

2 (- 
y = I 


I)r-1 


00 

Hence 2 w, = 

y — I 


3 10ge2 - I. 


In the example just considered we were able to sum the series 
because the method of partial fractions enabled us to obtain a 
series of standard type. Sometimes the method enables us to 
obtain a series of terms such that cancelling occurs leaving only a 
small number of terms. Consider the following examples. 

(2^ Sum to n terms the series whose nth term is i/w(« + i) (n + 3). 

^ ^ [Lond, B,A.] 

I ^ A , B , C_ 

-f i) (» + 3) + I ^ + 3' 

i.e, I s ^ (n + i) (« “h. 3 ) + (w + 3) + (» 4* 
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In the identity write « == o, ~ i. — 3 in succession. It follows that 
^ = J» B — J, C = J. Thus 

I J J 

n (n + i) (n + i) ~ » n + i iT+l 


rfi»'(''+ >)(»• + 3 ) 1''+ * i »^+‘3 

, » I «+ I, n + 3 

= i i; -"-i Z *_+i £ 1, 

S = 2® <=4* 

where srssr-fi, t = r + 

This sum may be written in the form 


(i-i-l-i) £ ‘H-ii-A- 

>■ = 4’^ 

+ *t-lT+'»r+-2 + n'+'3 


2 (n + i) 


7 _ I . . * _ 4- L 

3 (w + 1) ^ 6 (w H- 2) ^ 6 (w 4 - 3)’ 

(3) Sum to n terms ^ - - -| ^ j ^ 1 + . . . 

1,2.3 2 - 3-4 3 - 4-5 4-5-6 ^ 

Write Ur ~ i /r (r + i) (r -f 2) so that the required sum is 
Expressing Uf as the sum of three partial fractions. 


t r + i'^r-f2* 


n 

r =# 1 


i-l 

-i 

1 +*.* 

+ i-i 

-1.-* I 

+ 4i 

+ i-i 1 

-i l~ 

+ 4i 

+ i-i r 

-i 

*f }*i 

^ 2 « — 2 1 

I 

« — X 

4i.i 

2 « 

4 . ^ ^ 

X 

1 + *. ‘ - 

‘ 2 W ~ X 

M 

1 ^ 2 « + 1 

4.i,l 

^ 2 n 

X 

_ » 4 I 

^2^4* 


II 
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Adding the terms in accordance with the scheme indicated by the lines, 

= 1 ! + ’ 

♦ _L “ 


n 

S u, 

r = I 


(4) //«« = 


2 (ft + 1) 
n* + 9» + 5 


(ft + i) (2« + 3) (2n + 5) (n + 4) 


2 (ft + 2)' 

00 

, prove that £ ^ 

n, = I \ 

[Lo^. B.Sc.] 

We observe that the factors in the denominator of m, split into two groups, 
(« -f i) (« + 4) and (2« + 3) {2n + 5)- In each group the second factor 
may be obtained from the first by increasing the value of n. Thus « -f i 
becomes M + 4 when n is changed into « + 3 and 2 m + 3 becomes 2w + 5 
when n is changed into n + i. This suggests that should be expressed 
in partial fractions and the terms grouped in accordance with the two sets of 
factors. 

+ 9n -f 5 


Write M- = 


(n -f I) (2n -f 3) (2» + 5) (« + 4) 


« + I ' n + 4 
Then, in accordance with the usual methods. 

A — — i, B = J, C = |, D = — |, giving 

J L-.). 

2n + 3 2w + 5/ 


+ 


D 


2n + 3 2m -f 5 ■ 




Then 


Hence 



X X 

* » + 4 « -t- I* 2 » -f 3 2 « -h 5 * 

»i = 4 - J 

«^ = 4 -4 

». = 4 - 4 

w, = 4 - 4 

», = 4 - 4 

“"f = 4 - A 

». = 4 - 4 

“'» = A - A 

_ I I 

• 

^ ^ j 11 — 2 

* • • • 



W 4- 2 » — I 

. 


„ _ I I 


■“ 2 n + I .2W + 3 


I I 

» -f 4 « 4- I 

~ 2f« + 3 2« + 5 

^ III, 

* + ' + * 

r-l * 3 4^ 

»f + 2 « + 3 » + 4 

1 

1 

1 

1 

1 I 

12 91 + 2 

« + 3 « -f 4* 


2; tt, « t 

f I 3 + 3 
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z H, 1 1 » N.SCi 1 \ 

r«i 3' « + 2 n4-3 n4-4'^2^ 2 n -f 5 /* 

00 n 

Jr u, = lim. Z «, = - if + J = |jV- 

r=*i 9}^Q0r«i 

When the general term contains a factorial in the denominator 
it is frequently best to express it as the sum of partial fractions 
with denominators which are also factorials. The following 
examples illustrate the method: 


{5) Fini the sum of the infinite series 

1 + 3 ^ + ^+ “^ + ... [Camb. ScA.] 

If Ma denote the nth term of the series, 


«« = (2n - i);r«“V(« - i) 

(n — i) ! (n ~ i) 1 (n — 2 ) !‘ 2n— i=a — ft-ffen. 

Equating corresponding coefficients, a — & =« — i, 6 = 2, so that a « i. 


Z Z 






n=i niat*- **nfa(*-*)' 

= ^ + zxe^ = c®{i + 2 ;r). 

The two series involved are clearly convergent for all finite values of sr. 


(5) Find the values of A, B, and C when 

n* ^ _A B 

wl (n - I) I (n - 2) I (n - 3)!’ 

Use the result or any other method to prove that 

x+^! 4 -^ + 1^+... to infinUy is $e -f i. 


«• _n* A , B , C 

n 1 “ (n - I) I (n ~ I) I (n — 2) J (n - 3) 1 

Hence n* =» if + -B (« — i) + C (n — i) (n — 2) 

« if - B + 2C -h n (B - 3C) + Cn\ 

Thtw C « I, B — 3C « o, if — B -h 2C « o. Hence if « x, B « 3, 
C « I and 

n» I , 3.1 

Hi - X) 1 a)l 
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XT I I* I 2 * , ^ n 

Now I ^ Z, 


^ 2l 

= I + 1 + 4 f ^ (»~- lyi + \ fa (» +„ f Ww! 

“ * + „ f I (n - I) ! “ * “ * + f ^ f 1 3 ) ! 

=!i+^+3^"f‘^=‘i‘4" 5<5* \ 


Write «_ — 


(7) Sum to infinity the series whose nth term is 

(n® -f 4w — i) x^l(n + 4) (n !). [Lond. B.Sc.l 

Writ* « - _ « (« + 4 ) - I ^ I I 

” (« + 4) (« I) (“ + 4) {» I) (« - I) I '» + 4) (" l)‘ 

Suppose now that 

1 _ , B 

» + ‘4 («■+ 4) ■() 7 + 3) (n + 2) (» + I) {n + 3) (n + 2) (« + 1) 

+ C D_ 

~ (« + 2) (« 4- l) W -f I 

Thus (n + 3) (n ■+• 2) (n + i) 

s ^ -I- J5 (w + 4) + C (n + 4) (« -f 3) + (« + 4) (^ + 3) + 2) 

Put « s=! — 4, — 3, — 2, — I in succession. Then A ^ — 6, B = 6, 
C = — 3, £> = I. Hence 

_ I , 6 6 3 1 

“ (n -"i) ! ■'"(n + 4) 1 (» + 3 )!'^(» + 2)i (« + •)!’ 


f 1 "“''" f i(» + 4) I 

00 ^ ^ 

“ f , F+lT! f I r f j (ir+if r 

provided that each of the series on the right, converges. 

00 

By comparison with e* — S -j- it.is clear that each of the senes 
n == o ' 

converges for all finite values of x. Hence provided x =¥0. 


S UnX^ £ 


I L Ji 27 


j(«- I) I = + 4 ) I ^«= i> + 3)1 


„ii(ir+2)i *„ti(« + »)l' 


00 6 /r** 


6 r f!! 4.3 £!* 

*’m-4'»' ^‘m- 3 ’"' 

* ? *" 
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If X — o it is clear that the sum of the series is zero. 


11'3. Application of Identities 

The method of partial fractions explained in § io-2 is a particular 
application of identities. We now consider some further examples. 

Examples.— (I) If f (x) = Ax^ + Bx^ + Cr + D, determine A, B, C, D, 
so that / (-A?) +/(<!*? ■— i) ^ x^. Hence, or otherwise, show that 
i 3 _ 2^ + 38 - 43 4 - . . . (_ = (- i)«-i + fn® _ 

[Lond. B.Sc.] 

X^ s/(r) -\-f(X- 1) -^A [X^ + {^- 1)»] + + (;r- j) 2 j 

4. C [r + (;r - I)] + D + D 
S 2Ax^ + — 3^) + ^ (3^ - 2J5 -f 2C) 

- ^ B - C + 2Z>. 

Equating coefficients of corresponding powers of x, 

2A 1, 2B ^ 3A ^ o, 3A — 2B + 2C =: o, — ^ -f B — C + 2D =s o. 
Hence A = B = f, C — o, D — — J. 

Thus / (x) = ir« -f ir® - J. 

Write /(«)+/(«-' i) 

= n* so that (— + (— i)""^/(n— i) = (~~ 

Change n into n — i, n — 2, ...» 2, i in succession and add the 
results. Then 

(- i)«-V(«) 4-/(0) « S (-iy-^r\ 

r ~ I 
n 

Hence E (- = (~ i)«"i {Jn* + i»* - - J. 

r ==r I 

(2) Smw to n to^ws 0 4- J sin^ 3 ^ 4-4 9 ^ 4 - • • • [Camb. 

Since sin 3 ^ = 3 sin ^ — 4 sin* B, it follows that 
sin* a = } sin ^ — i sin 3^. 

The {r + i)th term of the given series is 

psin* (3' 9 ) “ i--p sin (3' 9 ) - sin (3'-+> 9 ) 

= i ^ sin ( 3 ' 9) - J. psin ( 3 '+» 9). 
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Hence “ S sui*(3' F) = i* r * -^sin (3' ») - j" i; *~sin (3'+» «) 

•■ = o3 r = o3 »- = o3 

-|ato9+i ^ ^sin( 3 'fl)-i ^7 sin U'J) 
»-=i3 *- = i3 \ 

= Isin fl- J.~sin (3« «). \ 

(3) Express {in + 1)’ in the form iAn {zn — i) + zBn + (i. Shoie 
that the sum o/ the series 

3l_ 5*, , J* _ , («L±_iI* , 

2! 4 1^6 1 +••• 

is I + 3 sin X, where the angle is measured in radians. [Lond. B.A!] 

( 2 n + 1)* == 2An (2n — i) + 2Bn + C, 

i.e. 4n* -f 4^ + i = 4An* 2n (B — A) C. /. A = i, B — ^ ~ 2, C = i, 

Thus ( 2 n 4 - i)* — 2n (2n — i) H- 6n + i. 

The general term of the series is 

' (2n) ! ' ' (in) I + I '7 , 


(- *)"-‘(5srriri + <- *)"-* 


+ (- 1 )' 


(in — i) I 

+ (- i)-‘ 


at as ^ gsn—i 


At 44 CO At« 

“•'-■-li+ii- I- 


Hence the sum of the given series is 

cos I 4- 3 sin I — cos I -f I s= I + 3 

11*4. Mediod of Diffeienoes 

Let Uf ienott the fdi tenn of a series. Then if «r can be written 
in riie fonn k (or ~ where k b independent of r then 


S Ur — k {v„ — v^). 
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This result may be seen immediately by writing dovm the terms 

of E Uf and adding. We now give two important ts^pes of 

series to which the method applies. 

Let p be a fixed positive integer and consider a series whose rth 
term is the product of p factors in arithmetical progression, the fird 
factors of successive terms being in the same arithmetical progression. 
Hence «, = {« + rd) {a + {r + j) d) {a + (r + 2) d^ .. . 

{a + (r + p — i) d}, 

where a, d are independent of r. Write Vr =={« + (>' + p) 

Then it is easily seen that 

Vr - = (p + l) dUr. 

n 

Hence v„ — v„=(p + i)d E 

7' = I 

In particular if « = o, d — x, 

i.2.3 ...p + 2 . 3 . 4 ...(p + i) + ... 

+ « (m + i) (« + 2) . . . (» + p - i) 

= {«(« + i) (m + 2) ... (m + p)}/(p + I). 
Next consider a series each of whose terms is Oie reciprocal of the 
product of p factors in arithmetical progression, the first factors of 
successive terms being in the same arithmetical progression. 

In this case 

^ = {« + rd} {a + (r + x)i} {a + (r + 2) i} 

. . . {a + (r + p — 

Write Vf = «,(« -f- rrf) so that 

i = {« + (r + i)rf} {a -1- (r 4. 2 )d} . . . {a + (r + p — i)d}. 

Vf 

Then it is easily verified that 

Vr-i - V, = (p - 1) dUr. 

n 

Hence v„ — v^ — (p — i)d E 

y = 1 

We now consider some examples. 

Exugples. — (i) Find the sum to n terns of the series 

1. 3. 3. 4 + 3 . 3. 4.5 + 3 - 4 < 5-6 + . . . 

Write «, =» y (r + i) (r + 3) (y + 3), 

Vf = r{r+ i) (y + a) (y + 3) {y + 4). Then 
, - =. y (y + I) (y + 3) (y + 3) {y 4 - 4) - *)»'(»' +1) (y + a) (y + 3) 

» y (y 4 I) (y + 3 ) (y 4 3) (y + 4 - y + I) =. s«,. 


»< 
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5 •S «r = (Wn - ^.-l) + (Vn-t — »«-») + • • • + (Wi - Wo) 
r = I 

=* t/« — t/<, = n (m + I) (w + 2) (w 4 - 3 ) (w + 4 )t 
since = o. Thus the sum to n terms is 

in (n +!)(« + 2) (n + 3) (» 4 - 4)- 
( 2 ) Sum to n terms and to infinity the series 

I , I , I 


I .4.7.10 4.7. 10.13 ' 7.10.13.16 

Write i/m, = (3^ - 2) (^r -f i) (sr + 4) (sr + 7 ). 
i/vr = isr + i) ( 3 ^^ 4 - 4 ) isr 4 - 7 )- 

I 


+ ... 


Then v^-i — v. 


{ 3 ^ ~ 2) { 3 r 4- 1 ) { 3 r 4* 4 ) i3^ 4- i) (3>' 4- 4 ) izr 4- 7 ) 

3y 4 - 7 — 3y 4- 2 

(3»' - 2 ) ( 3 r 4- i) (3>' 4- 4 ) “(3^ + 7) 


^ 9M,. 


Hence 9 i: m, == (t^o t'l) 4 - (I'l - *>2) 4 ~ (^2 “ 4 * • • . + (Un-i ~ ««) 

r = I 

I 


- Vn 


28 ( 3 W 4- 1 ) (3 w 4- 4 ) (3» 4- 7)‘ 


Hence the sum to » terms is - - - 

Letting n -► 00 it follows that the sum to infinity is 1/252. 

(3) Prove that tan 0 ^ cot $ — a cot 7.9 and deduce the sum to n terms 
of the series 

[Camb. Sch.] 


tan a 4- i 4- ^ icin ^ a 4- • • . 


cot 6—2 cot 2 $ — 


tan B 


2 

tan 2 $ 


I 2 (i — tan* 9 ) . ^ 

^ i — ^ — L =- tan 9, 

tan 9 2 tan 9 


Write M, i 


r-r tan - 


== — cot — , - 


* cot ® ,, 


Then £ m, = 
r = j 


2r-l 2^“^ 2^"“* 

Vr— Vr-i, say. 

- w. = j cot _ - 2 cot 20 


(4) Sum to n forms " + ^ + 5^5 + ' 

Let denote the rth term of the series. Then 

^ 2. 4. 6 . . , zr 


2«- 
I-3-5 


I-3-5-7 
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The problem is to find an expression such that = A (», _ », ,) where 
k is independent of r. 

Write Then 

V, — == —ill.- ;-ll?L±j) _ ;3 • 3 ■ ■ ■ {2r— £) 

2. 4. 6... 2*- 2.4.6 . . . (2r— 2) 

= L3-5...(2»-- 1 ) , _ 

2.4.6... 2»- i**' + I - 2>-} = «,. 


Hence £ = t;„ — t/g. 

f I 


Now t/j = Also i = Wj == wj - vjj . 


I - Uo- Thus i»o « I and the 


sum of the series is 


13 5 . . . ( 2 n 4 - i) 
2 . 4 . 6 . . . 2n 


(5) Sum to n terms the series 


a a (a 4- 1 ) 




J_. 2.3 


a (a -f- 1 ) (a -f 2 ) 


+ .e. 


If this series converges, find also the sum to infinity, and investigate the 
condition for convergence. [Camb, Sch ] 

Let Uf denote the rth term of the series. Then 

Ur^r \l{a{a + i) (« + 2) . . . (a 4 - - i)}. 

«!:; = a+ v- t ’ 

This last equation may be written in the form 

(a - 2) = rur-i (y 4 - i) Mr- 

Thus (a - 2 ) 4 . I) 

(a - 2) M„-.i = (n - I) - wM„_i 


(a - 2) wg 2 Mj ~ awj. 
n 

Adding (a — 2) Mr = 2 Mi — (n 4 - i) m,,, 
r = 2 

« 

i.e. 2 ? Mr == (mMi — (« 4 - 1) m — 2), 

The series will converge provided 

(w 4“ i) i .. 

lim. ^ 4, x) (a 4 “ 2) . s . {« 4 - » — i) 

n 00 

exists, and a 4 * 2. Suppose that a> 2 ansi write a « 2 4 - where 
h > o, 

T. A.,n. 


*9 
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Then a {« + i) . . . (« + * — i) {a + *) (3 +•*)•••(»» + * + *) 
(« + I) 1 “ {»• + I) 1 


= (I + ih) (I + i*) + . . . (i/+ 


Since S— diverges it follows that 

a (a + r) ■ ■ ■ (a + ft — i) _ 

(n + I) I 

Hence lim. — , / r; 

to i/(a — 2), a > 2. 


C30. 


= o and the series converges 


If a =5 2, the series reduces to j which diverges. 

If a < 2, the comparison test shows that the series diverges. 


( 6 ) Prove that if nu^ = -f- + . . . + for all integral values 

of n greater than 2, and % = i, w, = i, then 

?! + ••• + ^' [Ca*« 6 . 

nU^ =» + Mn-t + . . • + Wi 

Hcncc nUn - (« - i) «n-i = i-e. « (w„ ~ w«-i) = - («♦»-» - 

— w«., 

Changing n into w — i, n — 2, ... we have 

^ L_ 

«n-t - «n-E (n - 1) 


3 = — ■ 


Multiplying corresponding sides of the equations, 

' n\ 

Now 3M, =» Ki = I, «» = i, «, = i- Hence 
«. - W .-1 = (- 


Thus 


or 


!)• 

(- D- 2f + {- (r:rx)i +•••+<- ‘)*P' 
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11 ’S* Scries whose rth Tcnn is a Polynoniial in r 
The assumption is that has the form 
^0 + + . . . + 

where a^, a2» • • • » «p are constants independent of r and p is a. 

fixed positive integer. 

Since is a polynomial of degree p it may be written in the form 
+ ^2^ (^ + i) + . . . + (r + i) . . . (r + s — i) 

+ . . . + (r + 1) . . , (f + ^ _ I) 

P 

= Jo + V (^ + i) . . . (r + s - I). 

s = I 


Hence S Ur==nbo+ S hA S 
r = 1 s = i l»' = 


(r + i) . . . (y + s 


■j- 


n 

Now each of the series 2 r (r + i) . . . (r + s — i), 

y = I 

s =s I, 2 , . . . , is one whose general term is the product of s factors 
in arithmetical progression, the first factors of successive terms 
being in the same arithmetical progression. Thus § 10*4 applies 
and each sum can be written down. 

It follows that the sum to n terms of a series whose rth term is 
a polynomial of degree p in r is a polynomial in n of degree p + i. 

In practical cases we require a method of determining the 
coefficients Jqi ^ These may be calculated in succession 

as follows: write ^ (r) so that 
P 

^ *0 + ^ i>,r {r + 1) {r +2) , . . {r + s - i). 

5 = 1 


Put r — o, — I, — 2, , — {p — 1), —pin succession. Then 

4 (0) = V 

P{-i) = bo- bi, 

4>(—2) = bo — 2bi+ zbt, 


^(-p)=bo — bJ> + biP(p-i)-...+{-i)Pb,pl 

As an example we consider the application of the method to 
n 

the series £ r*. Since r* is a polynomial of the fourth degree 

y » 1 

we write it in the form 
= 69 + V + V (r + 1) +b^ (r + 1) {r + 2) 

+ i)(f + !?)(r+.3). 
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Now writing r == o, — i, — 2, — 3, — 4 in succession, 

0 = 6q, 

1 = 6© 

16 = &o — 2&1 + 2&s|. 

81 — bf) 3^1 ri" 663, 

256 = *0 — 4^1 + 1263 - 2463 + 2464. 

Solving these equations, bo = 0, 61 = — i, 63 = 7, 63 =\ — 6, 
64 == I. Hence 

r* = — r + jr (r + x) — 6 r (r + 1) (r 2) 

+ r (r 4- i) (r + 2) (y + 3). 
n n n h 

S r* — — Z f+7 Z r(>' + i)— 6 Z r (r + 1) {r + 2) 
f=i r — 1 r — 1 y==i 

+ Z f (r + i) (r + 2) (r + 3) 

r = I 

= — Sj + 7S3 — 6S3 + S4 (say). 

Now Si = \n(n -\r x). 

To find s, write Uf = r{r + i), — r (r + x) (r + 2): 

Vr — v,._i = r (r + !){(»' + 2) — {r — i)} == 3 m,. 

Hence 3Sj = — Vq = « (« + i) (” + 2), 

i.c. S3 — \n(n + x) [n + 2). 
To find Sj write Wf = r {r x) (r + 2) (r + 3). Then 

— Wr-i = r (>■ + i) (r 4- 2 ){(r 4- 3) — (»■ - i)} = ¥>t- 

Hence 4Sj = ze'* — ze'o == « (« 4- i)(« + 2) (» 4- 3). 

i.e. S3 — \n(n x) {n 4- 2) (« 4- 3)- 
To find S4 write a;, = r (r 4 - i) (>■ + 2)Jr 4 - 3 ) (>' + 4 )- Then 
X, - Xr-i = r (r 4 - 1) (>' + 2) (r 4 - 3 ){(»' + 4 ) - (>■ - i)} = 5 “’r- 

Hence 5S4 = a;„ — *0 = ” (” + ^) C’* + 2) (« 4 - 3 ) (” + 4 )> 

i.e. S4 = {« 4 - 1) {« 4- 2) (« 4 - 3) (” + 4 )- 

Collecting results ; 

Z r* = « (« 4- 1) {— i + y (" + 2) — f (« + 2) {« 4- 3) 

+ T {” " 1 " 2) (« 4 - 3) (** + 4 )}* 

. — A” (** + 4- 9 «* + » ~ ^)- 
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ll'Sl* Alternative A4ethods when rth Term is a Polynomial in r 
If the degree of the polynomial is p we know from § I0'5 that the 
sum to n terms is a polynomial in n of degree /> + i. 

Thus if then 

n 

S = Cq + c^n + + . . . + 

r ~ I 

where Cq, Cj, Cg, . . are constants which are independent of n. 
It follows that these + 2 constants can be determined by giving 
n any p + 2 values, in particular, i, 2, 3, . . ^ + 2. 

Another method of finding the constants is to use the fact that 

n n — I 

= E — E and equate coefficients of corresponding 

y z= I f = I 

powers of n, 

A third method is to use differences and apply Newton's inter- 
polation formula. 


Examples. — (1) Find the sum to n terms of the series for which u^ = y*. 
(See § 1 1.5.) 


Method i. 

n 

Write Sn = £ r* so that s^ = i, 5* == 17, Sj = 98, s^ — 354, Sj = 979, 

y = I 

Sg = 227$, . . . Since s^ is a polynomial of the fifth degree 

5« = Co + c^n + CjM* + CgW* + c^n* + CjW®. 

First it is clear that Cq = o, for if « = o the sum must be zero. Now 


write n == i, 2, 3, 4, 5 in succession. 

I = “I” C4 C5 (ij 

17 ^ 2Ci + 4^2 + Sc^ + 16C4 -f 32^:4 (ii) 

98 3Ci -f 9Ca + 27C8 + 81C4 + 243C5 (iii) 

345 = 4^1 + 15C3 + 64^8 -h 256C4 ■+• 10246*8 (iv) 

979 = 5Ci + 2563 -f 1256, -f 62564 -f- 3125C5 (v) 

Solving the equations in the usual way wc find 

C5 = 64 = J, 63 == i, 6g s= o, 61 5=s — 


n 

£ f* 


r ^ 1 



{n 4* i) (6«* -f- -f* i)* 


Thus 
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Method z. 

n n — X 

Un= 2 Ur- 2 u, 
f ss I f =» I 

s=a Cift + -f H- ^s«® — (n — i) ^ Cg (n — i)* | 

- c, (n - i)* - ^4 (n - I)* - Cj (1 ~ i)», 

i.e. n* = 5C5«* + (4^4 — loc^) n* -f (3c, — 6c^ + locj) w* \ 

+ {2C^ - 3^8 *f 4^4 ~ 5^5) W + Cl - Cg + c, - A + <?5* 

Equating coefficients, \ 

I » 5(;4, 4C4 — 10C5 = o, 3^8 - 6C4 -h 10C5 = o, 2 Ci - 3^8 + 4C4 - 5 cA “ o. 
Cl — Cg + c, - C4 + ^^8 = O' 

Solving these equations we obtain as before 

Cfi = i» C4 = jr, = J, Cg = O, 


Method 3. 

n 

Write f{n)=^ 2 and form a table of differences. 

r = I 


n 

fin ) 

4 

A* 

A** 

A* 

A' 

t 

I 

16 





2 

17 

81 

65 

no 



3 

98 

256 

»75 

194 

84 

24 

4 

354 

625 

369 

302 

108 


5 

979 

1296 

671 




6 

2275 







Since /(«) is a polynomial in n of the fifth degree Newton’s formula 
(I lo-e) gives -- 

m -/(I) + (” 7 *)a/w + (” 7 *)a’/w + (” 7 ')av(«) 

+ (*7')a*/(i)+(“7*)a‘/(i) 

- I + 16 (n - I) 4- V («->)(»-*)+ H® (» - I) (»»-*)(*»- 3 ) 

+ n (« - i) (« - a) (« - 3) (« - 4) 

+ iftfc (* - ®) ~ 3) {» - 4) (» - 5) 

_ — reduction. 

30^ 3 ^ a 5 
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(2) Find the sum to n terms of the series 

1.3.4 -f 4.5.5 4- 7.7,6 -f- 10.9.7 + . * . 

InthiscascM^ « (3^ ^ 2) {ar + i) (r -f 3) « -j- 17^* -- 5#- 6. Thus 

Ur is a polynomial of the third degree in r . Hence if s« =» ^ 

r ae I 

4 - 4 * -h + c ^ n *. 

Since = o when n = o, it is clear that c® = o. Again 
6n» + i7«* - 5« - 6 = «„ = 

a= 4- c,n* 4- Cgn* 4- c^n* 

- «1 (« - 0 - c. (« - 1)* - e, (« - !)• - e, (n - x)‘ 
= 4«4«’ + (3«« - 6^4) «* + ( 2C , - 3«» + 4C4) * 

+ <a - c, + - c,. 

Equating corresponding coefficients, 

4C4 = 6, 3c, - 6^4 = 17, 2C, - 3c, 4 - 4^4 = - 5» 4 - ^4 « - 6. 

Solving these equations, ^4 = |, c, = 

Substituting the values and simplifying 

= iw (9n* 4 - 52«* 4 45« ~ 34)- 
Using the method of differences the working is as follows; — 


n 


Write /(«) « 

27 Wf.. 

Then u ^ 

= 12, 

«, = 100, M, = 294. «4 = 630, 

r 

== I 




«4 « 1144. 





n 

/( n ) 

A 

A‘ 

A* A* 

I 

12 

100 



2 

112 

294 

194 

142 

3 

406 


336 

36 



630 


178 

4 

1036 

X144 

514 


5 

2180 





Since /(«) is a polynomial of the fourth degree in n, 

/(H) -/(I) +(*- *)a/(») +(”~ *)a*/(i) + (” 3 *)a»/(i) 

at 12 + 100 (« — 1 ) + i |4 (H — 1 ) (H — 2 ) 

4. ija (« - ,) {* - 2 ) (h - 3 ) + it ( n - 1) (H -* 2) (H -3) (N -^) 

« !»• + V** + W - V«- 
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11 - 52 . The Series + 2^ + 3** 4 - . . . + where ^ is a Positive 
Integer 

This series is important and we indicate a special method of 
summation for it. 

n 

Write Sp = Z r^. Then 

r = I 

{x + + p+iCiX^ + + . • . + i. 

In this identity replace x by n, (w — i), (« — 2), . . . , 2 \ i in 
succession. Thus 

(n + !)*»+! = + . . . + i 

- (n - - !)*> + ^ 1)^-^ 

+ . . . + p+iCj^(n — i) + I. 

(n - = (n ~ 2)^+1 + - 2)^ + ^H.iC2(n ~ 2)*^^^ 

+ • • • + p+iCj,(n — 2) + I- 


3P+1 ^ ^^.jCi.2^ + p+A. 2*^-1 + . . . 

+ J)+1^3)'2 + I, 

2»+l == jP+l + + 3,+iC2.I^-“^ + . . . 

+ ^+iCp.i + I. 

Adding (n + == i + „+iCi.Sp + 3 ,+iC 2 .Sp^i + . . . 

+ j)+iC‘p.Si + n. 

This equation determines Sp in terms of Sp-i, • • *» 

Example . — Find the value of 5*. 

5i = I + 2 4- 3 + • ' • + w = J« (n -f i). 

To find 5, we have {« + i)* = i + + 3 S 1 + n, 

i.e. S, = 1 {(« 4 i)* — I ~ « — |« (« 4 * T)} = in {n 4- i) ( 2 w 4 i)- 

11*6. Series whose rth term is a Rational Function of r 
Series whose rth term has the form 

4> (>')/{>'(>' + ^){r + 2 )... (r+p- I)}, 
where 4> {r) is a polynomial in r of degree q where q <,p — 2. 
Since p (r) is of degree j in r we may write 

p{r) — Of, +air + a^{r + i) + ... 

+ {r + i) {r + 2) . . .{r +q — x). 
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where aj, a^, . . . , are constants which are independent 
of r. Then if Ur denote the rth term of the series, 

“ r (r + I) {r +~^~.'lV+'p - i) 

-) “l 

(r + i) (r + 2) . . . (r + ^ — i) 

I CL^ 

(r + 2) (r + 3) . . . (r + ^ — I) ■*■••• 

+ 

(>■ + 9 ) • • • {r +p - 1 ) 

= S a,l{(r + s) (r + s + i) . . . (r + ^ - i)}. 

S = O 

Hence 

S Ur ^ S a,\ E il(r + s) (f + s + i) . . . (r - i)|. 
y=is = oW=i j 

Now each term of the series 

£ il(r +s)(r + s + 1) ,.r{r + p -1) 

f = I 

is the reciprocal of the product oi p — s factors in arithmetical 
progression, the first factors of successive terms being in the same 
arithmetical progression. Hence the series may be summed by 
the method of differences for each value of s. 


Examples. — (i) Find the sum to n terms and to infinity of the senes whose 
rth term is (f* -f i)lr {r 4* i) (f + 2) (r -f 3). 

Let denote the rtli term. Since r*+i = 1 — 

_ I— _ I 

~ r (»• + 1) 2) {»• + 3 ) ~ n»' +!)(»■ + *) (•' + 3 ) 

_ ^ + - 

(r + !)(*' + 2) (f + 3 ) ^ (»■ + 2) (»■ + 3) 

n n j 

r ~ i'*' ^1 *'(*' + *)(»’ + 2) (»• + 3) 

n I M j 

~ r^t F +!)(*' + 2) (r + 3) ^ r=i (»" + 2) (r -f 3) 


= s,“' - say- 

Write Vr =» il{r + 3). «’t = + «) (r -f 3). 

X, = i/(r + I) (»" -f 2) (r + 3). y, “ !/»• {r +!)(»■+ 2) [r + 3). 


Then w-. 


, - r, « 


y + * y + 3 
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Hence s,“' = i w, = J - 

y =s 1 w «+• 5 

Again u/^i - «», . + 2j - + 2)(f. + 3) 

” T I 

Hence i,i*> = S », === i {w, — w^) = ; — p-ir-7 — ; — 5^ 

, = 1 • ' ” a {« + a) {»» + 3) ' 

Finally, — x^ - »- (y -f. i) + 2) ~ (r + i) (r + 2) (r + 3) 

Hence ,.<•> = T y, = i (ar, - » A - 3 ^ 

It follows that 


r f i"' 3 (» + ») (« + a) (« + 3) 

— A -f 


^ 4-1- 

2 (» + 2 ) (» + 3) * « + 3 


. 11 _ ^ J I t * 

” n 4* 3 ^ 2 (« + 2 ) (fj + 3 ) 3 (♦* + I) (w + 2 ) (w + 3 )* 


Letting « -► oo, Ur ~ H* 
f ^ 1 


(2) F»«<Z s«w of the infinite series 

- ^ + . . . 

1,2,4 2.3.5 3-4*6 

2y 4- I 

If Uf denote the #th term of the series / r "vw ~x ^v' 

r i- i; -h 3; 

It will be observed that is not of the form considered above, but it may 
be expressed in this form by introducing the factor (r -f 2). Thus 


« - ( 2 r -f 1 ) (r + 2 ) 

f (r 4- i) (y + 2) (r + 3) 

Now {2r 4- i) {»' 4- 2) = a® + 4- 4- i)- We find in the usual 

way that a® = 2, aj = 3, a, = 2. Hence 

2_ 3J2 j 2 

r (r 4- I) 4- 2 ) 1 ^ + 3 ) 4- i) 4- 2 ) (r 4- 3) C*' 4* 2 ) (r 4- 3)’ 

Using the results of the previous example it follows that 
£ «r = 2.^ -f 3.* 4- 2.| « 15 . 

r =s I 


(3) Find the sum to n terms of the series 



If Uf denote the rth term of the senes Uf *» 
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We may reduce the series to one of the type considered above in the 
following way. The factors in the denominator will be in arithmetical 
progression if we introduce the factor ar -f i. Thus 

2 r 1 2 4- ( 2 y — 1 ) 

' ( 2 r - I) {zt 4 I) W 4 3) (2r - i) {zr 4 i) {2r 4 3) 

** {zr - I) (zr 4 i) (zr 4 3)"** 4 i) (2r 4 3) 

n n j ^ I 

y « I « I ( 2 r - I) (2f> I) ( 2 r 4 3 ) ^ £ j (2^ 4 i) (2^4 3) 

= 25/ 4 say. 

Write Vr *= i/( 2 r 4 3)* 4- i) (zr 4 3 ), 

Xr « i/( 2 r — i) (zr 4 i) (zr 4 3 )- 

Then — v. = ; — ; — = 20 ^-. 

^ 2r4i 2r43 ' 


Hence S.' = ^ ^ = * K - t^.) = J - 

Again - w, = (ay _ i) (2r + i) ' {»r + i) (zr + 3 ) ‘ 

Hence S, ^ f = i (•».- «'.)=*- (,„ + 3 ) 


n 

Thus £ Uf. 

r = I 


I Li 

2 (zn 4 i) (2w 4 3) ~ • 2 (2n 4 3 ) 

I 1 . 

2 (2n 4 3 ) 2 + I) 4 - 3 )* 


117. Finite Differences and Series 

Let {«„} denote a sequence of functions, n being a positive 
integer. Then the results listed below follow from the theory of 
finite differences. 

1. If is polynomial in n of degree p then constant. 

Conversely ifA^ «n constant then is a polynomial in n of degree p, 

2. If m is a positive integer, 

«,+» = «» + A «n + A* ««+••• + (^) A"* «*• 

n 

3. If Sn— z Ur 

«« “* (i) + ( 2 )^ 0 ^* *** ^ ’ " ‘^ 0 ^ 
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1. See § 10-22. 

The converse may be proved by induction. The theorem is 
clearly true for ^ = i. For if A == where A is a constant, 
then forms an arithmetic progression whose common difference 
is A. Thus Un is a linear function of n, or is a polynomial of the 
first degree in n. \ 

Suppose the theorem is true for p =m, i.e. if A”^ is cmstant 
then is a polynomial of degree m. Now let be a sequence 
such that and write == A Then V 

k = A"*^' Wn = A^ (A Wn) == A^ 

Hence is a polynomial in n of degree m. Now 

«„-«! = (m„ - M„_i) + -I- • • ■ + (M2 - Ml) 

= ^n-l + M„_2 + + Mj. 

From § 11*5 we know that the sum to n terms of a series whose 
rth term is a polynomial of degree m in r is a polynomial in n of 
degree m + i. Hence is a polynomial of degree m + i. 

Thus if the theorem is true for p = m, it is true for ^ = w + i- 
Since it has been shown to be true for ^ = i, it is tme in general. 

2. Using symbolic reasoning we have 

~ "f* A)^ 

= «« + A«« + -f • • . + ^^)a"m»- 

3. ttf = E'-^ = (i + A)*""^ «i 

=|r+c7'>H'r>*+-+(:=DH- 
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Hence s„ = Z 


-«,+(”5;Q))A«,+rz' 


A® «i + . . . 




Now 


KQ - .n 


« = 1 

s = r! 

where v, = s (s - i) (s - 2). . . (s - r + i). 

If w, = (s + I) s (s - i). . . (s - r + I), then 

w* — == (s + i) s (s — i) . . . (s — r + 1) 

- s (s - I) (s - 2) . . . (s - r) 

= (r + i) V,. 




Since 


Thus 


"fXD 


(r + i)! 

= 0 . 

w (m — i) (« — 2 ) . . . (« — r) 

~(7+l)'. 


g:.> 


and 

s„ ==««i + Q)AMi + (”)A®«i+---+(y ” 

+ A"~® «i 

as required. 

11 ‘8. Application to Series 

The results of the previous section may be used to obtain the 
general term and the sum to n terms of a series whose graeral term 
M, is a polynomial in r of degree p, where ^ is a positive integer. 

Thus to find Uf we can use the formula 
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Since is a pol5aMHnial of degree p, A* ^ = o for s > p, 
where s is a positive integer. 





The series on the right contains (p + i) terms. If p '^r the 
number of terms in the series for will be r. ' 


Examples. — (i) Find the rth term of the series 4, 10, 20, 35, 56, 84, 120, . . .. 


A A‘ 


1 

2 

3 

4 

5 

6 

7 


4 

10 

20 

35 

5<> 

84 

120 


6 

10 

15 

21 

28 

36 


4 

5 

6 

7 

8 


The third order differences are constant so that is a polynomial in r 
of the third degree. Using the above formula 




= 4 -|- b (f — i) + 


4 (y ~ i) (r - 2) (r - i) {r - 2) (r 3) 


2! 


TT 


I -f 6f* -f nr + b) = J {r + i) (r + 2) (r + 3). 


(2) Find a cubic function of n which has the values 3, 7, 19, 45 when 
« s= I, 2, 3» 4 respectively. 

Denote the function by m„. Then 4^* = o. 

n A A‘ 


1 3 

2 7 
19 


4 

12 


8 


6 


AK 


3 


26 


14 
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Bence uj + (“ ^ *) A% + (" 7 ‘)a*«i + (* p)A***i 

2 I 3I 

« «• — 2«* -f 3ft 4. I. 


(3) Find the nth term and the sum to n terms of the series 

2.2 4 - 3-5 + 4 - 10 + 5*17 + 6.26 -f .... 

The first factor of the nth term is obviously « -f i. To find the second 
factor^ construct a table of difierences for these factors m„. 


n 

1 

2 

3 

4 

5 


2 

5 

10 

17 

26 


A* 

2 

2 

2 


Hence is a quadratic in n and 

«.=* + («- 1)3 = »» + 1. 


know that A* is constant. 

Thus 



n 


A 

A* 

A* 

I 

4 

11 



2 

15 

25 

H 

6 

3 

40 

45 

20 

6 

4 

85 

71 

26 


5 

156 




If S41 denote the sum of the seriesi 




S» = »»»1 + ( 2 )a«'» + ( 3 ) A* »» + ( 4 ) A'wi 
_ , «« (n - I) , I4»« {n - I) (« - 2 ) , 6 n(n- 1 ) (« - a) (n - 3 ) 

■ 4*+ 4. + — I ^ 

*» (3«* -f »on* + isn + 20), 

(4) Find by the method of differewm pr otherwise Uw idh term and the sum 
io n terms ef the series 

I -f 4 4- xt 4* Hh 57 4- i*o rf. . .. 
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If denote the nth term we have 


n Un 

1 I 

2 4 

3 II 

4 26 

5 57 

6 120 


A 

3 

7 

15 

31 

^>3 


A* 

4 

8 

16 

32 


Hence satisfies the difference equation 

2 ^* M„ = 2 "■‘‘I or — i)® = 2’*^!. 

This is a linear equation with constant coefficients and its general solution 

(S 1073) is 

— a -f OW -j- 2"'^I. 


Since = i, Wa -= 4, we have 

I = flf -f- ^ 4" 4 
4 = a -f 26 4- 8 

giving a ~ — 2, 5 ~ — I, and 2"*'’i — n ~ 2. 
The sum to n terms of the series is 


n n 

2; 2*'+! — £ r — 2n = 4 (2" — i) — Jn (n 4- i) — 2» 

y r= I y == I 

= 2»‘+* — in (« 4- 5) - 4* 

Note. — T he value of u„ can easily be found without using the general 
technique for the solution of linear equations with constant coefficients 
Write = Awp w, = A = A^ ^r- Then Wr — 2*‘+i. 

« — 2 

a>l 4- + “'S + • * • + ^ A^r = I'n-l ““ 

y I,.. 

n — I 

Since ^ 2*'~i = 2" — 4 and Vi ~ A % = 3» 

y = I 

= 2** - I. 

W — X 

Again 4- + I's + • • • ^ A ~ — %• 

y S= I 

W — I 

Hence . > 2 2’»+i - (n - i) == - i, or 

y = I 

« 2**+i ^ ft — 2. 
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11 '9. Summation of Series by Complex Methods 

We now consider some methods involving the use of complex 
numbers. The fundamental properties involved are as follows. 

(a) If S is any real number, then cos 6 +isin 8^ 

cos n$ + i sin n$ = cos 8 = 

sin 8 = (e'^^ — 

(b) If X, y, u, V are real and f (x + iy) == u + iv, /(x + iy) 
denoting a function depending on the complex number x + iy, 
then u is equal to the real part of / (x + iy) and ivis equal to the 
purely imaginary part. 

(c) If f(x + iy)=:u+ iv, then f (x — iy) ^ u --- iv, 

(d) The product oif{x + iy) by its conjugate function / (x — iy) 
is real. This property is of frequent use for determining the real 
and imaginary parts of a function, e.g. if 


/(x + iy) = 


<f>(x + iy) 

ill (x + iy) 


then we can make the denominator real by multiplying numerator 
and denominator by ^{x — iy). Thus 


fix A. M ^ - *» ^ 4>{x- ¥ iy) <li ( x- iy) 

^ {x + iy) il> (X - iy) {"I <li{x-]r iy) \ )® 

The methods of summation considered will depend ultimately 
on one or other of the following fundamental types of series: (i) 
geometrical progressions, (ii) binomial series, (iii) exponential and 
related series such as the sine and cosine series, (iv) logarithmic 
series, (v) recurring series. 

The type of series to which the procedure applies are trigo- 
nometrical and involve sines or cosines of multiple angles such as 
sin nd, cos n8 where ^ is a given angle and n is sl positive integer. 
The functions sin n8, cos nd are associated together to give 
coswfl -f t sin This implies, e.g., that if we wish to 

sum a series involving sines of multiple angles by the method it 
will be necessary to introduce a second series involving the corre- 
sponding cosines. 


11’91. Geometric Series 

Examples. — ( 1 ) Show that the sum to infinity of the series whose rth term U 
sin (o 4- is cot p.cos a. [LoUd. B.Sc.} 

T. a. 7 n, 30 
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Write S cos p.sin (a + P) 4* cos*^.sin (a + 2 ft 

-f cos*p.sm (a + 3 ft 4 * • . • 

GO 

~ £ cos^j^.sin (a + fft. 

f = I 

We now introduce the cosine series corresponding to the multiply angle 
a + y/S and write 

C « cos /5.COS (a + ft + cos*/5.cos (a + 2 ft -f- cos»j3.cos (a -f 3 ft -fj . . . 

00 

a=t cos^j5.cos (a + rft. 

r = I 

00 00 

Then C 4 iS = i? cos^p.cos (a 4 ^'ft 4 » -27 cos** j 3 . sin (o 4 »'ft 

y =: I r = I 

00 

= £ cos^p. {cos (a 4 ^ft 4 i sin (a 4 ^ft} 

y = I 

«= cos»’j 3 .e*(“ + (cos 

r = I y = I 

The series is a geometrical progression whose first term is s*^®'^^^cos j9:and 
whose common ratio is »iP cos p. 

Now I cos = I cos /3 1 < I provided p + mw, where m denotes 
eero or a positive or negative integer. Excluding the values p = mir it 
follows that 

C + *5 = «*<“ + w cos ^/(i - e*p cos ^)- 
In order to make the denominator real, multiply numerator and denomi- 
nator by the function conjugate to i — cos p, i.e. 1 — cos p. Thus 

C + iS 

ss + ft cos p {1 ^ e "^P cos jS)/{(i — cos ft (i — ^P cos /S)} 

== cos /J {«*(“ + ^) - «*“ cos /3}/{i - {e*P + « ~ *^) cos /5 + cos'jj} 

= cos p {tf* (“ + ^) — e*® cos p)Hi — 2 cos*;8 + cos*/9) 

=s cos {cos (a 4 ft 4 * sin (a 4 ft — cos a cos jS — i sin a cos ft/sin*^. 
Nowi5 is equal to the imaginary part of this expression. 

Hence S = cos jS {sin (a 4 ft — sin a cos ft^in*j5. 

s» cos p {sin a cos 4 cos o sin j5 — sin o cos ft/sin*j3 

s» cos psin p cos o/sin*j5 = cot p cos a. 

(a) E^epand sin ^/(i — co 5 ^ 4 x*) in ascending powers of x and prove 
^at the remainder after n terms is 

icantb. Sch.) 

I 1 -- 2X COS ^ J *• 

-- sin ^ sin ^ 

1 - 2*008 4 + **°’ j _ xe*'^ - »e~ + ** 

gi4~ e- 



Summation of Series 


4^ 


as the sum of two partial fractions and expandin&r bv the 
Innomial theorem, we have if | a? | < i, ^ 

(i - xe**)~^ - i i* (, _ 


2! ***«’**^ — 2 Jfnf— ni^ 


2i 


00 


K f +*)’>-*-(» + *) f /• «in (» + I)f 

The remainder after n terms is 


r = n ■** f =; ft 

Each of the series is a geometrical progression, the common ratios being 

xe*^ and xe"" *4. Since U*4 ] = | ^ ”“ *4 | == it follows that if I ;r I < i 
the remainder is 

L *) *4 2-.^"^"* 

I — Ar«*4 2i j _ 

= £!; *4 - _ g- (n + I) i<k 4. ;rg-^*4 

2» I ~ 2Af COS ^ + AT* 

*: Ar"{sin (if + I) 4 - ^ sin n ^}/(i - awr cos ^ 

11*92. The Binomial Series 

Examples. — (i) Find the sunt to infinity of the series 

I -I- 2 cos a. COS a + 3 cos 2a.cos*o + 4 cos 30. cos* a -f . . , 

[Camh, Sci^.] 

Denote the given series by C and consider the corresponding sine series, 
S = 2 sin a. cos a -f 3 sin 2a.cos*a + 4 sin 3o.cos*a + . . . 

00 00 

Then C + »S = Z (r + i) cos.ro cos^'o + » Z (r + i) sinro.cos^'o 
r = o r =* I 

00 00 

I 4- X (r 4- i)s^® cos*'a = Z (r •{■ I)A^^ 
r =s I r = o 

where z ^ coso, 

«= (I - r)~*, U I < i. 

The condition | at | < 1 will be satisfied provided | cos a | <1, i.e. 
a 4imv, m denoting o or a positive or negative integer. Excluding the cases 
« «« wiw, 

C + sSn* (X-. s»«co8a)-* 

wt (i — a***® cos a)V{(i — e^®cos o) (i — a"* *®cos «)}* 
tt» (i — cos* o 4- sin o cos «)•/{* — cos o (a*® 4* a“^ ^®) 4- cos*e}* 
8 in*a (sin « 4- * cos o)Vsia*« 

(sin*« 4* 2 » sin o cos a -co8*o)/sin*a. 



466 


Summation of Series 


Equating real parts, C ^ (sin*a — cos* a)/sin*o as i — cot*a. 

It should be observed that if [ cos a | =« i, i.e. a « mw the given series 
obviously diverges. 

(2) Find the sum to infinity to the series 

1 4* i cos 2^ cos 4^ 4- - cos 69 ^ ... 

2.4 2.4.6 

Write C = I + 1 cos 2 — — cos 4^ H — cos 60 — ... 

2.4 ^ 2.4.6 

I I 

S ~ i sin 20 sin 40 H ^ sin 60 — ... 

2.4 2.4.6 

C + »S=l + i«**® L.4*9+ ' 

2.4 2.4.6 

= I + ^ . 

2.4 2.4.6 

where z = 

= ,+!, + + . . . 

l! 2I 3! 

= (I + i)i*. 

Hence C + *S = (i + = (i cos 20 + « sin 2 0 )^ 

s= (2 cos*0 + 2 i sin 0 cos 0)^ 

= (2 cos 0)i (cos 0 + f sin 0)i 
= (2 cos 0)t (cos i0 4- t sin J0). 

Equating real parts, C — (2 cos 0)i cos 

11'93. The Exponential Series 

Examples. — (i) Prove that if x is real 

4^2 

4; sin a 4“ 2 1 2a 4- . . . 4- sin wa 4- . . . = ® sin (x sin a). 

[Camb. Sch.] 

Let 5 denote the given series, and write 

x^ x^ 

c s= 14-XCOS a + — J cos 2a 4- . . . 4- — J cos Wa + . . . 

X* "> 

Then C + »S « i 4- ^ (cos a 4- * sin a) H r (cos 2a 4- » sin 2a) + . . , 


4- (cos na 4" » sin iia) -f 




^ ^ n\ 


♦ The binbmial series i 4- «r 4- ^ r* + ^ r* 4 * • • • 

converges absolutely at all points of the circle of convergence 1 r ( », i 
provided n > o. 
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a 

, for all values of x and a. 

_ ^ (cos a H- i sin a) _ ^ cos a ^ix sin a 
= ^ cos a gjjj ^ 

Equating imaginary parts, 5 = ^ ® sin (x sin a). 

(2) Show that the sum of the series 

I — cos 2$ + cos 4^ — " j cos 6^ + . , . 
is cos (cos 6). cosh (sin 6). Hence obtain the sum oj the series 

I — i -I- + . . . given cosh \ ^2 i'26i. 

[iST.Sc. Ptelim.'i 

Let C denote the given series, S the corresponding sine series. Thus 
5 = —• sin 2^ + sin 4^ ~ ^ sin + . . . 

Then C + iS = i - — , e^^^ + -i ± + . . . 

2 ! 4 ! 6 ! 

= I 2* -j- ^.z*— + . . . where z « e^^, 

21 4 ! o ! 

= cos z == cos (e^^). 

Hence C — = cos * = cos (i/z). 

Adding 2C = cos ^ + cos (ilz) = 2 cos J + ~)’0O8 i 

Now t + ^) = i 4* = cos $, 

J - “-) = i = t sin 9, 

Hence C = cos (cos ,cos (i sin 9) == cos (cos .cosh (sin ^). 

In given series write 9 ~ Jir. Then 

I - cos Jw + cos w - ^ cos fir + i cos a» - cos fir 

+ _L cos 3w - . . . 

ws cos (cos Jir) cosh (sin in), 

i.e. 1-— + ^--^, + ...=C 08 {i/v'2).cosh (i/\/2). 

4 ' el 12 1 

Now ily/2 = 07071 . . . , and 07071 radians =* 40** 31' approx. Thus 
cos (il\^2) = 07602, and the value of the series is 
07602 X 1-261 =* 0-959 approx. 

11*94. The Logarithmic Series 

E«iaplcs.— (i) If U I < I, <*« **«« *0 of <*« «**» 

X cos e - iM* cos tt + cos 3$ ~ ... [Comb. Sek.] 
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00 00 

Write C= Z (- i)«-»~cos«^. S« i? (- i)«-» Then 

«=»! ” l»=I ^ 

00 

C + »5 = £ { — 1)"“* — (cos 4* * sin n ^ 

w« I ” 

^ J == log (i + xe^^)- 

« S= I ” 

Hence C iS log (i + xe"^ 

Adding, 2C « log (i + xe^^) + log (i + xe^ 

« log {(i + xe^^) (i + xe^ 

= log {i + ^ + «”“ *^) + = log (i + 2^ cos (1 + Af*). 


(2) If c ^ cos*d — J cos*^.cos 3^ + 1 cos*^.cos 5^ — ... to infinity, prove 
that tan 2c « 2cot^d, [Camb, Sch.] 

Let s denote the series 

cos d.sin 6 — i cos*d.8in 3^ 4* 4 cos*d. sin 5^ — ... 

Then c 4- is = ^ cos d — J cos ^)* + 4 ^ cos , 

* r - 4 r» 4 - 4 -?* - • . . . 
where r = cos d. Now if | ;if | < i. 


ilogi^ = * + t;r» + 4;»* + . . . + • ' 


Write jTssir.* Then 

5*««r^S = ' + T^ + f^+ •+5 




Thus c 4- is 
Hence c — is =* 


I , I 4- 
~.log 
2% ^ 


2n • 

^ cos 


I — ie^^ cos 9 


if- 14 - is* 
Adding, 2c log 

I — 


2 {- i) 
cos 


A log 


I — is 


cos 0 


~ log 


I 4- 

I — ie 


*^cos 
* ^C08 $ 


cos I 


^ log 

** (I 


I 4- w 

(i 4- ic*^ cos ^ (r 4 - 


r-i9 


cos (^ 1 
COS 9 j 


JH 


’s*^ cos 0 ) (i — is”" cos ^ 


♦ The series converges absolutely if | s 1 < i, i.e. | cos ^ 1 <1. Hence 
there is absolute convergence except for $ ^ mn, whence m denote o or a 
poutive or negative integer. At points on the circle of convergence the series 

will converge except at the special points ii » 4: i, ie. #>*^cos ^ ^ 

But when 9 » mw, s*^andco8 d are real, so that is*^cos 9 is purely 
ary and can never be equal to db i- It follows that the series will converge 
lor aU values of 9 . 
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L log it + «• cos 9 + <-«»)_ coa«a 

** I — t cos 9 (e** 4- e~ *®) — cos*9 


i \oc ^ 

2 » ® sin*^ — 2 i cos* 6 


i log ^ + 2* C0t«9 
2i ® I — 2* COt*d‘ 


Hence 


1 4- 2 i cot*g _ 

I — 2i cot*d ~ ^ ’ 


i.e. 


2 cot*^ = 


I — I 


7 ^srqrpsR = *«• 


11*95. Recurring Series 

Examples. — (i) Find the sum to n terms of the series: 

1 .3 cos 0 + 3.5 cos 2^ H- 5.7 cos 3^ -f- . . , 

If Uf denote the rth term of the series, 

Uf = { 2 r — i) { 2 r 4- 1) cos rO == (4f* — i) cos rB. 
n n 

Write C H {4r* - 1) cos 5= £ (4^* - i) sin r Then 

r = I r ^ 1 

n n 

C + tS = Z (4*-* _ I) e«9 ^ ^ _ ,) 

f = I f = I 

where r = e*®. For brevity we write C + »S = s. Then 

s = 3* + 15** + 35r* + . . . + (4n* — i) r" 

(I — i) s = 3* + i2r* + 2or» + . . . + (8« — 4) r» - (4n* - i) r*+» 

(i — r)*i = 32 + 9** + 8r* + . . . + 8r” 

— (4M* + 8» — 5)r"+* + (4«* — i) jr"+» 

= 3* + 9** + z~^~ + 8» - 5)*"+> + (4«*-.r)2*+»; 

/. C -f iS s= {32 -}- df* — s® — (471* -}- 8w 4* 3) 

+ (8w* 4- 8w ~ 6) 4r»+* - (4n* - i) -r’»+»}/(t - ^)* 

Now i/(i — s)* «s 1/(1 — =3 — 

= «~i*®/8»sin*i9; 

C + «S =. {3«*~ 1 *® + 6e**® - e ¥9 - (4»« 4. 8« + 3) «(« - I) <9 

4- (8«* 4- Sn - 6) « (« + D*® - (4»i« - i) e(” + i) *9}/8i sin* *9. 
Equating real parts, we have 

C =. {— 3 sin i9 4- 6 sin i9 — 3 sin |9 — (4n* 4- 8n 4- 3) «» (» - i) 9 

4- (8»* 4- 8« — 6) sin (» 4- i) 9 — (4*** — i) sin (« 4- 1) ^/« sin* |9. 

■» {- 6 cos 9 sin }9 - (4n* 4- 8« 4- 3) ««i (» - 1) 9 

4- {8»* 4- 8« — 6) sin (n + 1) 9 — (4n* — i) sin (« 4- j) ^/8 jtfn* J9. 
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( 2 ) If C ^ X cos 9 2 x* cos 2 d + . . . nx^ cos n 9 . 

5 = 4 ? sin 9 + 2 X^ sin 2^4'.*.+ nx^ sin w 0 -f 


show that 


C _ (i + X*) cos 9 — 2 X 
S (i — x^) sin f. 


C 4 «S = ^ 4 2xh^^^ 4 ... 4 nx^e^^^ 4 


and 

. 1^1 < 1 , 


= S ns**, where s — 
n = I 

This is a recurring series whose scale of relation is (i — Summing in 
the usual way we see that the sum is 

s/(i — .S’)®, I .S' I < I. i.e. C 4 s5 — xe^^Hi — xe^^Y, \x \ < i . 


Hence C — iS — xe *^/(i — xe and ^ ~ -- 

C~ tS (j 

Applying componendo and dividendo. 


^^-xY 




_C _ — xY 4 (i -- xe^^Y _ 4 i) (i 4 ^*) — 


>i9 


iS [^x9 _ _ (j _ xe^^Y 


(i x^) ~ i) 


— ^ 4 g ( 1 4 __ (i 4 ^®) co£ 9 — 2 x 


(I - x^) e- 


i9) 


i (i — X*) sin 9 


giving the required form. 


EXERCISES XI 

X. The distance between two places is a, and on the first day —th of 

the journey from one to the other is performed; on the second day ~ of the 

remainder; then — and — of the remainders alternately on succeeding days. 
tn n 

Prove that the total distance travelled in 2 p days is 

“{*- LCamh.Sch.] 

2 . Evaluate — l* + 3 * — 5* + 7 ’ - 9 ’ + .•■- 37* + 39’'- [Camb.Sch.'i 

3 . Prove that x = 2 /(« + 1 ) satisfies the equation 

{X- i)» + {2X- i)‘ + (3X- i)» + . . . + (»tr- i)» = o, 
and find the quadratic factor satisfied by the other two roots. [Ca«Mh. S«A.3 

4 . Find the sum to the n terms of the series 

I ®. 2 4 3*-3 + 5*-4 + 7*-5 + • • • [Camb. Sch.J 

5 . Find the sum to n terms of the series 

I®. 3 + 2*. 5 + 3*-7 + . . . 


[Sc. T. Prctim J 
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6. Sum to n terms the series whose rth term is r (r -h i) {2r + i). 

[Lond, B.A,'] 

7. Prove that sin xsmix sin 2^ sin 3;^ + . . . -f sin (n — i)x^mnx 

— (n sin zx — sin 2nAf)/4 sin x, [Lond. B.Sc.} 


8. Show that 

i*.w -f 2*.(« — i) 4 - 3*.(« — 2) + . , . 4 - w*. I == (n -f i)* (n -f 2), 

and prove independently that the latter expression is an integer, 

[Lond. B.Sc.] 

9. Prove that 

I -I- * 4- 4. g 5-8 2.5.8 ...(3w- i) _ 5 .8.11 . . . ( 3 « + 2^. 

3 3-6 3 - 6 - 9 ^''’ 3 t >-9 • . • ( 3 ») 3<»-9 • • • ( 3 ») 

10. Prove that the sum to n terms of the series 

r.T.3 2.3.4 ^ 3 - 4-5 " 

is n{n + 3)/4(» + i) (« + 2). ILond. B.Sc.] 

11. Prove that 

I + H 4 LiliZ... 4- . . . to infinity =s (10/7)^. 

10 10.20 10.20.30 7 \ /// 

12. Find the sum to infinity of the series 

3.1 . 3 : 5 . L 4. 3 : 517 . 1 , . 

4 2*^4. 6 2«^4.6.8 2»^*’* 

13. (i) Sum to n terms the series . — r'-rr + ti + r— +••• 

(r 4 - I) ! (t' 4 - 2) ! ^ (r -f 3) I ^ 

(ii) Sum to infinity i 4 - ” 4 - ; 4 - 4 - . . . and establish 

14 i4*io 14*10. lo 

its convergence. [Camb. Sch.] 


14. (i) Sum to n terms the series whose rth term is r (r + 2) {r 4- 4). 
(ii) Find the sum to infinity of the series 


, + 1 + .A- 7 - + 

10 10.20 


3 . 7 . II . . . ( 4 tt ~ I) , 

’ • n\ (io)»* ^ 


15. Prove that 


I , 13 , I- 3-5 , I- 3 - 5-7 , 


[Lond. B.Sc.] 
to 00 « I. [Camb. Sch."] 


16. Sum to infinity the series 

I 4. i 4. !13 

’ ^ 3 ^ a I 

17. Sum to infinity the series 


T * A. ^*3. I . I-3-5. I , 

i + 5 + 5T3~*'*'ir 


> + rr+ 2i 


+*?+... 


[Land. B.A .] 
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1 8. Sum to infinity the series 

'‘Nl at + 3! + 

(ii) I + * (I + y) + ^* (1 + + y*) + ^* {I + >> + y* + 3'’) + .1 . 

and state the condition for convergence of the second series. [Caw^. 5 c^.] 


19. Sum to infinity the series whose nth term is (n + 3)/n !. 


[Lond\B.A.'\ 


ao. Sum to infinity ^ ^ 

ai. Show that = i + ~ 4* + LArl 4- . . , to 00. 

^ ' 2 I ' 4 1 ' 6 1 ' 

22. Find the sum of the series 

oS 08 48 ^8 

+ ^"1 + “"I + ' -T + . . . to 00. 


I ! ‘ 2 I ‘ 3 ! ^ 4 ! 


23. Sum to infinity 


■ + 7 


+ ... 


I. 2. 3. 4 ^ 3-4-5fi 5.6-7*8 

28 98 48 

24. (i) Find the sum of the infinite series i + - j + ^ I + . . . 

(ii) Find the sum of n terms of the series 




+ 


3.7. II II. 15. 19 




[Camb. Sck] 


25. Sum to infinity the series whose rth term is {r* — 3r -f 5)/r I. 

[Lond, B,Sc.] 

26. Resolve (i2;r* — 9;r + 2)/{(4;r — 3) (4^ — 2) (4^ — i)} into partial 
fractions. Show that 

i2n* — 9W -f 2 1 


00 

2 


1 , 27 

= ~ log ^ 


„ == i( 4 *» - 3 ) ( 4 « - *) { 4 « - 1) 4 5 

[Lond. B.Sc.] 

27. Prove that i (i - ^,) - J (r + j.) +4 (^ “ 4 .) “ • • • = *• 

[Camb, Sch.] 


28. Prove that, if — Jw < a < Jn, 


, ^ sin*" a ^2" sin*" 

n ^ 1 ^ n =* i 


[Lond, B.A,) 


29. Show that the series i + i (t)* -f i (i)* + i (i)* + • . « 


f 4. 4. 4. + 

7 3 * 7 * 5 - 7 * 7 * 7 ^ 


are convergent infinite series and that the limit to which the sum of n tenns 
of each tends is the same. What is the limit ? 
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30, Prove that, when x lies between o and i, 

CO 
4. 

2n 


2 S 
n 


[Lend. B,A.) 

31. Sum to infinity the series 


(i) I -L j.i5 __ Al? !?. 4. 

^4*8 4.8.I2 + -*' 

(ii) + ^ + ^ + 

^*2 2-3 *^3. 4*4.5^ 


and state the condition of convergence of the second series, [Camb, Sch.) 

32. Sum to infinity the series whose rth term is r<!r*‘ and find for what 
values of x the infinite series is convergent. Sum to infinity, the series whose 
rth term is rx^ cosh rd, stating for what values of x, ^ the series is convergent 

[Camb, 


33. Prove that i*x 4- 2^x^ -f 3*;r* + . 

34. Sum the infinite series whose »th term is (n* -f 2) In !. 


;ir (i — 4- 2X* (i — a?)-*. 

[Lond, B.A,] 


35. Express {«(n* — in partial fractions. Show that the sum to 

infinity of the series whose {r — i)th term is {r(r* — is A. 

[L(md. BSc,] 

36. Sum to n terms and to infinity the series whose rth term is 

i/(2r 4 - I) (2r 4 * 7) (2^ + 9). [Lond. B.i 4 J 

37. Find the sum to infinity of the series 

*+l! + 2l + 3! + '-' 

38. (i) Sum to If terms the series whose rth term is 

{f- (r + I) (r + 2) (r + 3)}-*. 

(ii) By expressing r* + 2r + 3 in the form 

^ + B (*• + 3) + C (r + a) (r + 3), 
or otherwise, find the sum to infinity of the series whose rth term is 

(r* + 2f + i)lr {r +!)(»’ + 2) (r + 3). [Loud. B.Sc.] 

39. Prove that the aeries of which the nth term is 

njr"/{(« + 1) {*» + 3) (» + 4)} 

convergesif — i < x < i, and find the sum to infinity. {Land. B.Se.] 

2.1* + 3 . 2-2* + 4 , 2<3*-f 3 . 


40. Sum to in&iity - ' ^ "f ' + 


4I 
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41. Find when the infinite series + ■ • • is convergent 


for real values of x. Find its sum when it converges. 


42. (i) Sum to n terms the series 


+ 


+ 


I- 3-5 3 - 5-7 5 - 7-9 


[Lond, B.Sc.] 

+ ...( 


(ii) Prove that I-; + ^ + + • • ■ to 00 ■« 5* — i. [Cawti. Sch.] 

43. Sum to infinity the series whose wth term is (n — i) ;r“/(« -J- 2i« I 

» '* 

44. Sumtoinfinity the series whose wth termis;r”/(w + i) (« + 3), 4?* < i. 

[Lond. B.Sc.] 

45. Sum to infinity the series 

(i) i + i (i)» + i (i)* + \ ay + . . . 

I ! 2 ! 


(ii) ;-i + + JJ+ fr + • • • 


4I 


46. Find the sum of the infinite series whose wth term is 

(3w* + 3w -f i)/w’(w -f i)». [Camb, Sch,] 

47. If / (w) ^ A Bn -f Cw* 4- i)w^ where A, B,C, D denote numerical 
quantities, find their values if / (w 4- i) — / (w) “ w*, for all values of w, and 
/(o) = o. Hence find the sum of the series r* 4- 2* 4- 3* 4- ... 4- w*, where 
w is a positive integer, 

48. (i) By using the identity 

2 1 

a (a 4- i) (a 4- 2) a (a 4- ij (a 4- i) (a 4- 2) 
or otherwise, find the sum of w terms of the series 

^ 4. — 4- _i_ 4. . . . 

1.2.3 2.3.4 3-4-5 

Show that, as w becomes large, this sum approaches the limit J. 

(ii) Find the sum of w terms of the series 

1-3-5 + 3-5-7 + 5-7-9 4^- . . [N.Sc, Prelim,] 

49. Find the sum of w terms of the series 

* 

I. 2. 3. 4 2. 3. 4. 5 3. 4. 5-6 ’ * 


50. Determine the coefficients A, B, C, so that if f{x) denote the poly- 
nomial Aifi + Bx* 4 * Cx, 

I) « (2^- i)^ 

for all values of x. Find the sum of the fourth powers of the first n odd 
positive integers. [Lond, S>Sc.] 
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51. Find the sum of n terms, and also to infinity, of the series 

+ [Ca«»6.ScA.] 

52. Prove that if & — i > a > o, the series 

T 4- ^ 4. M ^ (» + 2) , 

* 6 h (6 + I) '^b (fr + I) (i» + 2) ‘ 

converges to the sum (b— i)/(fe — a — i). 

53. Find the sum of the series 

sin ^ sin 2d + 2 sin 2^ sin 3^ + ... 4- « sin wd sin {n + i) 6 . 

[Camb. Sch.] 

54. Find the «th term and the sum to n terms of the series 

1.2 4 - 2.3 4- 3-6 4 - 4-^1 + 6.27 4 - ... 

55. Find the polynomial of the third degree in n which has the values 
3i — 7* “■ 5» 9 when == i, 2, 3, 4 respectively. 


n Y 

56. Find the value of S «y, when = S s*. 

f = I 5 = 1 


57. Show that the sum to n terms of the series whose fth term is 

f*.2’‘ is («* — 2« 4- 3) — 6. [Lond, B,Sc.] 

58. Find the sum to n terms of the series 

cos a cos 2a 4- cos 2a cos 30 4- cos 3a cos 4a 4- • • . {Cawib. 

59. Prove that if x is real and numerically less than unity 
I 4 - 2Jr cos d 4 - 24 f* cos 2d 4 - . . . 4 - 2;r« cos «d 4 - . . . = 

[Camh, ScA.] 

60. If \x\ < I , sum to infinity the series 

cos d 4 - ^ cos 3d 4 - cos 5d 4 “ . . . + cos (2« + I) d 4 * . . . 

[Camb. SdA.] 

61. Sum to n terms the series whose rth term is .y’' cos vB, Prove that, 

if = cos d, the sum is sin w d cos”+^ d/sin d. [Lond. B.AJ] 

62. (i) Sum to n terms the series whose rth term is cos ra sec^a. (ii) Sum 

to infinity the series whose rth term is (i/r I) sin ra. [Lond. B.A,] 

63. Sum to infinity 

cos«- Jcos3« + |^-^cos 59- i^cos79+ ... 

[Camb.Sch.] 


64. Find the sum to infinity of the series 

9 ^ !L(>L±JL) sin .9 + + ■ f + 4 ) sin 38 + . • . 

-■* ■ ■ [CanUf.Sek.} 


»am 
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65. Prove that 

sin ^ sin 3^ + sin 5^ + . . . to infinity sin (sin »cosh (cos B), 

[Camb. Sch,] 

66. Show that the sum of the infinite series 


, , cos , cos 2d , cos 3d , , cos d / . 

I + "TT + -“2“ **’ ‘‘IT’ + • • • (sm d). 


67. Show that the sum of the infinite series 

i sin 2d + J sin 4d + 5 sin 6d + . . . is Jir — Jd. 

[N.Sc., Pr 4 ifn.] 

68. Show that the sum of the infinite series 

J cos 2d + J cos 4d + 4 cos 6d H- . . . is J log 

69. If 1 AT I < I, find the sum to infinity of the series 

sin d + ^ sin 2d + sin 3d + ... [Cathb. Sch,] 


70. Sum to infinity the series 

;»r sin d + 2;r* sin 2 d + 3;r® sin 3 d + . . . 

[Lond. B,Sc.] 

71. Find the sum to n terms of the series whose (r -f i)th term is 
a, cos (o + fjd), where the coefficients are in arithmetic progression. 

^ cos rd 

72. Prove that the series 2 — is convergent for all values of d 

r = I 3 

and that its sum to infinity is [Lond, BSc.] 

2(5— 3 cos d)* '• ** 


73. Sum to n terms the series whose rth term is (2r — If 

a ==:= 2ir/n, where » is a positive integer, show that 

I + 3 cos a + 5 cos 2a + ‘ . * + (2» i) cos (n — i) a = — 
and 

3 sin a + 5 sin 2a + . . . + (2n — i) sin (n — i) a = - « cot Ja. 

[Lond, B,Sc.] 



CHAPTER Xll 

DETERMINANTS 


I N this chapter we discuss properties of a class of functions called 
determinants, which are of great importance in many branches of 
mathematics both pure and applied. With a knowledge of thfc 
properties of such functions many simplifications may be introducsd 
and results represented in more compact forms. 

Thus, e.g, consider the problem of eliminating x, y, z between 
the homogeneous linear equations 

== 0 
+ Cj* = 0 

«»* + ^’ay + = 0 , 

where we suppose that x, y, z are different from zero. From the 
last two equations we obtain, from the rule of cross-multiplication 

— — i = — = k, say. 

ijCj — ^3^2 ® A 

Since x, y, z are different from o, * 4 = 0 . Substituting these 
values of *, y, z in the first equation, it follows that 

Since *4=o, the required eliminant is 

fll(6jC3 — *3^2) "i" *l(^2®8 ^3*2) "t" ^l(®2^3 **3^2) ~ 

It will be shown later from the theory of determinants that 
this result may be written down immediately in compact fom^. 

12*11. Formation of a Determinant 

We now consider how a determinant is formed. Let us tadte 
the nine quantiti^ a^, a^, «*, fij, 6a> h' ^a> h ^*1 arrmge them in 
a square with three horizontal rows and three vertical columns 
as follows; 

a^, it Cl 

*2 6^ Cj 

U3 *2 63. 

This we may call a s^ua/ft cfff-ay of the letters, and since there are 
three l^tos in eaiCb column and row, say that it is of the Ihifd ori^, 
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Now form all the products of the three letters a, 6, c, keeping 
the alphabetical order and attaching suffixes corresponding to the 
permutations of the numbers i, 2, 3. Since there are 3 ! permuta- 
tions there will be 3 ! products. They are | 

^2 ^ 3 » ^ ^3 ^ 2 » ^2 ^3 ^2 ^S» ^3 ^1 ^ 2 » ^8 ^2 ^1* \ 

It is now necessary to attach a sign to each of the products\and 
this is determined by the order of the suffixes. We speak abour the 
order i, 2, 3 as the natural order, and the product with the suffixes 
attached in this order is given the positive sign. The signs of the 
other terms are determined by considering the number of changes 
in the new order of the suffixes necessary in order to obtain the 
natural order. 

An interchange of two adjacent suffixes may be spoken of as an 
inversion of the suffixes. Thus i 2 3 is obtained from i 3 2 by 
one inversion, viz. by interchanging 2 and 3. Again, 123 may 
be obtained from 2 3 i by two inversions. Thus: 231, 2 i 3, i 2 3. 
We may look upon inversion " from a slightly different point of 
view and say that an inversion occurs when any higher number 
precedes a lower one among the suffixes. Thus regarded from this 
angle there are two inversions in 2 3 i because 2 precedes i, and 
3 precedes i. 

We have the following rule: The sign of any term is positive or 
negative according as the term contains among its suffixes an even or 
odd number of inversions. 

With this convention the signs to be attached to the six pro- 
ducts considered above are as follows: 

The algebraic sum formed by these six quantities, viz. 

is defined to be the determinant formed by the nine quantities 

^3» ^1* ^2» ^3* ^3 written as 

*1 Cj 
(^2 ^2 
^3 b^ ^8 

Any one of the nine letters, ag* » niay be called 

an dement or constituent of the determinant, and any one of the 
six products (with the proper sign attached) used in defining the 
detorminant, a term of the determinant. 
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12 * 12 . General Definition of a Determinant 

Let a, bt c, , , , k denote n numbers and consider the n* numbers 
obtained by attaching the suffixes i, 2, 3, . . . n. Thus 


Cl 

^2 ^2 ^2 

^3 ^3 C3 


k, 

^3 


C„ 




Then the determinant of the nth order determined by the n* 
numbers is defined to he the sum of all the products, each with the 
proper sign attached in accordance with the rule of inversions, which 
can be farmed by writing the letters ah 0 k in their natural 
order and arranging the suffixes in all possible ways. The determinant 
is represented as 

1 Cj . . . . ki 

Un C3 


When the determinant is considered in this general form it may 
be conveniently represented by the notation: 

• • • ^n) ^ i ^^ 2^3 • • • 

Each of the n* numbers is called an element (or constituent) 
of the determinant. Any one of the products in the expansion of 
the determinant, with the proper sign attached is called a term of 
the determinant. The diagonal element is called 

leading or principal term, the diagonal itself being called the leading 
or prindpd diagonal. 

The expanded form of the determinant has n ! terms for the n 
numbers i, 2, 3, . . . n can be permuted among themselves in « 1 
ways. 

Further, half the terms have the + sign attached, the other half 
having the ~ sign. 

For we can arrange the terms in pairs so that if one is positive 
the other is negative, and vice versa. This may be seen by consider* 
ing,,the last two suffixes of any term. Keeping the first « — 2 
suffixes fixed, interchange the last two. We obtain a new term 

T. A., n. 3j 
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which is of opposite sign to the original term, for it is obtained by 
one inversion. Further, there are only two terms in which the 
order of the first « — 2 suffixes is fixed. 

It should be noted that every term of the determinant when 
expanded contains one, and only one, element from each row atm from 
each column. \ 

Examples. — (i) Find the sign of the term a^b^c^d^e^fig^ in the determinant 
of the ph order. \ 

It is necessary to consider the number of inversions. The order of the 
suffixes is 5342716. Corresponding to 5 there are 4 inversions since 5 precedes 
I, 2, 3, 4. Corresponding to 3 there are 2 inversions, since 3 precedes 2 and i. 
Similarly to 4 corresponds 2 inversions, to 2 corresponds i, while to 7 corre< 
spond 2 inversions. Hence the total number of inversions is 

4 + 2 + 2 + 14-2 = II. 

and the sign to be attached is ~ . 

The eleven inversions may be represented in full as follows. Interchange 
I and 7, then 1 and 2, then i and 4, i and 3, i and 5. Thus 

5342 I 76 » 5341276. 5314276, 5134276. 1534276. 

Now interchange 2 and 4, then 2 and 3, 2 and 5, giving 
1532476. 1523476. 1253476. 

Then interchange 5 and 3, 5 and 4, and 6 and 7, giving 
1235476, 1234576, 1234567. 

(2) If the letters retain their original order and any two suffixes are inter- 
changed then the sign of the term is altered. 

For suppose that the two sufi&xes involved are r and 5, and that between 
the two elements considered there are p elements. 

Keeping r fixed, then by p + i inversions we can obtain the order sr, 
s and r being adjacent; then by p more inversions we can move r into the 
position originally occupied by s. Thus the interchange of the two letters 
is equivalent to 2^ + i inversions. Since this is an odd number the sign 
of the term is changed. 

The result of this example can frequently -be used to determine more 
quickly the sign of any given term. Consider the term [Ex. i.] 

The given order is 5342716, Interchange i and 5, 2 and 4. 2 and 3, 6 and 7. 
5 and 6. Thus 

1342756. 1324756. 1234756. 1^34657* 1234367. ' 

^nce there are an odd nupiber of interchanges the sign is — , as the sign 
corresponding to 1234567 is +. These five interchanges correiqpond to 
eleven inversions. 

(3) // the suffixes retain their original order and tm tetters are interchanged 
the sign of ^ term is altered. 

This is, equivalent to the letters being retained in their odginSl order and 
tiM safihiBM inta^ibiiiged, and the resnlt fbUows from Ex. 2. 
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Thus, suppose the origmal term is and that 6 and e are inter* 

changed. The new term is and this is obtained ftom 

the original term by interchanging the sufl&xes 3 and 5. Thus the sign of 
the new term is opposite to that of the original term, 

12 * 2 L Interchange of Rows and Columns 

We now prove some important properties of determinants. 

Theorem I. — If two rows or two columns of a determinant are 
interchanged^ the determinant is unaltered in absolute value but is 
changed in sign. 

The interchange of two rows is equivalent to the interchange 
of two suflBixes. The result then follows immediately from § 

Ex. 2. On the other hand, the interchange of two columns is 
equivalent to the interchange of two letters. Hence from § I2'I2, 
Ex. 3, the determinant is change in sign. 


12 * 22 . Expansion of a Determinant 

From § 12*1 1 it follows that the determinant of the third order, 
S ± Oxb^c^ can be written in the form 

«i (Vs - V*) + (6sCx - Vs) + »8 (Vs - 

Now 62C3 — JgCj = 

— Vs = j c* cj j' Vs - * 8^1 = I ^ (J* j- 


6 . ^8 
Cs Cj’ 


Hence Z ± <>iVs + «a^s + <*8^s> 


where A^, A,, A^ are determinants of the second order. This result 
is a particular case of a more general property which is as follows: 


Theorem II.— If A = ± OiVs • • • V is * determinant of 

the Rth order, then A can be expanded in the form 

OjAi + «8^s + ^s^s + • • • + 

where Ai, A^, .... are determinants of order (» - i). 

Consider first all those terms which have a, as a factor. We 
know that each term of a determinant contains one, and only one, 
element from each row and from each column. Thus all terms 
which have % as a factor cannot have fls, . . • , a«. V ^ 
as factens. 

R^ard as fixed. Ihen all the tramwiyhich have «ia& a factor 
will be 'Obtained by ctaisidering the letters b, c, • • ■ A and all the 
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permutations of the (n — i) numbers 2, 3, 4, . . . , ft. Thus there 
are (ft — i) ! terms which have as a factor. Thus 

OiAi — r ± 6jCj .. .k„ 



^2 

^3 


and = 2: ± = 


Cn 


To find the value oi A ^ interchange the first and second i^ws. 


This has the effect of changing the sign of the determinant. Arguing 
as before it follows that 


61 q 


A^ — — 


.. K 


k 


3 


I ' • • * 

Similarly for A^, ^4, . . . , A^, The determinants A^y A2, A^, 
y An are called the cofactors of a^y a^, «3. . . . , respectively in 
the expansion of the determinant. 

When the development of the determinant is written in the form 

= OiAi + ^ 2^2 + ^ 3-^3 + • • ' + 

it is said to be expanded along the first column. By interchanging 
columns it is clear that we can expand in a similar way along any 
column. 

Similarly we may expand the determinant along any row. Thus, 
e.g. if we expand along the first row, 

^ = a^iA-i + b^Bx + CjCj + . . . + kjKiy 

where A^^y B^y C^, . . . , Kj are determinants of order (ft — i). 
Thus, e,g. _ 


ay 

C 2 

^2 * * 

. . k2 


C3 


. . A3 


Cn 

dfi • ♦ 

'• K 


h 

d^ * * 

.. ky 

^8 


d^ 

.. ky 


K 

dft 

• * 


and so on. 
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12 * 31 . Minor Determinants 

Let A denote a given determinant and suppose that in it we 
remove a certain number of columns and the same number of rows. 
It is assumed that the elements in the other rows and columns 
remain unaltered. What is left is a new determinant. Such a 
determinant is called a minor determinant of the original 
determinant. 

If only one column and one row are removed the resulting 
determinant is called a first minor, while if two of each are deleted 
we obtain a second minor, and so on. 

The minor obtained by deleting the first row and the first column 
is called the leading first minor. It is convenient to adopt the 
following notation for first minors. If K denote any element of a 
determinant, then the first minor obtained by deleting the column 
and the row through is denoted by Aa^- Thus, e.g. the leading 
first minor is Aa^* 

The results of § 12-22 may now be expressed in terms of minors 
instead of cofactors. Consider first the form. 

A == + ^2^2 + ^8^3 + • • • + 


^2 ^2 ^2 • * • • ^2 

^3 ^3 ^3 • • • • ^8 

Thus == == 


I .4 . . I 

^ ^ *1 

^8 ^8 * * • • ^8 

•^2^ ~ 


I C„ dn . . . . An 1 

In general {‘~i)’’“^Aay. 

Expressed in "minor'' notation: 

A ~ ^aAoj +■ ^sAog • • • + ( ^^nAa^‘ 

In a similar way we can write down the expansion along any 
row or column in terms of the corresponding minors. 

a k g 

Esounples. — (i) Expand the determinant h b f 

g f c 
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Expanding along the first column 


a 

* 1 

6 / 

^ g 

h g 

h 

e / 

= a 

- h 

4- g 

g 

/ « 

f 0 

f c 

& / 


^a(bc-n-h(M-fg)+g (hf - bg) 

== abc -f- 2fgh — ap — bg^ — chK 

(2) Expand the determinant (a^biC^^ in terms of the elements of the fourth 
column, 

b^ Cl di 

The determinant is A = 


A — ^1-^1 4* 4“ d^D^ + 

= 4: (^1 A A d j 4“ A “ 


We know that 


and it is first necessary to determine the correct sign. Interchanging columns 


di bi 


^1 

^8 ®8 


* ® . I. j L y 

b^ d^ »4 O 4 ttg O 4 «4 

Expanding along the first column we see that 
A sa= — A dj^ 4 - A dj “■ ^8 ^ ^8 ^4 A d^ 

h* Cj Oi 1 «i 

as — rfl as hs ^8 4“ ^8 ^8 ^8 

as 64 ^4 a4 64 C4I a^ 64 C4 as c>s H 

The third order determinants may now be expanded in the usual way. 

It should be noted that we can determine the sign to be attached to Adj 

without going through the process of interchanging columns. Begin with the 
leading element a^ and count along the row. taking + and — signs alternately 
beginning with 4" • Thus to a^ we attach 4* » to hj. — , to 4" , to dj — . The 
required sign is — and 

A =a — dj A dj 4“ ds A dj — ds A dj 4" d4 A d^» 

The reader wiU observe that this process is a general one and is equivalent 
to the process of interchanging columns. 

(5) Evaluate 3 

10 [X*owd. B,Sc,] 

Denoting the determinant by A and expanding along the first column, 

A “= 3 Inl ll el +” U 5I 

, =3 (24 - 25) - 6 (18 - 20) + 10 (15 - Ifi) • - I, 
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(4) Prove that if denote the determinant of nth ofd^r 

a i o o 

t a t o 

o X a t 

o o i a 


then — aUf^ 4 * Wn-i Hence, prove that 

«n « (#”•*•' - - q). 

where p and q are the roots of the equation jr* — or -f- 1 » o, [Camb. Sch,] 
Consider and expand the determinant along the first column. Then 
««+i = A%. 

where A'wi A^n arc two nth order determinants. 



o 

o 


I o o . . o I a 
Expanding along the first row it is clear that ^ n^. 

Hence Un+i = an* -- 

This difierence equation can be written in the form (£• ~ aE -f i) a« o, 
the general solution of which is ~ c^p** 4- where p, q are the roots 
of the characteristic equation — o^r 4- i «= o. 

Now Uj « ^ 4- 

a 1 

n, «= a* - I = {/> 4 - S')* - ^ 4- /‘S' 4“ 

X a 

Substituting n = i, 2 in the general solution 

^ 4. ^ sss Ci/> 4- 

/>**f i^+?**c,/>«4-c^*. 

Solving these equations for Cg we have 


100 

I a I 
01a 



Hence 




The result can also be proved by induction. Clearly it is true for n » x 
and n » a. Then assuming «(/>»* — f)l{p — q)» 

Ur as {pr*i ^ q^^)l{p — q) it can be shown that 

~f) 

whidi ig oie required fora. 
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12*32. Furtber General Properties 

Theorem III. — ^Thc value of a determinant is unaltered by 
changing rows into columns and columns into rows. 


«1 

bi 

. . 

. . 


^2 

^2 * * 

. . 

Write A= 

A3 

C3 

• • A3 

«« 

K 


. . 



23 


\ 

A2 

A3 • • 

. . 

li 

C2 

C3 • . 

. . 

K 


A3 . . 

• * A„ 


Then is obtained from A by interchanging the rows and 
colunms. 

The leading terms are the same in each case. The 

terms in A are obtained from by retaining the order 

of the letters and permuting the suffixes in every possible way. 

The terms in A' are obtained from • • • An by retaining 

the order of the suffixes and permuting the n letters in every* 
possible way. 

Thus it is clear that as far as numerical values are concerned 
the two processes give rise to the same n ! terms. 

Further, the signs of corresponding terms must be the same. 
For in the case of A the interchange of two suffixes produces a 
change in the sign, while in the case of A' an interchange of two 
letters produces a change in sign. Hence -Ai = A'- 

Theorem IV. — If, in any determinant two rows or two columns 
are identical the determinant is zero. 

Let A denote the determinant and suppose that two rows are 
identical. Then the determinant is unaltered when the rows are 
interchanged. But the interchange of two rows changes the sign 
of the determinant. (Th. I., § 12*21.) 

Hence A = — A- 

This is only possible if A = o. Similarly for the case of two 
identical columns. 
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Eatample . — Show that 

h* — (5 — c) (c — a) (a — b) (be + ca + ab), 

I 

[Lond, B.Se.] 

If a — b, the first and second columns become identical and hence 
the determinant vanishes. Hence (a — b) is a factor of the determinant. 
Similarly (6 — c), (c — a) are factors. 

Clearly each term of the determinant is of the fifth degree in a, b, c. Further, 
the determinant changes sign if two letters are interchanged, for this is equiva> 
lent to interchanging two rows. 

Again, the product (a — 6) (6 — c) (c — a) changes sign if two of the 
letters are interchanged. Hence the other factor of the determinant must 
be symmetrical and of the second degree in a, b, c. Hence 

^ (a — b)(b~- c) (c— a) {A (a* -f + c®) + /i (ab + -f ca)]. 

where A and fi are numerical constants. 

To find A, fjk we observe that in the determinant the highest power of a 
which can occur in any term is a*. On the right hand side there is a term 
in a*, viz. — Aa*(h — c). 

Hence A ~ o. Again, the leading term in the determinant is a*6*. On 
the right hand side the corresponding term is — Hence /i » — i. 

Theorem V. — If every element in any column is multiplied by 
the same faaor^ the whole determinant is multiplied by that factor. 

'This result follows immediately from the property that every 
term contains one, and only one, element from any row or any 
column. 

Combining (IV) and (V) we have the following result. If a 
determinant has two rows or two columns which differ only from one 
another by a constant factor, then the determinant is zero* Thus: 


mOi 

n\ 

Cl 


h 

Cl 

ma^ 

ttb. 

Cj = mn 


h 

Cz 

ma^ 

nbg 

c» 


h 

C 3 

moi 

nbi 

Ph 


W 

bl 

ma^ 

nb. 

pb^ = mnp 



h 

fna^ 

nb. 

pb,\ 

a. 

^8 

b^ 

Exainples.-^(i) 

Prove that 




1 ^ 

b 

€ |. 

I 

I 

1 1 

1 % 

hi 

Cl ~ 

Oibc 

bica 

Ciob 1 

1 

h 

/ abc 

ajbc 

bipa 

1 
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Multiply the columns of the first determinant by be, ca, ab respectively. 
Then 


a h c 

Oj H 

®i 



o&f bca cab 
a^c hipa Ciob 
aj>c h^ca c^ab 



a^c byca c^ab 
ajbc b^ca c^ab 


on dividing the first row by abc. \ 

It is clear that the process employed in this example is a general one Which 
may be used to reduce any determinant to one in which the elements of any 
specified row or column are each unity. 


(2) Prove that 


0 

I 

1 

I 


0 

a 

b 

c 

1 

0 

c* 

6 * 


a 

0 

c 

b 

I 

f* 

0 

a* 


b 

c 

0 

a 

I 

b* 

a* 

0 


c 

b 

a 

0 


Consider the problem of reducing the second determinant to one whose 
first column is unity. Multiply the second row by be, the third by ca, and 
the fourth by ab. We obtain 



0 

a 

b 

c 


0 

a 

b 

c 

I 

abc 

0 

be* 

b*c 

_ I 

I 

0 

be* 

b*c 

oW 

abc 

ac* 

0 

a*c 

= Wc 

I 

ac* 

0 

a*c 


abc 

ab^ 

a*b 

0 

I 

ab* 

a*b 

0 


0 I I I 

^ I o c* 6* 

~ I c* o «* 

1 h* a* o 

on taking the factor a from the second column, b from the third and c from 
the fourth. 


12*41« Addition of Determinants 


Theorem VI. — If every element in any column or in any row 
can be expressed as the sum of two quanti^, then the given deter- 
minant can be expressed as the sum of two determinants of the same 
order. 

Consider the determinant 




«1 ^ Cj 

«* bt c, 

<** 6s c. 
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and suppose that each element of the first column can be expressul 
as follows: 

= <*l' + <>1*. «S = «2' + «s == «s' + ««*. • • • 
(h'hCi .. 

^2 ^2 ^2 * • 

Tlien ^ ^ ^8 ^3 


^2 ^2 ^2 

^ ^3 C 3 


For expanding A along the column, we have, with the usual 
notation, 

A + ^ 2^2 + ^ 3-^3 + ‘ • 

= (<3fi'+ di^) Ai + (a^ + «2^) + («3' + a^'') ^3 + • • • 

= {diAx + <* 2 -^2 + ^3 *^3 + • • • } 

+ {d^Ai + a^A2, + ^zA^ 4" • • • } 

== Ai 4“ A 2 

where Ai and A 2 are two determinants given immediately above. 
The method clearly applies to any row or column and thus the 
theorem is proved. 

Further, the result extends directly to more than one row or 
column. Suppose, e.g, that we have a third order determinant of 
the form 

Oi + 4“ Ai 4~ yi 

^2 4“ ^2 ^2 + ^2 ^2 + y2 

+ ^8 ^3 + ^8 ^8 + ya 


By repeated application of the theorem we obtain 



aj + Ai 

Cl + yi 


«i ^ + A Cj + y. 


4^ Ai 

c* + y* 

+ 

®* b» + Pt Cf + Yt 


«$ ~\r 

c* + y» 


«»» bf + pt c, + y. 


W Cl + Yi 

«i 

Pi 

Cl +Yi «i *i Cl + yi 


f>t <t + y* 

+ «t 

Pt 

c* + y* + “* ^s c, + >% 


b, c, + y, 

% 

P» 

c» -t- ya «a is c, + y. 
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+ 


«*1 A + Yi 

«* Pt Ct + Yi 

«* P» + Ya 


^ bi Cl 
<** C3 


+ 


f seven other \ 
(.determinants) 


The eight determinants may be expressed concisely as fol vs : 


+ {Uib^Ya) + {fhP^a) "b {^iPaY^ + 

+ (“ 1 ^ 273 ) + (‘^iP^a) + {<hPa)(i)- 
Again the theorem may be applied any number of times toi the 
same column or row. Thus, e.g. , 



W 

- V + V" 

^1 



bx 


«2 

w 

- b/ + 63"' 


== 


ba 

C2 

«S 

bs 

- 63* + V" 

^3 



ba' 

^3 



bx" 




bx'" 


^2 

ba 


+ 


ba- 

C2 

Oq 

ba" 

C3 


«3 

ba" 

C3 


Examples. — (1) Show that 


I 

COS a ~ 

sin a 

cos a -f sin a 


I COS a 

sin a 

I 

cos p — 

sin p 

cos p -f sin p 

= 2 

I cos p 

sin p 

I 

cos y — 

sin y 

cos y + sin y 


I cos y 

sin y 


[Lond. B.A.] 

The determinant on the left hand side may be written as the sum of 


four determinants ; 

' 1 

I 

1 


cos a cos a 
cos cos p 
cos y cos y 


+ 


I cos a sin a 

I cos p sin p 

I cos y sin y 


+ 


1 

— sin a 

cos a 


I — sin a 

sin a 

X 

— sin P 

cos p 


I — sin ^ 

sin p 

I 

— sin y 

cos y 


I — sin y 

sin y 


The first determinant is zero because two columns are identical. The 
fourth determinant is also zero, for when the factor — i is taken out of the 
second column, two columns are identical. The third determinant is 


I sin a 

cos a 

I cos 0 

sin a 

I sin p 

cos p 

= I cos p 

sin p 

I sin y 

cos y 

I cos^ 

sin y 


on interchanging the second and third columns. Hence given determinant is 

I cos a sin a 
2 1 cos p sin p 

I cos y sin y 


( 2 ) The roots of x* «= 3^4? -f q are 4 rj, 4 r,. x^ and 


1 

V 


3r,"+* 

X 

V 



I 


X^n +1 

r,"+* 

1 





Find ike values of AJAi and A^IA^ in terms of p and q. 


[M.rj 
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Substituting =■ 


A, 



iP*t + ?. » = 1. *. 3, 4, it follows that 

* 3/>*i + q 3M* + ?*i 3#>V + ?»i* 

I 3 #>^. + q 3 M’ + ?*a ^P*%* + ?V 

I 3^^3 + ? Zpx»* + qxt 3 /'V + ?V 

I Si*** + ? ^px^* + 3 f>V + J*4* 


if 4 may be expressed in the sum of the determinants 


1 ZPXi 3M* + ?J»i 3M’ + ?*,* 

I 3 M 3 />* 2 ‘ + ?*4 3 ^V + «V 

1 3 #>*« 3 #’^.* + 3 /'^ 4 * + qxz' 

I 3#>*4 3 ^V + ?*4 3 />V + ?V 


+ 


I ? 3 M* + ?*i 3 M* + «V 

I q 3pxt* + qxt 3p»t* + ?V 
I ? 3 M’ + ?*. 3 ^V + q*i* 
I q 3?*4* + ?*4 3 PV + SV 


The second determinant is zero because when the common factor q is 
removed, the first and second columns are identical. Similarly we may 
express the first determinant as the sum of four determinants, three of which 
vanish in a similar way. The one which does not vanish is 


I 3p*i 3M* 3M* 


1 ATj Xj^ Xy^ 

I 3px, 3pXt* 3M’ 

SB 

I Xyy X^ X^ 

I 3#>*« 3pXx* 3/'V 



I 3pXt 3P’‘i* 3pXt* 


I x^ X^ X^ 


27/>M, 


Hence AJA^ « 27^*. 
Next consider 


1 

3M’ 

+ 

qxy^ 

3P*i* 

+ 

9V 

3M* + qxy* 



I 

3P*t‘ 

+ 

qx^ 

3P*t* 

+ 

?v 

3PXt* + qx,* 



I 

3P»z* 

+ 

qxz 

3P*t* 

+ 

qXt* 

3P*t* + 9V 



1 

3PH* 

4“ 

qx^ 

3#>V 

+ 

9*4* 

3 px,* + qx,* 



I 

3M’ 

+ 

qxy 

3pXi* 

+ 

9V. 

qxi> + 9p*Xi ■ 

-h 

3pq 

I 

3pXt* 

+ 

9 X 2 

3P>‘i* 

+ 

qXt* 

qx,* + 9 p*x, 

4 - 

3pq 

1 

3P*z* 

+ 

qxi 

3P>‘»* 

+ 

q*» 

?V + 

+ 

3pq 

I 

3/>V 

+ 

9 x 4 

3^*4* 

4" 

9V 

9 * 4 ’ + 9#>**4 

+ 

3pq 

I 

3pXi* 

+ 

9 X 1 

3M’ 

+ 

9*.’ 

9V + 9p‘Xi 



I 

3pXt* 

-j- 

9X% 

3M’ 

+ 


qXt* + 9#’*«t 



I 

3PH* 

+ 

9 x 9 

3P*»’ 

4" 

9V 

9^4* + 9p*Xt 



I 

3#>V 

+ 

9 x 4 

3pxt* 

+ 

9V 

9 * 4 * + 9#'**4 





since the determinant 

t 3P*i* + q^i 3M* + ?V 3pq 

I 3p!‘t* + qxi 3p»»* + ?V 3pq 

1 3P*i* + qxt 3M* + ?*»’ 3pq 

1 3P*t* + qXt 3P*t* + q»** 3pq 


for on removing the common factors 3 pqi 
Again: 

■ I 3M’ 3M’ + q*i* + 9P% 

l 3pXt* 3 p*t* + qXt* q*t* + 

t 3P*t’ 3P*** + + 9#**4 

I 3P*t 3#’*4’ + «»4* 9V + 9#>**4 


two columns become identical 



I qxj^ 
i 

I qXt 
I qx^ 


3 p»i* + q*x* q»i* + 9 p^i 
3/w,» + qx^* qXf* + 9 p*x, 
3pxt*+qxt* qxt* + 9p**t 
3 #* 4 *+ 9 * 4 ’ ?» 4 ’ + 9#>^4 
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I 

I 

X 

1 


3M* 3M’ 

3p*t* 3P*t* q»t* + 9p%, 
3 M* ?V + 

3^*4* 3#^ ?V + 9#>**4 



4*x 3i»i* + 4*i* ?»,* 
4»« 3#V + ?V ?*»• 
qxt 3M* + ?*»* ?V 
?«4 SM’+JV ?V 


since the two determinants which have been split off are zero as before^ 


I 

3px,‘ 

3PXi* 

9p*Xi 


I 


qx^^ 

9-*i* 

I 

3/>V 

3pXt* 

9p*Xt 

4- 

X 

qx^ 



I 

3P*t* 

3px»* 

9p*Xt 


1 



qxt* 

I 

3/>V 

3p*t* 

9p'Xt 


I 

qx^ 




In this last step two more zero determinants have been removed. Ilence 



I X^^ X^ Xi 


I x^ x^ x-f 


I X^* Xt* x^ 

1 V ^8 

+ ?• 

I x^ x^ xf 

I H x^ xf 


I X^ X^ 


I z, V xf 


I x^ 


I Tj® Xy x.f 


I x.^ x^ x^ 

I JTj* X^ X^ 

— — 

1 X^ Xx x^ 

sas 

I Xx Xx* x^ 

I x^ x^ x^ 


I ^5* ^8 ^8* 


I ^8 V 

I x^ x^ x^ 


I X^ x^ x^ 


I x^ x^ x^ 


It follows that = (8i/>^ -}- q^) A^. 


We now prove some properties which are of frequent applica- 
tion in the evaluation of determinants. 


Theorem VII.— A determinant is unaltered if to each element of 
any row (or column) is added the corresponding element of any other 
tow (or coliuxm) multiplied by a given factor. 



a^ bi Cj 


Oj + mbi b^ Cj 

Thus, e.g. 

^2 ^3 ^3 


ag -f mb^ &2 ^2 


<*8 ^8 


«8 + fnb^ h h 


where m is a given number. 

The result becomes obvious when we write the second deter- 
minant as the sum of two others, one being the original deter- 
minant and the other one, which is zero, for it will have two rows 
(or columns) identical after the common factor is removed. By 
repeated application of the theorem it follows that a determinant is 
unaltered when to each element of any row (or column) are aided those 
of any number of other rows {or columns) mtdtipUed respectively by 
constant factors. 



hi c^ 


d, + + MC, bi + pCi Cl 

Thus, e.g. 

% h 02 


a, 4" fnbg -f- ncf 6, pCg c. 


«8 Og 


a, -i- »t6, + HCf bg + pCg Cg 


It is important to observe that when more than one row (or 
column) is Altered by a series of changes of this kind, one rote (of 


DETESHlMAms 


m 


Thus in the example just' 


column), at least, remains medtered. 
given the third column is unchanged. 

Im^rtMt particular cases occur when the factors involved are 
± I. The theory then asserts ihsi^f/tmayaddorsub^actthedemenU 
of any row from the correspondir^ elements of any other row without alter- 
ing the vaiue of the determinant. In the process elements of the row 
whichisaddedorsnbtractedwwatMWMcAawgerf. Similarlyforcolumns. 


“^EOREM VIII. If the elements of a determinant are poly- 
nomials in a variable x and the determinant vanishes when * «= A 
* — A is a factor of A- In particular the result will be true if 
the substitution x — X makes two columns or two rcws identical. 

The theorem follows immediately from the Remainder theorem 
for A when expanded will be a pol3momial in x. 


12*42. Rule of Samis 

This is a rule for the expansion of a determinant of the third 
order. Consider A = (^iVs)- 



Imagine the first two columns to be repeated after the third 
and draw a system of diagonals as indicated, the direction of the 
diagonals being indicated by the arrows. Count the three dtagnna|1g 
sloping down as positive, and the three sloping up (shown in 
dotted lines) as negative. Then form the corresponding products, 
attaching the sign of the corresponding diagonal. Thus 

Comparison with the expansion in § 12*11 shows that the 
expression is equal to A- 

Hwniplw. — (1) Prove that 

\ Bb + Ce Be Cb 

\ Ae Ce +• Aa Ca 

I Ab Be Aa + Bb 

4ABCtUK+ BC (be - «*) (Bb + Ce) 

+ CA (ca - t») (Ce + Aa) +AB(ab~e^ (Aa + B6),; 

[tond. B,Se.j 
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The elements of the determinant are set out as above. 


Bb 4 Cc 

Be 

Cb 

Bb 4 Cc 

Be 

Ac 

Cc A a 

Ca 

Ac 

Cc 4 

Ab 

Ba 

Aa Bb 

Ab 

Ba . 


If A denote the determinant, then 

A *= (B6 + Cc) (Cc + Aa) (Aa + Bb) + ABC abc + ABC abc i 

- ACb^ (Cc + A a) - BCa* (Bb + Cc) - A Be* (Aa V Bb), 
Now (Bb -f Cc) (Cc + Aa) (Aa + Bb) \ 

^ (Abab -f BCbc + ^Cac + B*b*) (Cc + )ia) 

* 8 = ACac (Cc + A a) + ABCabc + B*Cb*c + A*Ba*h \ 

+ BC*hc* + ABCabc + AB*ah* 

= ACac (Cc A a) A Bab (Aa + Bb) -f BCbc (Bb + Cc) + zABCabc, 


Substitution of this result gives the required form for A* 


( 2 ) Evaluate the detetminant 


312 

123 

2 3 I 



= 6 + 6+6 
...8-^27-- i = - 18. 


12*43. Illustrative Examples 

In each question the given determinant is denoted by A* 


(i) Prove that 


(b + c)* a* a* 

b* (c 4- a)* b* 
c* c* (a + b)* 


= 2 abc (a 4- fe 4* c)*. 

[Madras, B.A.] 


Subtracting the second column from the third and the first from the second 


A == 


(b 4 - c)* ~ (6 4 - c)* o 

b* (c 4- a)* - 5* 6* - (c 4 a)* 

c* o (a 4 - b)* ~ c* 


(b + c)* (a — 6 — c) (a 4 - 6 4* c) 
b* (c 4* — 6) (ii + ft 4" 0 

c* o 


o 

(6 — c — a) (a 4- ft 4- «?) 
(a 4“ ft — c) (tf 4- ft 4 - 4 


«. (tf 4 - ft 4 c)» 


(ft 4 c)* a b c 

ft* a — ft 4 
c* o 


o 

— a 4 ft — c 
a 4 ft — c 
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Subtract from the first row the sum of the second and third rows. Then 

2 hc — — 26 4- 2C 

+ + a — fc-fc — a4.6 — 

c* o a 4 ~ & — c 

, ftc ~ c ^ ft ^ c 

2(a + 6-fc)* 6* a — fe-fc — -a + d — c 

o d b — c 

Now add the second column on to the third and we have 

he 

b* a 


2 (a 4 - 6 4- c)* 


— c — 6 

- b c o 

o a 4- 5 —6 


Multiply the third column by c and add to the first. 

o — c — 6 

A«2(a4-fc4-c)* 5a a — b + c o 

c {a b) o a b c 


Expanding along the first column, 

^ ^ 2 (a + b + c)^ {+ b*c {a + b - c) ^ c {a b) b {a ^ b + c)} 
« 2 hc (a 4 - ft 4 c)* {6 (a 4 6 ~ r) 4 (a 4 6) (a ~ 6 4 c)} 

=a 2abc (a 4 6 4 <?)*. 


cos {x 4 y) sin {x 4 y) 
(2) Show that sin (x — y) cos (x — y) 


— cos (x 4 y) 
sin (x — y) 
sin 2y 


Subtracting the third column from the first. 


= sin 2(x 4 y) 
(Land. B.Sc.] 


2 cos (x 4 y) sin 4 y) — cos (x 4 y) 

A == o cos (x — y) sin [x — y) 

sin 2X — sin 2 y o sin 2 y 


2 cos (x 4 y) 
o 

2 cos (x 4 y) sin (x — y) 


sin (x 4 y) 
cos (;r — y 
o 


- cos (x 4 y) 
sin (x — y) 
sin 2y 


2 cos (x 4 y) 


I sin (x 4- y) 

o cos (x — y) 

sin (at — y) o 


— cos (X 4 y) 
sin (x — y) 
sin 2y 


Multiply the first row by sin (x — y) and subtract from the third, then 


A = 2 cos (x 4 y) 

1 sin (;r 4 y) 
o cos (x — y) 

0 — sin (jr 4 y) sin (x — y) 

2 cos (^r 4 y) 

1 sin (;r 4 y) 

X I o cos (x — y) 

o — sin 4 y) sin (x — y) 

T. A„ II. 


— cos (x 4 y) 
sin (x — y) 

sin 2y 4 sin (x -- y) cos (x 4 y) 


— cos (x 4 y) 
sin (4? — y) 

sin (a 4 y) cos (;r — y) 


33 
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Sf,rSI 

» sin 2 (;ir -I- y) {cos® {x y) sin® (x — y)} «= sin 2 (;r 4- y). 


(3) EvcdtuUe the determinant 


a® 

a* 

a 

1 

6® 

5 * 

b 

1 

c* 

c® 

c 

X 

d» 

d« 

d 

I 


iN. 


\Sc. 


We give two methods of evaluating this determinant. 

{a) Subtract the first row from the second, third and fourth rows and\then 
expand along the fourth column. Thus 




A = 


6* — a® 6* — a® b — a 


6* 


62 _ 6 - a 


49 _ a® d® - a* 


c — a 
d — a 


c* — - a* c — a 
d-- a 


a* 4- + fe* a + b 1 

^ {b — a) {c a) (d — a) a® -j- ac -j- c® a + c i 

fl® 4" 4“ d>^ a d i 

Now subtract the first row from the second and third and expand along 
the third column. 


^ — (6 — a) (c — a) — a) 

„ ^ (6 - a) (c - fl) (rf - a) 

« _ (6 ^ a) (c - a) (d ~ a) (c - 6) (d - b) 


a® 4 - afe 4 - a* a 4 * & i 
c — 6 o 

^2 6® 4- ad — a6 d 6 o 


(c — f>) (a 4 * & 4 * c — 6 

(d - 6) (a 4 - & 4 - ^ & 

a 4- 6 4- c I 

a 4 " 4 " ^ I 


— (fc — a) — a) (d — a) (i; — 6) (d — h) (c — d) 

8= (a — 6) (a — c) (a -- d) (b — c) {b — d) (c d). 


(6) Alternative Method . — If in A we write a « 6 the first two rows become 
identical. Hence {a b) is a factor. Similarly (a — c), (a -- d), (ft — r), 
{b — d), (c — d) are factors. Further it is clear that each of the terms in the 
expanded determinant are of the sixth degree in a, b, c, d. Also if we inter- 
change any two of the letters, the determinant changes sign, for -the process 
is equivalent to the interchange of two rows. Hence 

A *= X (a — 6) (a — c) (a — d) (6 — c) (6 — d) (c — d), 

where X is a numerical factor. 

The leading term in the determinant is a®h®c. The corresponding term in 
the product form is ha*b% Hence X « x and 

A - M (« “ -P) {« - c)(b^ d) (c d). 
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(4) V ^i§ *» i I, 2, ... 5, show by considwoUon of iho 

deiwmtmmi 


ihcd “f* ^ia^4t "f" ^14^28 ~ 

Show further that if 0,4 *0, and 

^14^18 + ^24^85 + ^84^88 ~ 

^ 18^16 + ^ 28^28 + ^ 48^45 = o/ 
then ^ 18^18 ^ 82^88 ^ 41^48 ~ 

Subtract third row from first, fourth row from second. Then 


[M.r.] 


o a* ^8 «4 1,- h" h 

! O 6, ^8 &4 ** 

Again expanding A along the first column, 

^8 ^8 ^4 «8 

A = ^2 "• -• — , <*8 

^2 ^8 ^4 ^2 ^^8 ^4 

= [^8^84 — 6,^84 -f 64C28] — bi [^8^84 + 0^4,0^ 

^ 84^12 *"* ^ 24^18 + ^ 28 ^ 14 * 

Since £784 « — C4J it follows that 

^18^84 H“ ^18^48 4" ^14^28 “* O * (l) 

From ^14045 -|- C 84 £; 8 B + ^ 84^88 ®* + ^88^88 + ^^48^48 ** ^ 

and ^84 ■■* ““ £748, 

«■ — — =: — £ll— ^ from (i). 

•“ ^ 84^48 ^ 88^88 ^ 86^18 + ^1*^46 ^ 14^28 ““ ^ 18^84 ““ ^ 12^84 

/. — ^24^48 ^28^88 ®® ^12^18 + ^82^88 + ^42^48 ' 


fl 4- 

a 4- 4r 

a 4- 4 ? 

a 4“ 47 

a 4* 47 

h 4^ 4? 

<8 4- 4 r 

a 4* 27 

a 4- 47 

a 4- 47 

(5) SAott' Maf b 4" X 

b 4- X 

^8 +47 

a 4- 4 ? 

a -f 47 

b 4‘ X 

b-\-x 

6 4 - 47 

t,+ 3 t 

a -f 47 

b 4^ X 

b^x 

6 4- X 

b + X 

<8 4* 47 


is of the form A 4- Bx^ where A and B are independent of x. Hence, by giving 
Particular values to x, prove that 

A « {af {b) ^ bf {a)}l{a - 6), B « {/ (6) - / (a)}/(a - b), 
where f (t) s (/j -- t) (/, — t) (#, — t) (t^ — (tf — /). .<f/su /«£f o/ 

^ an£f B when a ^ b. {Land, B.Sc.] 

A W denote the deternunant. Subtracting the first column from the 
second, thiid, fourth, and fifth columns, 

ti X a fj a ■“ fj a t^ a *** 

b 4 ^ X t^-^ b a ^ b a b a b 

A(2r) b 4 - X o t^^-ba^ba-^b (i) 

b 4^ X o o t^ b a ^ b 

b -hx 0 o 0 
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Expanding along the first column it is clear that A is of the form A + Bx. 
If A and B have the given values it follows that / (a) and / (6) must 
satisfy the equations 

^ = / (a), A -bB (b), a 

Thus it is sufficient to prove that when at = — a, A W =* 
when;r A W ~ / (b)> Substituting x ^ ^ a. 


and 





— a 

o 

o 


o 

0 




b — a 

a 

o 


o 

o 

A 

(- 

a) = 

b — a 

b — a 

- 

a 

o 

o 




b — a 

b a 

fc - 

a 

L — a 

o 




b — a 

b — a 

b - 

a 

b — a 


Expanding 

along the first row 

we obtain: 








— a 

0 


o 

o 

A 

(- 

a) = (<i - a) 

b — a 
b — a 

h - 
b ~ 

a 

a 

0 

Im — a 

0 

o 




1 

b — a 

b - 

a 

b — a 

h — a 


Continuing this method of expansion it follows that 

A (- a) = (ti - a) (/, - a) {(, ~ a) {t, - a) (t, - a) = /(a). 
Similarly by substituting =r ~ 6 it is easily seen that A (~ ^) ) 

If a ^ 6 the determinant becomes 


F(x) 


F(-«) = 


h + x 

a + 

a + X 

a + Af 

a + ^ 

X 

h + x 

a^-x 

a 4“ ^ 

a + x 

a + X 

a + X 

h-^x 

a^x 

a + x 

a + X 

a 4- ^ 

a + x 

^4 H-at 

a 4-x 

a-^x 

a ^ X 

a -i- X 

a -f Af 


1 

a o 


0 

o 


it - 

a 

o 

0 


Thus A 


= (t, - a) (i, 
aB = /(o). Again from (i), if a 


o 
o 

o o 

<4 — a o 

o — a 

a) (<, - a) (t, - a> (<, - a) = / (a). 


- a 

o 

o 


6, 


F (^) = ;ir 


Km. 

;r-4- 00 


X 


7 + ‘ 

a — f j 

a - 

a — f, a — • /j 

i + * 

h - a 

o 

o o 


0 

— • a 

0 o 


o 

o 

/g — a o 


0 

0 

1 

o 


I 

a -- 

a — fj 

a — /j a — fj 


I 

a 

o 

O 0 


I 

o 

fg a 

O 0 


1 

0 

o 

#4 — a 0 


j 

0 

0 

0 f j — a 
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Since F(z) ^ A -j- Bx it follows that this determinant gives the value 
of B, Expandmg along the first column. 


!g — a o 

0 

0 1 

I X 

X 

o <g — a 

o 0/4 

0 

0 0 

— a 0 

0 t» — a 

0 

0 

0 0 

0 h 

, — a 0 

0 0 

t^-^ a 

X I 

X 

1 1 

I I 

t 

.V t^ — a 0 
0 0 

0 

t^ — a 

0 

tT^ 

1 0 
u 

0 0 

0 

0 

0 0 

0 

/g — a 0 

0 0 

h-a 

I 

X 

I I 



— L) 1 % — 

0 

0 0 



0 

t^ — a 

0 0 



0 

0 

— a 0 



«) (<«-«) (< 4 - 

a) (h- 

a) + (<, — a) (<s - a) (<< 

— a) f/g — a) 



Then A is given by /(a) + aB. 

(6) Evaluate the determinant 

I -f- «4 

X -{■ a^ a^ a^ 
a-y a^ X a^ a^ 


Adding all the columns to the first, 

I I 4 - ^ 


+ (/i — a) /g — a)(/g — a) (/* — a). 


[N,Sc. Prelim,^ 


I I 4 - 

1 

I 

(l 4- 


«2 

as 

«4 

an 

+ at 

at 


«n 

«2 

I 4- a* 


• • an 



^4 

1 4" 



«4 

an 

4 - at 

as 

a* 

an 

ag 

I 4“ a. 

«4 

an 


as 

«4 

. . I 4- an 


Now subtract the first row from each of the other rows. Then 


A *= (I 4 - -S’^r) 


. (i 4 - £ar) 


o 1 

o o 


502 


DeisrminantS 


on expanding along the first column. Since the new determinant has each of 
the elements of the principal diagonal equal to unity, and all the other 
elements aero, it follows that this determinant is unity. Hence 
A == I + = I + «! + n* + + . . . 

12*44. Equations involving Determinants I 

We now consider some examples of equations expres^d in 
determinant form. As in § 12*43 the given determinant are 
denoted by A» so that each equation takes the form A = o- \ 

X* — O* X* — &• X* — c* \ 

(i) Solve (x — a)* {x ~ 6)* {x — c)* =0 

{X + «)* {X -f &)• {X + c)» 

for X, where a, h, c are unequal, [Camb, Sch.] 

Adding the second row to the third, 

X* — a* X* 6* X* — c* 

A {X — a)* (x — fc)® {X — c)* 

2X (x* + 3«*) 2X (x* -f- 36*) 2X (x^ -f 3^:*) 

X* — a* ;r* — fc* x* — c* 

= 2 X (X — fl)* (X — 6)» (x — c)» 

X* -f 3«* + 3^* X* + SC^ 

Adding the first row to the third, 

X* ~ fl* X* — fc* X* — 

A = 4 ^ (X - <»)» (;r - 6)» (X - 

X* -fa* AT* -f b* X* -f c* 

Subtracting the first column from the second and third columns, 

X* - a* a* - 

A “ 4» (;r — o)* (a — 6) (3X* — 30;^ — 36^ -f h* -f a6 4 - »*) 

X* -fa* 6* — a* 

a*~c* 

(a — c) (3x» — 3a;r - 3CX -f c* -f ac -f «*) 
c* — a* 

I X* — a* a -f & 

*» 4;r(a — h) (o — c) I (x — a)* 3;r* — 3a;r — ^bx -f 6* + ah -f a* 

I sr* -f — (a -f &) 

a -f c 

3x*.^ 30;!? — 3CX -f i;* -f or -f a* 
- (c -f a) 

Adding the first row to the third, 

I X* — a* a -f 6 

(x — a)* 3x* — 3<Mr — 36X + 4 * + a* 

2X* o 

a-f <J 

3X* — 3ax — 3CX -f -f flw? -f a* 

o 

-8*»(a-6)(«-c)| 3,r«-3«r-3iwr + 6» + irf> + «* 

a + e . - 
3x« — 3ax — 3«r 4 4 4- a* 
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as Sx* (a — d) (a — c) 


3 ^* ~ 3 «^ - 3&^ + &• + 06 + a* 


^ 8 x» (a -- b) (a - c) (c -- b) 


c ^ b 

Zbx — 3£:;r + c* - 6* 4. - 06 


3^* — sax — ^bx 4 6* 4 a6 4 a* 


— 3 ^ 4 tf 4 fc 4 c 


= 8^« (a ~ 6) (a - c) {c - 6) {- sx^ + ab + be ca). 

Hence the required solutions are o, o, o, ± {J (ab 4 6^? 4 ca)}J. 

(2) Show that — (a 4 6 4 c) is one root of the equation 
X a b c 

b X c a s= o 
c a X ^‘b 

and solve the equation completely. [Lond. 


[Lond. B.Sc.] 


Adding the second and third rows to the first, 


;v4a464c x -{• a h c x a b -{■ c 
b X c a 

c a X + b 

1 I I I I 

{^ 4 <®“h^ 4 ^)j^ X c a I 


Hence Jir = — (a 4 6 4 is one solution of the equation. Now subtract 
the first column from the second and from the third. We have 

10 o 

^^(x-j^a + b-hc) b X -{■ e — b a — h 
c a c X -{• b e 


(x a h e) ^ . 


X b — c 


a: (;r 4 « + ^ 4 4 6c 4 ca). 

Thi^^s the roots of the equation are 

= — (a 4 6 4 c), ± ^/{a^ -f c* — — 6c — ca}. 


X* — a* X* X 

(3) Solve the equation 6* — a* 6* b 
c® —— 0^ c® c 

Subtract the first row from the second and third. Then 

I flf* — A* X* ^ \ 

H ^ ;r* 6* - 6 - ;r 

c* **- ;*'» c* — ;r* c — ;r I 

^8 _ pft 

6» 4 fejT 4 ;r* x 1 1 

c* 4 + ^* c 4 ^ If 


(6 - 4r) (c — X) 


~ o, where b, e are unequal, 
CAf.r.] 
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Subtract the second row from the third, 

Jft \ 

^ =s (i» — ;r) (c — ;p) bx + X* b ^ x j 

c* — b^ + cx — bx c b o I 

X^ ““ £ 1 * X^ 

= _ ;r) (c ~ X) (c-b) b*^bx + x^ b 4 

b -{■ c X i\ 

Expanding along the third row, ' 

^ = (6 ;r) (c — (c - b) {(fc 4- c + x) (- hx) 

(x^ - a» - b^x - bx^ - 

= (6 —■ ;r) (c — x) (c — b) (a* — bcx). 

Hence the solutions of A = o are x ^ b, c or a^jbc. 


(4) Solve the equation 


2 3 

2 +x 3 

2 3 

2 3 


[M«£iyas, 


Subtract the second row from the first and from the third and fourth. 


2 4- ^ 3 


24-^ 3 

— I I 


Now subtract the first row from the second. Then 


— I o 

3 3 

— I I 

— I o 


^■^X 3 


Add the first column to the third and expand along the third row. Thus 
3 4“^ 3 7 4* ^ 

— I I —I = — ;r»(— 3~7 — ;r)=^»(^4- 10 ). 

— I o o 

Hence x = o, o, o or — 10. 


EXERCISES XII 

I a a* 

1. Show that a* I a = («» — 1)2. 

a a* I [Lond. B.A.] 

2. Evaluate the determinants 

III I I I 

(i) a b c , (U) & 4- c c + a a -i- b 

a* b» c* fe* + c* c* 4- a* a* 4- 

[Lond, B,Sc,] 

i a 

3. Express i h fc* as a product of linear factors in a, 6, c. Hence 

1 0 
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prove that, if a+/5+y = w, then 

I I sin a sin 3a ^ . 

I sinp sinsP “ ~ sin a sin sin y sin J (y? ^ y) 

I sin y sin 3y sin J (y — o) sin i (a — j8). 


4. Evaluate 


10 17 4 

5 II 7 

3 19 6 


and prove that 


a b c 

be d 

I — X 


ax ^ b hx c 
bx c cx -j- d 


5. If X, y and z are unequal and 

;r» {x + «)» {x — a)* 

y* (y + a)* (y — a)* 

(z + a)® — a)» 

prove that a* (;r + y -f ^) - 3;ry-j =- o. 


-- o 


[lowff. B.Se.] 


[JV.Sc. Prelim^ 


I X + 2 a 
a -f I 

a -■}- I 

factors each linear in x. 


a 4- I 

;r -f 2a 
a* + I 


a 4- I 
a* 4- I 
X 4" 2a 


as the product of the three 
[Lond, 


7. Show that -iT 4- I is a factor of the determinant 
AT 4- I 2 3 

I ^ + I 3 

3 _ 6 4- I 

and factorise it completely. 


\Lond. B.Sc.] 


i x <^1 I 

X aa = (at — a^) {x — a*) (;r 4 - aj 4 - a,), 
a, aa ;r I 

Hence find all the values of $ satisfying the equation 

sin 6 sin 2 ^ sin 3 $ 

sin 2 0 sin ^ sin 3 ^ — o. 

sin 2 0 sin 3 ^ sin ^ [Land. BSe.] 


9, Prove that, if to the terms of any column of a determinant linear 
multiples of the corresponding terms of other columns of the determinant 
are added, the value of the determinate is unaltered. Show that 


(a~a,)-* (a-a^)-! 

(a - ag)-* (a - ag)"* 
(a — a,)-* (a - ag)-! 


== ^ ^ 

^ 7Ia< n(a a<)* 


Write out the terms of the product in the numerator, and give the resulting 
expression its correct sign. 


10, Expand and evaluate the determinant 

| 6*c* be 6 4- c I 
c*a* ca ^ 4- a I 
a^* ab a -hb] 


[JLpftd, B,Sc] 



Determinants 


So6 


II. Show that ? 1 1 f* 
Oj 4 * “ 0* 


Oi a, 

bt 6, 


+ 


A 

B 


t: 


Find the coefficient of the first power of X in the expansion of the 
determinant 

I 4* X tti 

fti in^ 4" i “f" X 

sk i (i 4- s) mk 


$k 

i(l + s)f 

** + i (I - s)V 

{Land. B.Sr.A^n^.] 


12. Prove that 


a* 

(s ~ 6)* 
(s - c)* 


(s - a)» (s - o)‘ 

6« (s - 6)* = 2^’ (s 

(s - £)* c‘ 


where 2s = a 4 h + 
13. Prove that 


(X 4 I) 4- 2 ) 

{X + 2) {X + 3) 

(x + 3) (* + 4) 


;r 4 2 
^43 

^44 


a) {$ — b) (s — c) 

\Camb. 5 cA.] 

[Lotid. B.Sr.] 


14. Prove that (A 4 /t) {be 4 ca 4 4 Aft (a 4 ^ 4 4 Z^bc is a 

factor of the determinant 

a* fcs 

(a 4 A)» (b 4 A)» (c 4 A)» 

(a 4 (h 4 {c 4 fi)* 

and find the other factors. [Camb. Sch.] 



ar 4 y 

y + z 

-r4^ 


X 

y 

z 

15. Prove that 

y Z 

Z + X 

X -i-y 

== 2 

y 

z 

X 



^ 4 ^ 

y + z 


z 

X 

y 


16. Calculate the determinant 


[Lond. B.A.] 


[Madras, B.A.] 


17. In n denote a positive integer, show that (b c) (c — a) (a — &) is 
a factor of 

■ I I I 

a b c 
^n+a 5«+i ^n+a I 

and that the remaining factor is the sum of the homogeneous products^ of n 
dimensions, of a, b, c. Deduce an analogous theorem for 


I 

b 

6* 


I 

d 

d* 


I a****"* &**+• 

ineralisation. 

^n+a 

d**'»'*l 

I + *, X, 



*, t 


^4 

*i *1 * 

4 ^1 

^4 

*i *« 

^3 



[Camh, ScA.] 


18, Evaluate 
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19. (i) Evaluate the determinant 

(ii) Prove that 


0 1 I I 

1 o I t 
1 I o I 
I I I o 


20. Prove that 


0 X 

y 

X 0 

z 

y z 

0 

z y 

X 

a* 

a* 

3a* 

2 a 

ft 

ft 

3)5* 



(e + X y) {x + y ^ x). 

[Madras, B,A,] 

[Camb. Sch.l 


= (a ^ ft*. 


21. Show that the determinant 
abed 
d a b c 
c d a b 
b c d a 


{a + b + c+d)(a-b + c-d){[a~c)* ^{b- 

[L(md, P.Sc,] 

22. Show that ^ = o satisfies the equation 


and solve it. 


I 3 5+x 

7 8 4* 9 

$ X 2 X — l+;ir 


' o. 


23. Prove that x ^ 1 is a root of the equation 

1 ^ + 2 3 3 

3 
3 

and find the other two roots. 


24. (i) Solve the equation 


* + 4 5 

5 *■ + 41 

1 = 0 

I 

- 3 

4 

-5 ^ 4- 2 

2 

4 

I 

— 6 


[Land, 


[Lond, B.A,} 


= o. 


(ii) Show that the determinant 


b c 

c — jT = (^ r— 6 — c) (JT — cu6 -■ ctt*c) (x — cu*6 — tac), 


— X 

h 

c ^ X h 
where i, a»» a»* are the cube roots of unity. 


25; Solve the equation 


3 — 2;r 2 6 

4--;r 4 12 

i — X I 4 


26. Prove that one root of the equation 

II — — 6 2 

— 6 10 — JT — 4 

2 —4 6 — 2r 

& 6# anil find i3m other roots. 


[Lond. B.A.'l 

[NSc. Prelim.] 

[tend. 
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27, Solve the equation 

28. Expand the determinant 


a-f4r a — X a x 

a — X a + X — X 

a — X a — X a -{^ X 


X c -j- X b + X 
c + x X a X 
b + X a -j- X X 
and find for what values or value of x it vanishes. 


29. If a, b, c, have all different values and 


prove that abc = i. 

30. Find the value of 


fl* - I I 


b b* b^ ■ 


j =0, 
1 


I + X 
I 
I 


If a, 6, c are all different, and 
prove that abc -f i — o. 


I 

I + y 

1 

a «* 
b 

c 


I 

I 

I + z 

1 -f* a* 

I f 6* 
I + 


31. SoJve the equation 


1 2x I 3^+3 3 

2 4^ + 5 6^ + 5 7 

I 3^ 4 - 6 5 x 6 5 

3 7^+2 3^+4 2 


I a fl* a* 
I 6 b* 
ICC* c* 
I d d* d* 
must be equal. 


32. If 


[Land. B.Sc.] 


[Lonrf\B./ 4 .] 


[Land. B.Sc., Eng.'\ 


=- o, 


= o. 


[Lond, 


[Madras, B,A.] 


■ o, show that two of the numbers a, b, c, d 

[Madras, B.Sc.] 


12*5. Expansion in Terms of Leading Elements 

We consider a determinant of the fourth order, but the method 
is quite general. Let A denote the determinant 

a bi <>1 di 

^2 ^ ^2 ^2 

^3 ^3 y ^8 
^4 ^4 ^4 ^ 

where the leading elements aj, b^, c^, are replaced by a, jS, y, 8 in 
order to give special emphasis to them. The expanded deter- 
minant will consist of terms of the following forms: 

(a) those which contain no leading element ; 

(b) those containing one leading element ; 

(c) those containing two leading elements; 

(d) the term afiyS. 
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Clearly there will be no terms involving the product ajSy, 
except the leading term ajSyS. Hence the expanded determinant 
may be expressed in the form 

^ = A + + ^2^ + thy + 

+ (v^aP + vgay + + v^py + v^ph + v^yS) + apyb, 

where the quantities A, /i, v do not involve a, p, y, 8. In this 
identity write a = j3 = y = 8 = o. Then 
o 

^2 0 ^2 ^2 ( \ 


To determine the value of write p = y 

bi Cl di 

^2 ^ ^2 N \ 


o. Then 


The coefficient of a on the left hand side is 


In a similar way fiz, H'a found. Thus 

o q h ^1 


To find vj, write y 
in the determinant 


, O ^2 /i 4 = 0^2 o 

84 0 O’H &s 

8 = 0 . Then v, is the coefficient of ap 


This is clearly the second order determinant ^ 

Similarly we find 

0^2 0 C 2 0 

1/2 = , V3 = » *^4 = 

84 O o o 

o Cl o bi 

V5 = , *^6 — 

i*8 O o 

Thus the expansion is obtained. 
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It will be observed that each of the determinants in the expansion has 
the leading elements zero. Such a determinant has been called by some 
writers zero-cudal. 


12 * 61 . Multiplication of Determinants 

Theorem IX. — The product of two determinants of any order is 
a determinant of the same order. \ 

We consider the case of two determinants of the third order, but 


<h 

bi 



ai 

Px 

yi 

«i 

b. 

^2 

X 

ag 


72 

«* 

bn 

^8 


"3 

ft 

73 


i 


OjOi + 6102 4 " ctri^ + 61^2 4 " ^1^3 Oiyi 4 " Wyt + 

= 4 - 4 - ^^ 2^3 ^ 2^1 4 ^2^2 4 - Hyi + ^2^2 4 * 

^ 4 4 - CgOa + 63^2 4 - (hVi + b^Vz 4 - ^373 

Observe carefully the method of writing down the elements of 
the last determinant. 

The first column involves the elements of the first column of 
(afi^yz)* other elements of (01)8273), the second column 

involves the elements of the second column of (01)8273), the third column 
involves the elements of the third column Then the first 

element of the first column is obtained by multiplying the elements 
of the first row of (oib^c^) by a^, og, 03. The second element of the 
first column is obtained by multiplying the elements of the second 
row of (oib^i) by oj, og, 03, the third element by multiplying the 
elements of the third row of (oi^g^^a) by oj, og, og. The second and 
third columns are obtained by using )8i, jSg, jSg and 71, 73, 73 
respectively, as multipliers. The method can obviously be extended 
so as to apply to the multiplication of two determinants of any order. 

To prove the result we use the theorem on the addition of 
determinants. Since each column consists of the sum of three terms, 
the detenninant”can be expanded as the sum-of 27 determinants. 

When this has been done it is clear that each column in each 
determinant will have a common factor. Further, after the 
common factor has been removed, some of the determinants will 
vanish because of two columns being identical. There will be two 
types, those which vanish identically and those which do not. The 
following two are typical: — 

*1^* fin 
«j(«i fin - 

«i«i fin 


‘*i«i <h?i hvt 
OfPi 5 ,y, 
*«®i *iA ^in 
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The first determinant is 


^ h H 

, 

63 C3 


while the second is o^jS^ya 


(h (h 
^2 ^2 ^2 

^8 ^3 ^8 


= 0 . 


There will be six determinants of the first type, the other 
twenty-one being zero. The determinants of the first type are 
^ (^^2^3) + ®i^ 3 y 2 X (^^2^3) + ^2)8173 (fri^2^8) 

4" ®2Ayi (^i^2^3) 4" ®3fty2 (^^2^3) 4* ^zP^Yi x 


Interchanging columns we see that 

(^^^363) = (^1^2^3)i (^1^2^3) ^ (W^Z^s) (^^2^3)* 

(qt?2^3) = {aib2Cf^), {cib^^h) = — (^^> 20 ^)- 


Hence the value of the determinant is 
{^PzYs — <hPzY2 - ^aAya 4- ^liPzYi 4- (hPiYz “* ^sPzYi) X KVa) 

= io-iPiYz) X Kfca^a)* 

Since a determinant is unaltered when the rows and columns 
are interchanged it is clear that the product may be represented in 
more than one form. 

We give a brief outline of an alternative method. Consider the 
determinant 



ft 


0 

0 

0 


6 a 

C2 

0 

0 

0 

^3 

63 

Cz 

0 

0 

0 

— I 

0 

0 

<h 

Pi 

Yi 

0 

— I 

0 

02 

Pz 

Yz 

0 

0 

— I 

03 

Pz 

Yz 


which is easily seen on expansion to be the product 
(aj6,Cj) X {oiptYs)- 

To the fourth column add the first multiplied by oj, the second 
multiplied by a,, the third multiplied by a,. To the fifth add ttie 
first multiplied by ft, the second multiplied by ft. and the third 
multiplied by ft. To the sixth column add the first cohum 
multiplied by y,. the second ccdumn multiplied by y„ and the thad 
column multiplied by y,. We obtain 
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Oi 

bi 


Ai 

Bx 

Cl 

«2 

bt 

^2 

A. 

B, 

Ca 

Os 

b» 

^8 


B, 

Cs 

— I 

0 

0 

0 

0 

0 

0 

— I 

0 

0 

0 

0 

0 

0 

— I 

o 

0 

0 


where Aj = A2 = u^di + H~ ^2^3* 

^3 ~ ^ 3 ®l 4 " ^ 8®2 + ^ 3 ® 3 > ^1 ~ 4 " ^1^2 4 * ^Pz, 

B2 = UzPi 4 - 4 ' C2pz> B3 = a^Pi + ^3^2 + ^ajSs* 

Q = ^iVl + ^iy2 ■(" ^iVa* ^2 = ^2^1 4 " ^2^2 4 “ ^2^3. 

C3 = ^zYi 4 - ^aVa 4 “ ^3/3. 

This determinant is easily seen on expansion to be 

4“ ^1^2 4- ^i®3 ^iPi 4“ ^ip2 4" Cip^ a^Yi + &iy2 4- ^^iVa 

4- ^2^2 4 - ^^2®3 ^2pl + ^ 2^2 4 C 2 PZ ^ayi ^“ ^272 + ^273 * 

^3®1 4- ^3^2 4" ^8®^3 ^Zpl 4* ^bPz 4- CqPq a^Yi + ^372 + ^373 

Examples. — (i) By multiplying together the two determinants 

a h g he P fg ch hf ^ hg 

h b f , fg -- ch ca -- g* gh af 

g f c hf — bg gh — af ah -- h^ 

or otherwise, prove that the second is the square of the first. [Camb. Sch.] 

Denote the first determinant by Ai and the second by Ag- Then 

A o o 

AiA* = o A o 

o o A 

where A = abc *f 2fgh — a/* — bg^ — ch*, 

i.e. Ai Ai == (abc -f 2 fgh — ap — bg^ — ch*)^ « Ai®* 

Hence Ai =“ Ai*- 

( 2 ) Show that if the quadratic form 

ax^ + iy* -f cz* + ^fy^ 4- + ^hxy 

is transformed by the substitutions 

X — lyX 4- myV 4- n^Z, 
y == l^X 4- Wjy 4- n^Z, 

2 = /,A 4- WaV 4 - 

into the form 

a'X^ ’hb'Y^ + c'Z^ 4- ^f'YZ 4- 2g'ZX 4* th'XY, 


a* 

h' 

g' 

a 

h 

8 

h 

h 

h 

h* 

b' 


h 

b 

f 

X 

m. 

m. 

S' 

r 

S 

f 

c 

*hi 


«» 


IM.T.] 
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Consider the product: 


a 

A 



h 

h 

^8 



h 

^8 


A 

A 

/ 

X 

mi 

m, 



Wi 

m. 

Wa 

X 


/ 

c 



«g 

«a 


»i 


«a 



a/i -f A/, -f gl^ 

ami 4“ Am, 4- gm^ 

atii 4 * hn^ 4 " gn^ 


Ml 4- A/, 4- 
Ami + fern, 4- /m, 
hrii 4- An, 4- /n. 


g^i + 

^-mi + /m, 4 - cm, 

4- /n, + cn. 


Now multiplying this determinant by 


h Wi 

/, m, n, 
/, m, w. 


we obtain 


a/i* + A/j/, + g/il, 4- 4- A/,® 4- -I- glj^ 4. 4- c/,* .... 

alimi -{- A/jW, 4- 4- M^mi + A/,mg 4- 

+ A»»a + 

cUifii 4“ A/^iW, 4" g^i^t 4" A/,ni 4" A/gW, 4* 4“ g^z^i 

+ A»2 4- c/gn, 


Now 4- Ay® 4 - cz^ 4 - 2 fyz 4 - 2 gzx 4- 2 hxy 

= a (liX 4 - ®»iV 4 - «i^)* 4 - A (/gX -f WgY + WgZ)* 4. c (l^X + w,y 4- «,Z)® 
4 - 2/ {/gJ^ 4 ' WgV + WgZ) (/gAT + m^y 4 - WgZ) -f 2^ (l^X 4. Wgy 4 - WgZ) 

(/iJV' 4- mgy + fiiZ) 4* 2 A (liX + w,y -f «iZ) (l^X 4- mgy 4- n^Z) 

- a'X^ 4- A'ya 4- c'Z* 4- 2 f'YZ 4- 2^'ZAr + 2 h'XY. 


Equating corresponding coefficients, 
fl' = all* 4- A/g® 4- c/g® 4- 2/rg/a 4- 2^/g/i 4- 2A/,/a, 

A' =s aliftti 4" bikini 4“ 4“ 4" 4* 4" g^i^z 4" A/jm, 4* A/gmi, 

g' =s al-j^ii 4“ A/jn, 4^ 4" fl^z 4" 4" g^z^i 4" 4“ A/jW, 4* A/gWi, 



a 

A 



h 

h 

/a 

3 

a' 

A' 

g' 

Hence 

A 

A 

/ 

X 

mi 

mg 

mg 


A' 

A' 

/' 


g 

/ 




»g 

«g 



/' 

c' 


(3) -V Sf = ex’" 4- i 5 »“ 4- y» by considering the square of the determinant 

III 
a P y 

a* p* y® 


that 


5, 5, Sg 

Si S, Sg 

Sg Sg Sg 


(a - ft* (jS ~ y)* (y - a)*. 



III 


I a a* 

Now 

a p y 

X 

I p p> 


a® /5* y* 


t y y* 


T. A., 31. 


33 



514 


Determinants 


3 

0 4" i? 4“ y 

a* 4- ^* + y* 


h St 

a + JS 4“ y 

a* 4 - iff* 4- 

a* 4- i5* 4- y* 

« Si 

St St 

«• + i9* 4* y* 

a* 4* 4- y* 

a* 4- iff* 4” y* 


St Si 


If in the onginal determinant we write a == /5 two columns become 
identical and the determinant vanishes. Hence (a — /3) is a factor, (similarly 
(P — y), (p a) are factors. Since the determinant is of the third degree 
in a, pt y it follows that \ 


I a P y = A (a — /?) (/5 — y) (y — o), where A is independent of a, p, y. 

1 «« P y« 1 

Considering the leading term )?y® and comparing with the corresponding 
term on the right-hand side it is seen that A = i. Hence 

(o - P)* (P — y)* (y - o)* = Si s\ si 

^2 Si 54 

It is clear from the method of argument that this example will generalise. 
Thus for the case of four quantities it may be seen by the same argument that 


si si si Z = (« - /»)• (a - y)» (a - 8)> O - y)* (^ - S)> (y - 8)*, 

Sf S4 Si Si 


where 5 , « a' -f + y" + 


(4) Using the rule for the product of two determinants show that the product 

(;r* 4- y* -1- r* — yeyz) (a* -f 4. c® — ^ahc) 

may be expressed in the form .4* 4 - B* 4 - C* — ^ABC. [Camb. Sch.] 

H A* denote the determinants 

a c h X y z 

b a c , z X y 

c h a y ^ 

then The product 

AiA* is the determinant 

a;ir 4- cr 4- iy ay cx bz az cy bx 

bx az cy by + ax ^ cz bz ay cx 

cx ^ bz ^ ay cy -i- bx + az cz -j- by + ax 

Writing A ax -i- by + cz, B ^ bx -h az + C ^ cx bz -j- ay this 
determinant takes the form 

A C B 

B A C + - 3 ^BC. 

C B A 
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12'62. Adjoint Detenninants 

Consider the determinant A' formed by the cofactors A^. Ag. A,, 
Bi, Bf, Bj, Cl, Cj, C3, which occur in the expansion of the deter- 
minant {fltiftjCg). Thus 



Bi Cl 


Ai A 2 A^ 

A'- 

A 2 B 2 C 2 

= 

Bi B 2 B3 


Az B3 C3 


Cl C 2 C3 


A* is called the adjoint determinant of A = 


«i 

«s 

«8 


W 

f>t 

h 


Cl 

Ca 

c» 


. and 


in a similar way the adjoint of a determinant of any order is 
defined. 


Theorem X. — If A is a determinant of the «th order. A' the 
adjoint detenninant, then A' = A"~^- 

We give the proof for the case n — 3 , but the method is quite 
general. Consider the product A A'- Then 

AA' = 

Ojdj -|- biBi CiCi ^Ai -f- biBf -t- CiCg ^idg -j- biBg -j- 

-|- bfBi -f- CfCi bgBg CgCjj tfgdg -|- bgBi -j- CgCg 

itgdg "b bgBi -t" CgCj <^ 3^2 -t" bgBi C3C2 <*3^2 -I- bgBg -|- C3C3 


Now A 

= ^Ai - 4 * biBi -f- CjCj = ^ 3^2 b^Bi - 1 - ^ 3^2 — -j- b^B^ -j- 


Also ct^Ai -|- b^Bi ^2^1 


= a2 


bt 

b. 



®a C2 

Cg 


+ Cg 


^2 ^2 
63 


^2 ^2 ^2 
^ 63 

is ^8 


= 0 . 


Sixtularly for the other five elements of A A^* Hence 


A A' 


A 0 0 

o A ^ 
0 0 A 


A» 


A’. 
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In general if A is of the nth order, A A' = A”- Thus 
A' - A’^-^ 

Any minor of the adjoint determinant can be expressed in terms 
of the elements of the original determinant. 

Consider, e.g., a determinant of the fourth order so that 


A == 


To determine the leading first minor in A' multiply A hy the 
determinant 




Cl 



A, 

At 

A^ 

At 


h 

C* 

^2 

, A' = 

Bt 

Bt 

Bt 

Bt 

fla 

h 

Ca 


c^ 

C 2 

^8 

c« 

«4 

h 

C 4 

d. 



Dt 

Dt 

Dt 


A" 


I 

o 

o 

o 


A2 A^ 

^2 -^3 

^2 ^3 


A, 

C, 

D, 



Bt 

Bt 

Bt 

= 

Ct 

^8 

Ct 


Dt 

Dt 

Dt 


Then AA"" 

Oi aiAf + ^1^2 ^1^2 H” ^1^2 

a^ <^2^2 ^2-^2 ^2^2 ^2^2 

^3 ^3^2 + ^3-^2 “1” ^3^2 4” 

a^ a^A^ “1“ ^4-^3 “f" ^4^2 ^4'^2 


^v^z + l^iB^ + C 1 C 3 + 

^2^3 + ^zBz "f* ^2^3 "i“ ^2^3 
^3-^3 + ^zB^ + C3C3 + d^D^ 
^^Az + ^4*^3 + ^i^Z +* ^ aBz 


H 


o 

A 

o 

o 


o 

0 

A 


o 

o 

o 


O A 


= «! A^ 


a-yA^ + 61 B 4 + C 1 C 4 + <^ 1^4 

^ 2^4 "I* ^ 2*^4 ^ 2^4 “ 1 “ ^ 2-^4 

^ 3^4 + ^zBa + ^Z^A + ^zBa 

a^A^ + ^ 4-^4 + + d^D^ 


Hence 


B2 B^ 

C 2 C 3 C 4 
B2 B^ D 4 



Note that the argument assumes that A + o- 
Similarly for the case of other minors. Examples of the method 
will occur later, 


12*7* Symmetrical Determinants 

For a discussion of determinants of this type it is convenient 
to take a standard form which exhibits more clearly the symmetry 
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relation between rows and columns. Thus a determinant of the 
nth order may be represented in the form 


«11 

^12 

«1S 


• • 




^22 



• • ^2n 




«32 

^88 


• • ®Sn 

~ (% ^22 ^83 • ' 



^n2 

^nS 


• • «i.n 




Then a determinant is said to be symmetric or symmetrical if 
= ^5^, and to be or skew-symmetrical if 

where r, s = i, 2, 3, . . . n. In the latter case the determinant is 
zero-axial, i.e. the elements in the leading diagonal are zero. For 

dmr = df. 


m i.e. 

dff — 

0. 




a h 

g 



Thus 

h b 

f 

f 



g f 

c 


strical determinants, while 

0 

h 

g 

1 

-h 

0 

f 

m 

-g 

-f 

0 

n 

-1 

— m 

— n 

0 


h g 

b f 
f 0 

m n 


is skew-symmetric. 


Theorem XI.—The adjoint of a symmetrical determinant is 
itself symmetrical. For let A^g and Agr be the cofactors a„, Hgr 
of a symmetric determinant. Then since A^g is transformed into 
Agr by interchanging rows and columns it follows that « A,f. 
Thus, e,g,, consider the third order determinant 


<^11 ^18 ^8 
<hl ^28 ^88 
^81 ^82 ^83 



< h » 

_ «12 <*88 


0ti 

«U 

^22 


<*18 ^88 



On 


1271. An Important Case 

We now prove some properties of the symmetrical determinant 
\a h g\ 



5i8 
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If B, C, F, G, H aie the cofactors of a, b, c, f, g, h, th«i 

(i) BC - F* = aA. CA - G* = 6A. = cA: 

(ii) GH - AF =/A, HF - BG = ^ A. FG-CH == AA- 

It will be sufficient to prove one of each set. Considet first 
CA — G* = A A- Now ' 


CA -G* = 


A G 
G C 


A o G 
H 1 F 
G o C 



a h g 


A o G 

Then A (CA - G») = 

h b f 
g f 0 

X 

H I F 

G 0 C 


oA +hH + gG h aG+hF + gC 
kA + bH -f- fG b hG+bF + fC 
gA + fH -\- cG f gG + fF + cC 


A A o 
o A 0 
0 / A 


= AA*. 


Hence CA — G^ = b^. 


Next consider HF — BG = ^A- 


BF - BG 


H G 
B F 


Now 

o H 

0 B 

1 F 


G 

F 

C 


Hence A (HF - BG) = 


g aH + AB 
/ AH + AB 
c gH + fB 


a h g 


0 H G 

A A / 

X 

0 B F 

g f c 


I F C 

+ gF 

aG -j- AF + gC 

+ /-F 

hG + bF + fC 

-f cF 

gG + fF + cC 


goo 

f A o 

c o A 


= fA*. 


Hence HF — BC =» ^ A- 


We now consider the condiiion that the general homogeneous 
expression of the second d^ee in Btree variables may be mitten as the 
paodutd of two factors Unear in the three variables. 
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The general homogeneous expression of the second degree in 
the three variables x, y. z may be written in the form 

(ufl + + cz* + zfyz + 2gzx + 2 hxy. 

Consider the equation 

ax* + by* + cz* + 2fyz -f 2gzx + 2hxy = 0 
where a + o. Rearranging as a quadratic in x*. 

a** + 2X (gz 4- hy) + by* + 2fyz + cz* == 0 . 

The roots of this quadratic in x are 

* = [- (g* + *>') ± + hy)* ~ a (by* + 2fyz + M*)}%a. 

In order that x may be expressed linearly in terms of y and z 
the expression 

{gz + hy)^ — a {by^ + zfyz + cz^) 

must be a perfect square. This expression may be written in the 
form 

(A* — ah) y® + zyz (hg — of) + (g^ — ac) z\ 

In order that this may be a perfect square 
{hg - af)^ = (A« - ab) ~ ac) 
which simplifies on division by a, to 

abc + 2 fgh — ap — bg^ — ch^ = o. 

Now the determinant 
a h g 

h b f — abc + 2fgh — af* — bg* — ch*. 

S f c 

Hence the condition that the expression 

ax^ + 6 y 2 + 4. 2 /yz + 2 gzx + 2 hxy 

may be written as the product of two factors linear in x, y, z is that 
a h g 

the determinant h b f vanish, 

g f c 


Example,*— Prow thca in a triangle ABC 

sin 2A sin C sin B 

sin C sin 2B sin ^ ^ o. 

$in B sin A sin zC 




Consider the expression: 

£ «»;r*aj»ad 4- sin + r* sin 2C 4* inyzesnA 4- sin P + assy sm v» 
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We prove the result by showing that E can be expressed as the product 
of two factors linear in x, y, z. Now in any triangle A BC, 

sin -<4 sin B sin C . , . 

— r — = k (say). 

a b c ^ 

Using this property, and the identity sin 2 0 « 2 sin $ cos 6 we obtfain 
Elzk « ax* cos A -i- by* cos B -f cz* cos C -f ayz 4* bzx -f cxjy. 

Again, a = 6 cos C + c cos B, 
b = a cos C -h cos A, 
c a cos B + b cos A . 

/. El2k = ax* cos A by* cos B -f cz* cos C ' 

4- (6 cos C 4- c cos B) yz 4* (« cos C -f c cos A)zx 
4- (a cos B 4* 6 cos A) xy 
ss (ax by + cz) (x cos A y cos B -f cos C). 

Hence £ can be written as the product of two factors linear in x, y, z. Thus 

sin 2.^4 sin C sin B 

sin C sin 2B sin A =0. 

sin B sin A sin 2C 

12*81. Skew-Symmetric Determinants 

Theorem XII. — In a skew-symmetric determinant 

(^ll«22«33- • •«nn)» -^r. == (“ 

where and Ag^ are the cofactors of a^g and Ugg, respectively. 

Now Agr is changed into A^g by changing the sign of every 
element and then interchanging rows and columns. Further Agr 
is a determinant of order n — i. Taking out a factor — i from 
each column, it follows that A^g = (— Agr. Thus, e.g. in the 
skew-determinant 


o 

^*1 

«si 


^12 

o 

«a2 


^13 

^28 

O 


«24 

<*34 




1 

^41 

<*42 

<*43 

0 

1 





^21 

0 

<*83 


<*21 

<*81 



= — 

«21 

<*82 

0 

= — 

0 

<*38 

«42 



«41 

<*42 

CO 


<*28 

0 

«4S 


— ^18 — 

<*14 

=( 

-i)« 

<*12 

<*13 

flu 

0 

1 

a 

1 

<*84 

0 

^28 

*24 

-«*2 

0 

— 

<*34 



<*88 

0 

*24 




It follows that if n be even the adjoint of a skew^^syntmetric deter- 
minant is skew-symmetric, while if n be odd the adjoint determinant 
is symmetric. 
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il ■kew-sjmnetnc dettmiiiBm of odd onto 

changed sign and so must be zero. 4 “ «seu with 

Theotem XIV.— a skew-symmetric determinant of even order 
A. ol 1 he“LSrS;ior “ toonoinoirt 

‘hi <ht ‘ha «i 4 


A 4 = 


'21 ^22 ®28 ^24 


»31 


Then -^^1^22 — 0^12^21 = 


a 

^82 
^41 ^42 

^11 

-^12 

-^18 

^14 


■^^21 
-^22 
-^28 
.4 24 


«34 

^44 

0 
0 

1 
o 


Applying the ordinary rule for the multiplication of two deter- 
mmants of the fourth order, and simplif5dng we have 

(*^ii-^22 ■^12*^21) A4 = 



^12 

^13 

^14 


^11 

-421 

0 

0 

« 2 i 

^22 

^23 

^24 

X 

- 4 i 2 

A 22 

0 

0 

^81 

^82 

^88 

^34 

-4 13 

A 23 

I 

0 

^41 

^42 

^43 

«44 


- 4 i 4 

-424 

0 

I 


A 4 

0 

0 

o 


o 

A4 

o 

o 


»ia 

^23 

^88 

^43 


^14 

^24 

^84 


a 


^44 


A4* (^88^44 ^34^43) — ^“34 A4^» since ^1:33 =* = o and 


«34 


» 48 - 


Now All, -^22 2u*e skew-symmetric determinants of odd order 
2Jid hence are zero. Also Ai^ = — ,421, since the adjoint 
determinant of ^ is skew-symmetric. 

Hence A4 = (^12/^34)* and A4 Is a perfect square. 

'The argument may be extended to A«. As, • • •. As»- 
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12*82. Stew Determimiits 

A skew determinant (% fliga ^33 • • • <*n») is one in which 
a„ = — a^r> f, s = I, 2, 3, . . . n and r #5. 

Thus a skew determinant differs from a skew-s 5 mimetric deterijiinant 
only in that it is not zero-axial, i,e. the elements of the lading 
diagonal are not zero. Such a determinant may be reduced to the 
consideration of skew-symmetric determinants. \ 

I ^ a 5 c I 

Tf Ti.. - — fl X ^ ^ \ \ 


Example* — Prove that the shew determinant 


X a 

— a X 

— & - tf 

— c — r 


is equal to x^ (a* -f 6* 4- + /*) + (0/ — + cd)K 

What is required here is the expansion in powers of x. This may be 

obtained directly by expanding along the principal diagonal, i.e. in terms of 
the leading elements. Let A denote the determinant. Then proceeding 
as in S I2'5. 

A = A -j- (/ii -f- ^<-2 + fia "f M4) ^ + (*'1 + *’s • • • + where 


0 

a 

b 

c 0 

d 

e 

— a 

0 

d 

e — d 

0 

f 

- b 

- d 

0 

/■'**= 

-/ 

0 

— c 

— e 


0 




Each of the determinants is skew-symmetric. Thus 

/*i = = Ms = f*4 == 

since the determinants are of odd order. The other determinants must 
be perfect squares. 

From § 1 2-8 1 it follows that 

A = i -b of = 

/ ^ c - f 0 •' 

= (cd + a/ - be)K 

Further, vi —/*, v* = e*, Pf = d*, p^ =» c*, « b*, Pf =5 a*. 

Substituting the values the required result is obtained. 

12*9. Solution of Linear Equations 
Consider the linear equations 

a,* + V + V = <^1 (i) 

+ bty + CgZ = d, (ii) 

+ b^y + CfZ = df (iii) 

in the three variables x, y, z. 

Let A denote the determinant Ai the determinant 

KVs)> As the determinant {Oid^^, A the determinant 
Ai, At, At, Bi, ... the cofactors oi aj, a,, a,, bt, ... in A 
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x suppos^at A + o. Multiply (i) by A^, (ii) by (ifi) by 
and add. Then * \ / j 

X (UxAx + + ^a^a) + y + 62^2 + ^a^a) 

+ z Ml + Ca.42 + Ca^j) = Mi + Ma + Ma • • . (iv) 
Now Ml + Ma + Ma = A. Also 


^1-^1 + ^a^a + ^8^8 — 


61 61 


Ml + Ma + Ms = ^a K ^2 

^8 ^8 ^8 

since two columns are identical in each case, and 
^ 1^1 “t” ^ 2^2 "H” ^8^8 = I ^1 


= Ai. 


Hence from (iv), x/!^ = Ai, i-e. ^ = Ai/A, A =♦= o. 

In a similar way it may be proved that 

y == Aa/A, ^ == As/ A. 

The various cases that can arise when A = are discussed 
fully in the next chapter. 


Examples. — (i) Prove that 
Hence solve the equations 


= (6 - c) (c - a) (a - b). 


X = I 

ax -{- by cz = ^ 

a^x -}- + c^z == k*, 

where a, b, c, h are given, and no two of a, b, c are eqnal. [iV.S<;.] 

The determinant has been evaluated in § 12-61, Ex. 3. Solving the three 
linear equations by determinants, 

X «= Ai/A. y * Aa/A, ^ =* A#/A, where 

I I I I I 

2)^ a b c =s {i> — r) (c — a) (a — fe). 


■ c)(c^ k) (k ^ b). 


a) (a^h). 


Hence ■« (r — A) 
y a? (ife c) 


d» A* I 

6)/(c-aWa-~Jh 

k)l(h^o)\a-b) 
a)l{b - r) (r — 4 - 


« (6 - A) (A -- a) {a 



5*4 


Determinants 


(») U A- 


— + i— V — + — ^ ” I. prove that 
a-\-p^b^v c-\-v * ^ 


;r sa (a + A) (a -f m) (<* + y)/(« — 6 ) (a — c). [Cflw 6 . Sch,] 
The value of x which satisfies the equations is Ai/ A» where \ 



I 1/(6 + A) i/(c + A) 


i/(a + A) 1/(6 + A) i/(c\+ A) 

Af= 

I 1/(6 + ft) i/(c + ft) 

1 i/(6 + v) iflc + v) 

. A = 

i/(a + ft) 1/(6 + ft), i/(cV ft) 
i/(a + f) 1/(6 + v) i/(c + f) 


Hence :r = (a -f A) (a + /i) (a v) A'J A' > where 


hi' - 


I (b 4- /Li) (6 + v) {c + /i) (c 4- v) 

I (b 4- v) (b 4“ A) (c 4 - v) (c 4 - A) , 

I (b 4- A) (b 4“ f^) (c 4” A) (c 4- m) 


A' = 


(a fi) {a + p) (b 4- # 4 ) (^ + v) {c 4- /») (c 4- v) 

{a 4” i') (^4 4- A) (b 4 - 4 A) {c 4 v) 4 A) 

{a 4 A) (a 4 ft) (b 4 A) (b 4 a*) 4 A) (c 4 m) 


In A' subtract the first row from the second and third rows. Then 


A'« 


(a 4 m) (<* + v) (b 4 + »') 4 ft) (c 4 v) 

(A - ft) (« + v) (A - A.) (b 4 v) (A - A*) 4* y) 

(A - v) (a 4 A*) U - v) (b 4 A*) - v) (c 4 A^) 


(A - /i) (A - v) 


(a 4 A4) (« 4 v) 

a 4 V 
a fi 


(b 4 A^) (2> 4 v) 
b 4 V 
b 4 ft 


(c 4 A*) 4 v) 

t^4 V 

c 4 ft 


Subtracting the second row from the third and taking out a common factor, 
A' = (A - m) (A v) 


(a + /*) (a + v) 
a 4 »' 

I 


(b 4 ft) (b 4 v) (0 4 ft) 4 J') 
b 4 c -j- p 

I I 


Now subtract the third column from the first and second columns and 
expand along the third row. Then 

A' = (A - m) (A — v)(ii- v) 

I a* — c* + (;, + v) (a — c) b* — c* + (ii + k) (6 — c) 

^ a-c h-c 


= (A — /*) (A — v) (n — v) (a — «) (6 — c) 

^ja + e+ ^j + K 6 + c + f»+i>| 

- (A - m) (* - r) (,* - v) (a - c) {b -c)(a- b). 

In a rimilar way we find that A'l = (A — /») (A — v) (ft — ») (6 — e). 
# = (a + A) (a + ft) (a + ►)/(a — 6) (a — c). 
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(3) ^***^f*^ all the values ofx.y.z which satisfy the equations 

x+y + z^3, 

a*x + 6^ + ch — a> 4- i» + c*, 
o*Jf + 6*y + = a* + 6» 4- c». 

where no two of Ow numbers a. b. c are equal, and be '+ ca + db 4^ a Show 
also that if be + ca + ab=>o. the complete solution of the equations is given by 
* 4- A(6«-c*). 3- = I 4- A - a»), * = i 4- A (a» _ 6*). 
where A is arbitrary. ^ 

The values of x, y, x are given by 


JL== JL 

Ai A* 


z 


~ where 

A 


Ai 


3 I I 

4 - + c2 fea c2 

a* -f 6* + c* fcS ^3 


Aa 


I 3 I 

a* a* 4- 6» + c» c* 
a» a» 4- 6» 4- c« c* 


As- 


I I 3 

a* 6* fl® 4- fc* + c* 

a* 6* a* 4- -f c* 


A = 


III 
68 c* 
6» c» 


Now A = 


I o o 

a* 68 - a* c* - a* 
a® 6* — a® c® — a® 


5= (& — a) (c — a) 
« (6 — a) (c — a) 


6 + 0^ c 4* a 

6® + a6 4- a® c* 4- ac 4- a* 

6 4- « 5 — 6 

62 4 - £j6 4 - «* {c b) (a + b ^ c) 


{b ^ a){c a) {c 


b) 


b -j- a I 

62 4 - a6 4 - a® a 4 - 6 4 - c 


(a b) (b — c) {c — a) {ab 4- 4- ca). 


Now consider Ai- 

Then on subtracting the sum of the second and third columns from 

I II 


the first we find 


A, 


6® 

6® 


A. 


Since a — 6 4*0, 6 — c +0, c — a +o, ab be ca +0 it follows that 
the only values cix,y,z are i, i, i. 

If 6c 4- 4- ad « o then each of the determinants is zero, so that the 

determinants give indeterminate forms for x, y, z. 

The given equations may be written in the form 
K 4 - 4 - w » o, 

4% 4. 6ac 4. c*t« «* o, 
aht 4“ 4 - 
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whore — I, v=sy 

u 


X, «/ 


rp a* - c* 


ft; 


„„„ (say) (I) 

Substituting in the third equation 

A {a« (6* - c*) + 6* (c* - a*) -f c* (a» - fr*)} =:= o. 

Now «» (6* - c») + (c* - a*) c* (a* - 5 *) \ 

= — (« — fe) (6 — c) (c — a) (a6 4- H- ca). 
Since ab + be -i- ca = o it follows that \ 

A {«» (6* - c*) 4 * 6* (c‘ - a*) 4 - c* (a* ~ 6*)} = o , \ 

of A. Thus the solutions of the equations are given by (lAwhere 


for all values 
A is arbitrary, 


12*91. Generalisation to n Variables 

The method of § 12*9 can clearly be extended to the case of n 
linear equations involving n variables. Thus if we have the n 
equations involving the n unknowns X2, • • •, x^ 

^11^1 + ^12^2 + <* 13^3 + • • • + ^In^n = 

^21^1 + «22^2 + «28^3 + • • • + = ^2 

« 81^1 + ^ 32^2 + ^ 33^3 + • • • + «3n^« = *3 


^nl^l ^i»2^2 “i” ^n 3^3 • • • “f" ^nn^n — 

then = Ai/A. H = A2/A> H == A3/A» • • - i = An/A» 
where A = (%l^22^83« • •^nn)> Al = (^1^22^83* • •^nn)» 

As ~ (^11^2^88* • •^nn)» As = (^11^22^3* • •^nn)i • • - j 

A« == (^11^22^83* • *^n)‘ 

As in § 12*9 special cases occur when A == o. These will be 
discussed in § 1371. 


EXERCISES XII 


33. If 4 - — o, {r ^ j, 2, s) prove that 

{ax^t 4 byiy^ 4 4 4 4 


s=s ^a6c 


^1 * 

yn H 
yt H 


34. Prove that 
H h H * 

<»t &t Ci 


« J 


2 («iCj di») 


«lC, 4 
«!<!$ 4 

a («g^i *3^ 


"t* *" ^^1^2 

2 {a,C2 - V) 
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35. Prove ttrat the square of a determinant of the third order maf be 

A H G * 

represented in the form H B 
G F 

36. Prove that 

a + »6 c + id I I „ _ - y - ‘H _ I A -iB C 

— c+td a — %b \ I y _ ,8 o + «jJ I ~ I — C — tJD A 
where^ saa + ft/S + cy + <f8, B ^ - ab ch - yd. 

C s CO - ya + 68 - /Jd, Z) s 6y - j8c + 08 - od! 

Deduce Euler’s theorem that the product of two sums each of four squares 
can he expressed as the sum of four squares. 

37. By considering the determinants 

H — h ^1 — 

a^ Cj a% — d^ 

^8 ^8 ^8 ~ — ^a 

^4 ^4 ^4 — 64 fl 4 — ^4 

prove that the square of any determinant of the fourth order may be expressed 
as a skew-symmetric determinant. 

a h g 

38. Form the adjoint determinant oi h h f and show that it is 

. . , g f c 

symmetrical. 

39. Prove for the case of third order determinants that the product of 
two adjoint determinants is the adjoint determinant of the product of the 
original determinants. 

40. Solve the equations 

2;r — y — = 4, 

+ 2y - z ^ - 5 

— y -f 2^: = I. [Lond. BA,] 

41. Show how to solve the equations 

a^x 4- 4- c^z = di, 

a^x H- 64^ + c^z = 

4- 4* 

by means of determinants, assuming that 

<*i H 

6a C9 

a^ 63 

Complete the solution for the following numerical case: 

3<^ 4- 5>' - 7^ * 13. 

41? 4- y — I2r « 6, 

2x + gy -- ^ 20, [M.T.] 

42. Solve by the aid of determinants, or otherwise, 

53^ -- 37y 4 , 

22X -h 31 ^ - 99^ « 23i 

99^r — 44y — 37^ 3* [tond. B.SCi 
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43. Prove that if A denote the determinant 

a h g I 

h h f m 

\g f C ^ 

\ I m n o ^ j 

then A ~ — (^/* 4- -f Cw* -f 2Fw« -f 2 Gnl + 2 Hlm), where B, C, 

\a k ^ ' 

Ft Gt H axe the cofactors of at, 6, c, f, gthm the determinant 


44. Prove that 


w 

w 


X y z 

— I y z 

X — t z 

X jv — I 


is equal to 


I ” ” ^ - I 

(» + I) (* + I) 0, + I) (. + I) {i - ^ 


45. Prove that the two quadratic expressions 

g s fl;r* 4- 'ibx + a, g' s a'x^ + h'x -f c\ 
can in general be expressed in the forms 

g s A (^ - a)* 4 (;r - j 5 )», 

g' = A' (;r - a)* 4 ~ 

where {x — a), {x — p) are the factors of the quadratic expression 

I ax b bx c I 
a'x 4 b' b'x 4 c' \ 

Hence find the turning points of the expression {x* 4 4 6;*^ + i)* 

[M.T.] 

46. Prove that the determinant of the «th order 

i4x I— I— X 
I— X i4;r I— X 

1—4? 1—4? 144? 


|i— 4? 1—4? 1—4? 

is equal to ( 24 ?)»“‘ {« — (n — 2)4?}. 


Xi I 00 o 

— I 4?, I o o 

o — 14 ?, I o 

47. If = prove that 


o o o . . , . — I I j 

jo o o., .. o — 

«n =* + «n~** 

48. Show that if fj, Wj, fii, l^t w,, 1 %, m„ ftg are real quantities 

satisfying relations 

Ir* 4 W,* 4 ** I. (*' “ 3). 

V, + «,»», 4- »,»», « O, = I, a, 3: ), 


1 — 4 ? 

1 — 4 ? 

I 4 X 
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then — I ; SlfWif = Xhftftif = Stifl^ o 

I II Ml 

h = ± I. 

h ^8 ^8 [Cam6. ScA.] 

w X y z 

49. Use the determinant ^ ^ ^ ^ to prove the identity 

te;® ;ir* y® z® 

w (y — ^) (8r - (jv - y) - AT - te;) (a/ - y) (y - z) 

y (w -- x)(x — (-ff — a») — (;i? — y) (y — a/) (w -- x) s o. 

Use the substitutions w » at = y = to prove 

that if a, p, y, 8 are any four angles then 

sin (a — P) sin {p — y) sin (y — a) — sin {p — y) sin (y — 8) sin (8 — ^ 

4- sin (y — 8 ) sin (8 — a) sin (a — y) — sin (8 — o) sin (a — p) sin (J 8 — 8 ) = o. 

1 ^1 ~ «2 “■ ^3 

— 61 82 ~ 83 all the numbers a,, a,, 

— Cl — ('2 C3 

8i, . . ., fj ... are positive, and if the sum of the elements in any row is 
positive, show that the determinant is positive. [Madras, B.Sc.] 

51, Prove that the determinant of the wth order: 

cos 6 1 o o . . . . o 

I 2 cos 0 1 o . . . . 0 

o 12 cos ^ I . . . . o 

. . , . , , . . . . . . * . == cos n9, 

o o . • . . 12 cos $ I 

o o . • . . o I 2 cos ^ 


T.A., H. 
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CHAPTER XIII 

MATRICES 


I N this chapter we discuss the properties of matrices, a ket of 
mathematical objects quite different from those we have so 
far encoimtered. Unlike a determinant, we cannot att^ a 
vtUue to a matrix. Matrices are not functions, but we shall \fmd 
that, with certain important exceptions, they obey the ordinary 
laws of algebra, if the operations of addition, multiplication, etc., 
of matrices are suitably defined. Matrices are of fundamental 
importance in both pure and applied mathematics, and we can 
most easily understand their nature by considering some examples. 


13 * 11 . Linear Equations and Transformations 

Consider the pair of simultaneous linear equations 
a^x + biy 

+ hy = c*- 

til hi 

Provided that ^ + o, we can solve these equations for x andy, 

writing each in terms of the coefi&cients a^, a^, 6 j, Cj, c,. This 

method of writing the equations is cumbersome if there are many 
equations and many un^owns, and a natural abbreviation is to 
write them in the form 


The array of elements J is called a matrix. It ccmtains 

two rows and two columns and is therefore called a 2 x 2 matrix, 
or a square matrix of order 2x2 (read 2 by 2). 

j^J is a matrix of order 2x1, since it contains two rows and 

only one column. Such a matrix, containing only a single column, 
is more commonly known as a coUimn vector. Similarly, a matrix 
ccmtaining a single row is called a row vector. 

[oi 1 ^] is a row vector of order 2; it is also a matrix of order 
1X2. 
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The s]i]|^ equation a^x + bxy ^Ci may be written in the fonn 

-f“ b^y is csUcd the ififict pyoduct of the two 

vectors [oi and . The row vector is always written on the 

left of the product and the column vector on the right. 

We return now to the pair of equations represented by 

, [;t][;]-[a 

The two equations can be written separately in the form 

[«1 Q, J = Cj 
K M |j] =c,. 

Thus the first equation is obtained by equating to q the inner 
)roduct of the first row vector of the matrix and the column vector 

The second equation is formed by equating to Cg the inner 

product of the second row vector of the matrix and the column 

vector 

We can abbreviate the form still further if we adopt a different 
notation. We write the original equations in the form 

“t” ^22^2 ^ ^2* 

The variables x, y are replaced by x^, and the equations 
can now be written 


r <hi ^2ir%i ^ 

L^21 ^23 J L^2 J L^2 J 


This notation has the great advantage that the subscripts tell 
us at once the position of the element to which they are attached. 
For examplCi Xj, are the first elements of the column vectom 

respectively, and similarly for the secemd elements. 

^ i$ the dement in the first row and first column of the matrix. 
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aji is in the second row and first column, and so on. The first 
subscript gives the number of the row and the second the number 
of the column. Since a column vector has only one column, we 
usually omit the column subscript and write only the r 6 w sub- 
script. Similarly, for a row vector we write only the (column 
subscript. \ 

We are now in a position to write the equations in a very compact 

form. The column vector J is denoted by a single leiter x, 
and J is denoted by c. 

The matrix is denoted by A, or sometimes by 

L^21 ^22J 

We must now specify the order of the matrix, and in this example 
we say that is a matrix of order 2 x 2 . The equations are now 
written in the form 

Ax = c. 


A matrix, unlike a determinant, is not necessarily square. If 
the matrix A has m rows and n columns, we say that it is of order 
tn X n. Note that the row number always comes first. Suppose, 
for example, that a three-dimensional object is to be represented 
by a drawing on a plane. Three coordinates, say x, y, and z, are 
needed to fix a point in the object, but only two coordinates, say 
X and y, specify the corresponding point in the plane. In general, 
X and Y will each depend on x, y, and z, and we may, in particular, 
have a relationship between them of the following type : — 


.^J L^21 ^22 ^23 J 



The matrix A = is of order 2 x 3 . 


13*12. Matrix Algebra. Addition 

Consider the following sets of equations: 




Matrices 


533 


or y = Ax and z = Bx, where A and B are matrices of the same 
order 2 x 3, y and z are column vectors of order 2, and jc is a column 
vector of order 3. It is important to note that the symbol Ax has 
no meaning unless the number of columns in A is equal to the order 
of the vector x. 

Let w be a column vector of order 2 such that 


^1 == 3^1 + ^i 


and 3^2 = 3 ^ 2 + ^2- 

It is easily seen that 

3^1 = {^1 + ^u) + {^2 + ^ 12 ) ^2 + (^13 + ^is) ^3 


or 


w. 


w 


• (^21 "t" ^21) ^1 "1" (^22 ^22) ^2 (^23 ^23) 

r ^11 ^11 
L ^51 + ^21 


«12 ^12 

£Lna - 4 “ baa 




Now we regard the process of obtaining this equation from the 
two equations y == Ax, z = Bx as one of addition, and we therefore 

define to to be the sum of y and z. 

[an + X is thus the sum of Ax and Bx, which we wnte 

(A + B)x. 

Thus A + B = [a«] + [M = [«« “! 

We may extend this rule to define the sum of any finite number 
of matrices all of the same order. The sum is a matrix of ^ 
same order, each of whose elements is the sum of the corres^ndmg 
elements of the given matrices. The sum does not exist if the 
matrices are not of the same order. 


13 - 13 . Scalar Multiplication 

Suppose that y = Ax, as in the last section, and that 

zi = ky^. 2, = fiVi- 

We write z =ky — kAx. 


It is easily seen that 


_ Tkajx ^*1* 


'X\ 

L%J 


H»ce the dem«.ts of the matrix M 

theconespon(iiigelemehtsofthem.tnx.«bythesoaat». ini. 

is known as scalar muBiplication. r i i 

If we take A = - i, we have - IM - 1 «J- 
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Hence ~ ^ B) === + I*- bi^] == [a^ - 

In particular, if B — - 4 , we have A -- A which we call the mdl 
(or zero) matrix and denote by O. 

A A ^ [% — • a<^], 
so that every element of the null matrix is o. 

There are null matrices of all possible orders m x n. 

The nuU matrix A — ^ is of the same order as A. 

Two matrices are said to be eqi 4 al if and only if they are bf the 
same order and their difference is the null matrix. This implies 
that every element of one of them is equal to the corresponding 
element of the other. 

13 T 4 . Multiplication 

Let us apply two successive transformations to a set of variables 
^3- We first transform to two new variables by means 
of the equations 

yi = + ^ 13^8 

yz ~ ^21% H" ^22^2 "t” ^22^8 
As before, we may write these equations 

y — Ax, 

where x, y are column vectors of order 3, 2 respectively, and A is a 
2x3 matrix. 

We now transform to the variables z,, by means of the 
equations 

h ~ ^nyi + ^i8>'2 ^ pn 

^2 =^b^i + b^i, ^ 

This may be written 

^ ^By, 

where z andy are column vectors of order"2, and B is a 2 x 2 matrix. 

We could transform directly from the variables Zj, Xj, % to the 
variables z^, z^, and, by substituting for y^, y^ from Equations (i) 
into Equations (ii), we obtain the corresponding equations 

h bn (%i% + oiiaZj + ^laZs) + (^21% + ^2*^2 + 

^2 + ^8*8 + ^«) + ^22 + ^8*8 + <*8a%)- 

Simplifying these equations we obtain 

{^% + ^i2^tt) % + + ii2^2t) ^8 + + bnfiaz) ^8* 

z^ sss + ^ 28 ^a) 4 “ (bazfht 4 * ^^ 28 ® 88 ) ^8 4 * ibwflxa 4 * b^n/hi^ 
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If C is the matrix of the transformation, we have 


+ ^ 12^21 ^ 11^12 + ^ 12<*22 
+ ^22^21 ^21%2 + ^22^22 


buO^ + 

^ 21 % + ^ 2 t <^28 J ' 


and z == Cx. 

Now z = By, and y = Ax, so that it is natural to write 


z = B {Ax) = BAx =Cx, 

and we regard the matrix C as the product of the two matrices 
B and A, 

Thus C — BA, in that order. 

We transformed first from 3 variables x to 2 variables y, so 
that A is of order 2x3, and finally from 2 variables y to 2 variables 
z, so that B is of order 2x2. Thus the number of columns in B 
(the left-hand factor of the product) is the same as the number of 
rows in A (the right-hand factor of the product). In exactly the 
same way we see that, whatever the order of the column vectors 
X, y, z, where y = Ax, z = By, the number of columns in B must 
be the same as the number of rows in A. 

Now z == Cx, so that the number of columns in C must be equal 
to the order of x, i.e, to the number of columns in A, and the number 
of rows inC is equal to the order of z, i,e. to the number of rows in B. 

Thus, in general, if B is of order m x n and A is of order n x p, 
the product BA exists and is of order m x p- 

We cannot define the product of two matrices if the number of 
columns in the left-hand factor is not equal to the number of rows 
in the right-hand factor, and we say that the product does not exist. 
We now examine the way in which the product is formed. In the 
above example 


r % ^12 _ r^ii ^12*1 r^u %2 

L^il ^22 L^21 ^22J L^21 ^22 ^28J 

_ r^xAi + ^n^2 + ^12^ ^n®ia + 

L^ 21 % + ^ 22^21 ^ 21^2 + ^ 21 % + 


We notice that 

so that Cii is the inner product of row i of B and column i of 

Similaxly. M « the imi«r ptodact of 

row 1 of B and column 2 of A 
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In general 


Cij 


= biiOif + bi^29 


This can be extended to matrices of any order. Tnus, if 
BA = C, where B is of order m x n, A of order n x p, we\define 
Ci^ to be the inner product of the ^'-th row of the left-hand factor B 
and the y-th column of the right-hand factor A, \ 

M ' \ 

Cij = E 
k = 1 


Hence 


Example8.-(i) [j j] Q ^ 

_r2XI + -IX 2 2 X- 2 +- 1 X 3 2 X 4 + - I X - n 

L3XI+ 4x2 3X-2+ 4X3 3x4+ 4X-IJ 

_ r o - 7 91 

Lll 6 8J' 


( 2 ) 


t l 2 — I“-j p 2 — 1-1 r ® 

3-2 4 2 I U 26 7 . 

o r I J L6 3J L 8 4-J 


It is important to note that, if AB = O, it does not necessarily 
follow that either A == O, or B =0. 


e,g. 




13*15, Non-conunutativity of Matrix Multiplication 

It is clear that neither of the above products would exist if 
the order of the factors were reversed. If B is of order m x n 
and A is of order p x q, BA exists only jf n =p, and AB exists 
only if m = Thus if both products AB and BA exist, and B 
is of order m x n, A must be of order n x m. AB is then a square 
matrix of order n x n and BA is square of order m x m. Hence 
AB and BA are not even of the same order unless w = », in which 
case A and B are both square and of the same order. Then AB 
and BA both exist and are square and of the same order as A 
and B. However, the t/'-th element of AB is the inner product of 
the f-th row of A and they-th column of B, whereas the y-th element 
of BA is the inner product of the «-th row of B and the y-th column 
of A. 
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Hence, AB =# BA in general, and multiplication of matrices is 
not commutative. 


Example.- ^ 

= r 5 >1 B^ = f-** ~ *°1 

Li 3 7J L 13 isj- 

If we denote the y-th element of AB by (AB)if, then 

m 

k ~ i 

(BA),j = S 
k — 1 

AAi which we write A\ exists only if m~n and A is square. 
A^ is also square and of the same order. 

13*16. The Associative Law 

If A is of order m x n, B of order n x p, C of order p X q, 
AB exists and is of order m x p, and 

n 

{AB)ijc — ^ ^iiPhk' 

A = I 

It follows that {AB)C exists and is of order m x q, and 

P 

[iAB)Ch = ^ {AB)aCjc^ 

k — 1 

p n 

=z 2 U (^ih^hi^ki 

^ = I h^i 

Similarly, (J5C) exists and is of order m X and 

P 

(BC)m = ^ bujfijcj. 

^ = I 

Hence, A (BC) exists and is of order w x and 

[A(BC)]ii = ^ athiBC)^ 

h^i 

n P 

= 27 27 ^ihbhjfiki 

h ^ i k ^ i. 
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But the double sum in (iv) is obtained from (iii) by interchanging 
the order of summation. Tbds we may do, since we may rearrange 
the order of terms in any finite series without altering the sum. 

Thus (AB)C = AiBC). j 

It follows that it is immaterial whether we first find and 
then multiply on the right by C, or first find BC and then multiply 
on the left by A. The order of the factors must, of course, remain 
unchanged. We may, without ambiguity, write the product 
ABC. ' 

If A and B are of the same order n x p, then 

(A + B)if — a(f + b{f. 

If C is of order P X q, 

P 

[(A + B)C]{f = Z {flijc + ^ot) Cw 
ft = r 

P P 

ft ss I ft = 1 

= (^C)« + (BC)„. 

Hence {A + B)C =AC + BC. 

Similarly, if B is of order m x n, 

E{A + B)=EA + EB. 


13-17. The Unit Matrix 

In order to build up an algebra of matrices we need an element 
whidi will take the place of the number unity. We seek a matrix 
/ which is such that 

Ix = x for every X. 

If X is of order 3 , then 



This matrix is square and has unit elements in the principal 
diagonal, i.e. the diagonal running from the top left-hand to the 
bottcnn right-hand comer, and zero elements elsewhere. A square 
matrix whose only non-zero elements are in the iHindptd diagonal 
is called a diago^ matrix. The diagmud matrix of order », all 
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of whose diagonal elements are equal to unity, is called the unit 
matrix I of order n. If it is necessary to specify the order we write /*. 
We usually denote the elements of the unit matrix by 8 ,, (known as 
the Kronecker delta). Thus / is given by 

= 0 (»■ + j), S« = I. 

Let Ahsz. matrix of order m x n. 

Then = A. 

tn 

^ = I 

Similarly, AI^ = A. 

It should be noted that for multiplication on the left we need 
a unit matrix of order m x m, whereas on the right we need a unit 
matrix of order n x n. 

If I is of any order, the reader will easily verify that 
/ 2 =/. P^l /!>=/, 
where p is any positive integer. 

13*18. Scalar Matrices 

A diagonal matrix all of whose diagonal elements are equal to a 
number A is called a scalar matrix. 

The scalar matrix of order 3 is 
rx o o“i 
o A o = A/,. 

Loo Aj 

Let A be of order m x n. 

Then A/„.i4 = A^. and /4.A/„ = U. 

Thus multiplication of a matrix by a scalar matrix is equivalent 
to multiplication by a scalar, as already defined. 

Examples.— (I ) Prove that the product of two diagorud matrices of the same 
order is a matrix. 

(2) Prove that the product of two scalar matrices of the same order is a scalar 
matrix. 

(5) //.d « [_J *], 

{t Jr A)* I ^A ■¥ A\ 

+ B)* A* + AB + BA + S». 

{A + B){A-Bi-‘A> + BA~AB~BK 
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pA, o 0-1 

(4) If A is of order 3x3 and B is the diagonal matrix o A, o I , show 

L.O o 

that AB is obtained by multiplying the columns of A by Aj, Ag, A* respectively, 
and BA is obtained by multiplying the rows of A by Aj, Ag, A, respectively. \ 

(5) V '<-[oo]’ 

■“-[oo]' -fl- 

13*21. The Determinant of a Square Matrix 

If ^ is a square matrix, the determinant whose elements are 
exactly the same as those of A, and in the same positions, is called 
the determinant of and is written | A | (occasionally det. A is 
used) . Clearly a matrix which is not square has no determinant. Now 
the rule for the multiplication of two determinants of the same order 
is exactly the same as the rule for the multiplication of matrices. 
Hence, if A and B are both square and of the same order n x n, then 

I I = I ^ 1 X I B I, and | Bi4 | = | B | x \A\, 

so that I AB I = I BXl I, although AB =♦= BA in general. 

13*22. Transposition 

The matrix obtained from A by interchanging its rows and its 
columns is called the transpose of A and is denoted by A\ If A 
is of order m x n, A' is therefore of order n x m, and 


In particular, the transpose of a column vector is a row 


vector a;„], and vice versa. For convenience in printing 

we write a column vector horizontally as follows: 

{^1, AJg, x„}. 

The single letter x is used to denote this column vector, and x' is 
then used to denote the corresponding row vector. If A is square, 
A* is also square, and since the value of a determinant is unaltered 
by intercl^anging its rows and its columns, it follows that \A \ := 1-4' I- 

13*23. The Transpose of a Product 

Let AB = C, where A and B are of orders m x n, n X p 
respectively. Then 
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n 

Cij — S 

A = I 

n n 

C ij Cji = E == E 

k = i A ~ I 

A = I 

C = WA\ or {ABy == 

Thus the transpose of the product of two matrices is equal to 
the product of their transposes, taken in the reverse order. B\ A* 
are of orders p x n, n x m respectively, so that B'A' is of order 

p X m. 

13*24. Singular Matrices 

If A is square and | ^4 | — 0 , ^4 is said to be a singular matrix. 
If I i4 I 4 = 0 , i4 is said to be non-singular, 
li y ^ Ax represents a linear transformation from n variables 
X to w variables y, | ^4 | is called the modulus of the transformation. 
The transformation is said to be singular if its modulus is zero, and 
non-singular otherwise. 

13*25* The Reciprocal of a Matrix 

We have defined the sum, difference, and product of two 
matrices. It now remains to consider the quotient, which may be 
regarded as the product of one matrix and the reciprocal of the 
other. Given a matrix Aj we require to find a matrix A'^^ such 
that AA^^ = /, or A-^^A = L 

Suppose that A is square of order n x n, so that it has a deter- 
minant \ A I Let A he the cofactor of the element a^ in this 
determinant. Then we know that, if i < ^ 

n 

E UijcA ik ^ \ A \f 

k^i 

and ^ ^ikAgk ^ 

A « 1 


Now 


i.e. 
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Let us now fonn a new matrix by replacing each in ^ by An, 
and then transposing. This matrix is called the adjoint of A, 
written adj. A, and is given by 

(adj. A)n — A^- 

This is also square and of the same order as ^4, so that .d\adj. A 
and adj. A .A both exist. 

Now if i + j, 

tt n 

(A. ad]. A)i, = £ aa (adj. A)u = £ ai^A^ = o, 

k=i k=i 


n n 

and (i4.adj. i4)« = £ «« (adj. A)m = £ atiAik = \A\. 

ft = 1 ft = I 


A. ad]. A is therefore a scalar matrix, all of whose diagonal 
elements are equal to | .^4 j. 

Hence i4.adj. A = \A \ I. 

In exactly the same way, using the fact that, if i <n,j< n, 
n 

£ ^uAjei = 1 .^4 I, 
ft = I 

n 

^ ^kiAici = o (» + j), 

ft = l 

we can show that 

adj.A.A = \A\I. 


If A is non-singular, we may multiply by the scalar i/|i4 |, 
and obtain 


^ adj.^ adj. .4 , 

1^1 ” \A\‘^ 


Hence 


A-^ = 


adj. A 

\A\ 


, and a 


-I 


Aji 

lAf 


We have therefore established a rule for finding the reciprocal 
A~^ of a non-singular square matrix A. 

We first replace each element of A by its cofactor in 1 4 1» 
next transpose this inatrix, and we finally divide each eleiMUt 
by |4 j. 
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Bnnqile. — Lti 


*-5 I - I J 
1 44 by Aij we o 

fi-rj] 

.A.ri-i-ii. 

I 4 7 iJ 

we have 

r- * i h 

^ ‘= 3 -4 I 

L- 2 5 iJ 


2 . 


Replacing each dement in ^ by At, we obtain the matrix 

2 6—4- 


and transposing this we have 
adj 

Dividing by | ^4 | « 2 , we have 


The reader will easily verify that AA~^ = A^^A = L 

13*26. Solution of Linear Equations 

Using the reciprocal of a matrix, we can now solve a set of 
simu ltaneous linear equations. We shall illustrate the method by 
an example. 

Consider the three equations 

X + y + 2 Z = 4 
2x—y + 3z=g 
3 * —y — z =2 

in the three unknowns x, y, z. 

We may write these equations Ax = h, 

"I 

* = {x,y,z}, h = { 4 . 9 , 2 }. 


where A 


Now 


so that 


2 

l_3 


I 2 
I 3 . 

1 — i_ 


17 and 




r4-i 5 -] 
adj. = II — 7 I j • 

Li 4 - 3 j 

r4-i 

II -7 
Li 4 - 


5 

I 

3-1 


If we multiply each side of the equation on the left by A~\ we 
obtain 

A'^Ax = A-^h. 
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But A^^.Ax = A^^A.x = /jc = :c, so that 

X = A^^h = iV 

Hence a; == i, jy 
Examples, — 

(1) ^ = r 2 

I 3 

evaluate A~~^B and and show that each of these products is the reciprocal 

of the other. 

(2) Prove that the reciprocal of a non-singular diagonal matrix is a non- 
singtUar diagonal matrix. 




adj. A 


13'27. Uniqueness of the Reciprocal 

We have found a reciprocal A-^^ = square matrix 

At and we now show that this is the only reciprocal. Suppose B 
is another reciprocal, so that AB = /. 

Then A^^) - A'^A (B - A-^) 

- A-^ (AB - = A~^ (/-/)= O. 

Hence B = A-'K 


Thus A^^ is the only right-hand reciprocal of A, and it can be 
shown similarly that it is the only left-hand reciprocal. We 
showed earlier that, in matrix algebra, AB = O does not necessarily 
imply that either A = 0 or B ==^0. 

We can, however, assert that if A is square and non-singular, 
and AB = O, then B =0. 

For, if A is non-singular, A-'^ exists, and we have 

A-^ (AB) - (A-^A) B ^ IB ^Bt 
and A-^(AB)^A-^O^Ot 

so that S —O. 

Similarly, if B is square and non-singular and AB == O, then 
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13-28. The Reciprocal of the Product of Two Matrices 

If A and B are non-singular square matrices of the same order 
and 5"^ exist, and 

(AB) (B-^A-^) = A (BB-i) A-^ = AIA-^ = AA-^ = /. 

Hence B ^A ^ is the unique reciprocal of AB, i.e. 

(AB)~^ = 

Similarly (ABCy^ =C-^B-^A-^\ etc. 

Thus the reciprocal of the product of any number of non-singular 
matrices is the product of their reciprocals in the reverse order. 


13-29. The Reciprocal of a Transpose 
Let A be square and non-singular. 

Then a- = and . 

" 1^41 ' 1^1 

But (aV' = — ' 

' I A' \A\' 

Hence (A-^)' =(A')K 

The reciprocal of the transpose of a matrix is therefore equal to 
the transpose of its reciprocal 


13-31. Some Special Types of Matrices 

If A' = Af we say that A is symmetric. This implies that A is 
square, and Thus the matrix is symmetrical about its 

principal diagonal. 

If yl' = — A, we say that A is skew symmetric. A is again 
square, and = — a^i. In particular, = — an, so that 
an == o for every i. Thus the principal diagonal contains only 
zero elements. 

The elements of a matrix are not necessarily real numbers. 
The matrix obtained from A by replacing each element by its 
complex conjugate an is called the conjugate of A» and denoted by 
A. If 'A' = A, the matrix A is said to be Hermitian. Hermitian 
matrices are of importance in some branche^f physics. 

If A is real and Hermitian, then A^A ^ A\ so that a real 
Hermitian matrix is symmetric. 

If - A, then A is said to ht skew Hermitian. A real 
^ew Hermitian matrix is skew symm^ric. ^ 

It is easily seen that A ^ A, and (AY === (A'}. 

T.A., II. 


35 
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Examples^ — (x) If A is any matfix (mi necessarily square), AA' is symmetric, 
and AJXf is Hermitian. 

(2) Ifx is any column vector of order n, x*x is a scalar, bi*t xxf is a symmetric 

n X n matrix. . 

(3) If A is Hermitian, iA is shew Hermitian (i* = — i). j 

(4) If A is any square matrix, A* A is symmetric, and A' A is skew 

symmetric. \ 

13‘32. Orthogonal and Unitary Matrices 

Suppose that %, x„ x, are the rectangular Cartesian coorc^ates 
of a point P in space. We may regard these as the elements of a 
vector X of order 3. If 0 is the origin, 

OP* = * 1 * + x,^ + *8* == x'x. 

Now suppose that the origin remains fixed, but the axes are 
rotated about it in such a way that they remain rectangular. If 
yi, y,, y, are the coordinates of P referred to the new system, it is 
well known that 

yi = + «,*, 

jVg = fgXj + m,x, + 

ya = ^8*^1 + 

where (I,, mi, Mj), (/„ m„ n,), {l,. m„ n,) are the direction cosines of 
the new axes referred to the old. 

Thus the vectors x and y are connected by a relationship of the 
formy = Ax, where .<4 is a 3 x 3 matrix. 

Now OP* = yi* + y8* + ya* = y'y — (Ax)' (Ax) 
==(,x'A')(Ax)=^x'(A’A)x. 

But OP* = x'x, so that A' A = I. 

Writing this in the form 

r h I, ia“] «i”|~ ° °"1 

I mim,m, I I, m, n, 1=1 010 j 
L«i »a «aJ ♦»8 «aJ Lo 0 I J 

W6 see that it is equivalent to the six familiar relations 

It ^ -t- f,* = I, + l,m, + = o, etc. 

In two dime nsio ns, a rotation of axes through an an^ 9 is 
»|uivalEnt to the transformati(ai 

yj = Xj cos d + X, sin ^ 
y, = — sin ^ + X| cos#, 
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so that in this case 

^ _ r cos ^ sin ffT 
[_— sin cosflj’ 

The reader will easily verify that A' A — /. 

We use the same geometrical language to describe the corre- 
sponding algebraic process when the order of * exceeds 3 . We 
regard the elements of the real column vector jc = Xj, . . . , x„} as 
the rectangular Cartesian coordinates of a point in a space of n 
dimensions, and x * = Xj* -j- Xj* 4 - . . . as the square of the 
distance of this point from the origin. If we now refer the point 
to a new set of rectangular axes with the same origin, and iiy— Ax 
is the equation of the transformation, then y’y = x'x, and, as in 
the 3 '^^hncnsional case, we have A' A — I. A square matrix A 
for which A' A = / is called an orthogonal matrix. Hence A' = A~\ 
and therefore AA' = I also. 

We may generalise this process when the elements of the column 
vector X — {x^, Xj, . . , , x„} are not necessarily real. We then 
define the length of the vector x to be 

x'x = |xi*| 4- ivi + ••• + 

If we now apply the transformation y = Ax, we have 
y'y = (iry.(i4x) = 'i'A'Ax, 

Thus y'y — x'x if, and only if. A' A = /. A square matrix A tor 
which A'A = / is called a unitary matrix. A' = A~^, so that 
AA' = / also. 

13*33. Elonentaiy Ttansfonnations 
Consider the product 


<*13 

"“10 0 % <*18 **12 

**28 

0 0 1 = <*21 **28 <*82 

— <*3 l ^32 <*38— 

I 0 ^ L **81 <*88 **82— 


The second matrix on the left is obtained by interchanging the 
second and third columns of the unit matrix, and the effect of 
multipl 3 ring a matrix A by this matrix on the right is to interchange 
the seoMid and third columns of A. The modified unit inatife is 
also obtahied by interchangii^ the second and third rows of the 
unit matrix, and it is easily seen that the ettect of multiifiyins <<4 
by ibis matrix mi the left is to intwchange the second and 

rows of We can generalise this rendt. 
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Let be the matrix obtained by interchanging the p-^th 
and q-th columns of A. Then it is easily seen that 

^(PQ) I 

We note that and == = L I 

Similarly, A'(pg) =A'Ifpgy and transposing this equation gives 

(^'(pa))' =^'(PQ)^ \ 

The matrix on the left is obtained by interchanging the p-th 
and q^-th rows of A. 

Now suppose that we rearrange the order of the columns of A 
in any way whatever. We can suppose this done in a number of 
steps, each step consisting of the interchange of two colunms. 
Each interchange is achieved by post-multiplying ^4 by a matrix 
of t 5 rpe I(pg}, so that the whole rearrangement can be effected by 
postmultiplying by a matrix Q, which is the product of matrices 
of type /(^j. 

Now \I{wi)\ =*= o (it is, in fact, either + i or — i). 

Hence 1 Q | 4= o; i.e. Q is non-singular. 

In the same way we can rearrange the order of the rows of A 
in any way whatever by pre-multiplying by a suitable non-singular 
matrix P. Combining these two results, if B is a matrix obtained 
from A by rearranging its rows and also its columns in any way, 

then B == PAQ, where \ P \ 4= o, \Q\ + o. 

We note that if A is of order m x », P is of order m x fn,Q 
of order n x n, and B of order m x n. 

Now consider the product 

r ^2 r* I A o“i xon + ^3 

I ^21 ^22 ^23 11 0 1^ I ^21 A^21 "4" ^22 ^23 

^82 ^ J ^ ^ I L^l + 0^2 

The second matrix on the left is obtained by adding to the 
unit matrix a single element A in its ist row and 2 nd column. Post- 
multiplication of A by this matrix has the effect of adding A times 

its first column to its second column. Pre-multiplication of A by 
this matrix would have the effect of adding A times its second row 
to its first. The modified unit matrix has determinant 1 . 

This result can be generalised as in the last example, and we 
sec that adding to any column of ^4 a linear combination of any of 
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the other columns of A is equivalent to post-multiplying by a non- 
singular matrix Q. 

I Q t = 1 , since Q is the product of square matrices each of 
determinant i. 

A similar result holds for rows, the transformation being 
equivalent to pre-multiplication by a non-singular matrix P whose 
determinant is i. 

Finally, consider the product 

011 0^2 r"i o n* 110^2 

«21 ^22 ^23 II O fl 0 1=1 «21 M^22 ^23 | • 

L^31 ^32 ^33 J L.0 O I J L^31 /^2 

The second matrix on the left is obtained by replacing the second 

unit in the principal diagonal of the unit matrix by /x =♦= o. The 

determinant of this matrix is /x, so that the matrix is non-singular. 
The effect of post-multiplying A by this matrix is to multiply the 
second column by /x. The effect of pre-multiplying is to multiply 
the second row by /x. The result can be generalised as in the last 
two examples, and we see that, if B is obtained from A by multi- 
plying its ^i-th, . . . columns by the scalars /Xj, /xg, ... and its 
^'j-th, • • • rows by the scalars Aj, Ag, ... respectively, then 

B = PAQ, where \ P \ + 0 , \Q \ + 0 . 

The following three types of transformation of a matrix are 
known as elementary transformations: — 

(1) Interchange of any two columns [or rows), 

( 2 ) Addition to any column {or row) of a multiple of any other 

column [or row), 

( 3 ) Multiplication of any column {or row) by a scalar. 

Any transformation of a matrix which could be carried out by 
a succession of elementary transformations is known as a chain of 
elementary transformations. Combining the above results, it is 
clear that a chain of elementary transformations of a matrix A is 
equivalent to a transformation of the type 

PAQ, where | P | 4 = 0 and | 2 | 0 . 

13*41. The Minors of a Matrix 

Let A be any matrix of order m x n, and let r be any integer 
less th^ or equal to the lesser of the two int^ers m and n. If 
we now delete from A all elements except those beloi^ing to a 
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particular set of r columns, and also to a particular set of r rows, 
we are left with a square r xr matrix. The determinant of this 
matrix is called a minor of order r of A, For example, the 3x3 
matrix A has i minor of order 3 (viz. the determinant of id itself), 
9 minors of order 2, and 9 minors of order i. | 

Suppose that r <m and r <n, and that every minor ^ A of 
order r vanishes. Now any minor of order r + i can be ex|i|mded 
by, say, its first row, and the cofactors of this row are all 4|dnors 
of order r, and hence all zero. Thus every minor of order + i 
also vanishes. By continuing this argument we see that, if all 
minors of A of order r vanish, then all minors of higher order also 
vanish. 

Any matrix formed from a given matrix A by deleting some of 
its rows or columns, or both, is called a suhmatrix of A. Thus 
every minor of A is the determinant of a submatrix of A, The 
submatrix consisting of elements of the first r rows and the first 
r columns of A is called the leading submairix of order r. Its 
determinant is called the leading minor of order r. 

We now define a concept which is of importance in the solution 
of sets of linear equations. 

13*42. The Rank of a Matrix 

If i 4 is a matrix of order w x «, all of whose minors of order 
r + I vanish, whilst at least one minor of order r does not vanish, 
A is said to be of rank r. 

Clearly f < m and r <,n. 

The null matrix has all its elements {ix, minors of order i) 
zero, and we regard it as having rank 0. All other matrices have 
at least one non-zero element, and are therefore of rank > i. 
If .4 is square of order n x n, and if )^A\ +0 (.i.e A is non- 
singular), A is of rank n. If A is singular, ] /! | =: o, and r <n, 

Bscamples. — (i) A null vector is of rank o; a vector which is not null is of 
rank i. 

(a) The rank of a diagonal matrix is equal to the number of its non*xero 
Aments. 

(3) P is the matrix r"o o o • Prove that P is of rank and that 

1 I o o o I 

I O 1 Q O I 

lo O t oj 

P*# P*, P* are of rank a, i, o respeetwely . 
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13*43. Rank of a Matrix is Unaltered by Elementary 
Transformations ^ 

A determinant is unaltered, except possibly in sign, if we 
interchange two rows (or columns). Hence, if a matrix is subjected 
to an elementary transformation of type (i) (see § 13*33), its minora of 
any order are the same as those of the same order of the original 
matrix, except that some may have different signs. In particular, if 
all minors of a given order vanish, all minors of this order of fte 
transformed matrix also vanish. If at least one minor of a given 
order does not vanish, then at least one minor of the same order of 
the transformed matrix does not vanish. Thus the rank remains 
the same. 

In the same way we see that an elementary transformation of 
type (2) leaves all minors unchanged, and that one of type (3) 
leaves some minors unchanged, and multiplies the remaining minors 
by a non-zero number. 

Hence the rank of a matrix is unaltered by elementary trans- 
formations. 

13*44. Solution of a Set of Homogeneous Linear Equations 

If il is an m X n matrix and x a column vector of order », 
the matrix equation Ax = O is equivalent to a set of m homo- 
geneous linear equations in the n unknowns Xj, Xg, . . . , 

X = 0, i.e. Xj = Xg == ... = = 0, clearly satisfies the equations, 

whatever the matrix A. This solution is called trivial. We seek 
non-trivial {i.e, non-zero) solutions of these equations, when they 
exist. The solution will not be unique. For, suppose that Xi, Xg, 

* . . , satisfy the equations. Then, since the equations are 
homogeneous, Axj, Axg, . . ., also satisfy them, for all values of A. 
In matrix notation, if jc is a solution, so is Xx for all values of the 
scalar A. We now prove the following important theorem. 

Theorem L~If i4 is a matrix of order mxn and rank r, and x 
a colmnn vector of order n, the equations Ax = O have a non-tiiyial 
solution ij^ and only if, r < n. 

(i) Necessity.— Suppose that a non-trivial solution x exists. 
Let us suppose t h at r « w. Since r this implies th^t m > n. 

There is at leas^ one non-zero minor of A of order We may 
therefore suppose that the order of the equations is arranged in 
such a way that the submatrix An pf consistmg of its first ft 
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rows, is non-singular. The first n equations may then be written 
AnX = O, where \An\ + o. 
exists, and we have 

O — A^ {Anx) = {A^A^ X = /x = X. 

But X 4 = 0, by hypothesis. 

This contradiction proves that r 4 = n. 

Hence, since r < », it follows that r <n, 

(2) Sufficiency. — Suppose that r < w. 

A has at least one non-zero minor of order r, and we may 
suppose the order of the equations and the order of the unknowns 
to be such that the leading submatrix A^ of order r is non-singular. 
Ar^x, the leading submatrix of order (r + i) x (r + i), is, however, 
singular. 

Let Xj, X2, . . . , Xr^x the cofactors of the elements in the last 
row of the determinant of Ar^x> the remaining elements of 

X be zeros. Now = ± 1 I o, so that x is not null. 

The inner product of any of the first r row vectors of A^^x 
the column vector {x^, Xg, ...» x^+i} is zero, since it is the sum of the 
products of elements of a row of a determinant and the cofactors 
of another row. 

By the definition of x^, Xg, . . . , x^+j, the inner product of the last 
row vector of Ar^x with {xj, Xg, . . x^+j} is ] Ar+x I = o. 

Thus Af+x {Xi, Xg, . . . , X;.^i} = O. 

Since every minor of order r -f i is zero, the minor formed by 
elements from the first r + 1 columns of A, and the first r rows and 
any one other row, vanishes. 

But Xj, Xg, . . . , Xf,^x the cofactors of the last row of 

this minor, so that the inner product of this last row and the vector 
{^,Xg, ...,x^+Jiszero. 

We have thus shown that the inner product of the vector formed 
by the first r + x elements of any row of A and the vector 
{%,Xg, ...,x^^.i}iszero. 

Since the remaining elements of x are zeros, it follows that the 
inner product of any row vector of A and x is zero. Thus Ax »== O, 
and we have found a non-zero solution of the equations. 

The theorem is now proved. 
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If the number of equations m is equal to the number of unknowns 
n, the condition r <n reduces to the familiar form | i4 | = o. 

If there are fewer equations than unknowns, i.e. iim <n, then 
f is certainly less than w, and the equations always have a non- 
trivial solution. 

If w > w, the condition is satisfied only if every matrix formed 
from n rows of the matrix A is singular. 


13-51. Linear Dependence 

Let Xi, JC 2 , . . . , be a set of vectors all of the same order. If 
they satisfy an equation of the form 

qjCi + ^^ 2^2 + * • =0 (v) 


where the scalars c^, . . are not all zero, then the vectors are 
said to be linearly dependent. Note that the zero on the right of 
the equation is the null vector of the same order. If, on the other 
hand, no such relation exists, i,e, if the Equation (v) is satisfied 
only if Cl = C 2 = . . . ^ c„ = 0 , the vectors are said to be linearly 
independent. 

Let i4i, An be the column vectors of the mxn 

matrix A. These columns are linearly dependent if there exist 
scalars q, C 2 , . . . , not all zero, such that 


CiAi + ^ 2^42 + • • • + ^nAn — 

Since each vector is of order w, this is equivalent to m equations 

in the n unknowns c„ c, c„. These equations may be wntten 

Ac = O. where c - K, c,. . . .. c„}. Thus the columns of .4 are 
linearly independent if, and only if, the equations Ac-0 have a 
non-trivial solution. 

In the particular case when A is square, its columns are hnearly 
dependent if, and only if, M 1 = o. 

Now if 1 1 = 0, I i4' I = M 1 == 

"'•in .he 

a is ehy « X o. ss^i. ^ 

tains r, and not more than n linearly independent columns. The 
same is true of its rows. . , . , „fnrdihrr 
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the other hand, every minor of order r + i vanishes, so that no set 
of r + I columns of A can be linearly independent. Similarly, 
the r rows of A which contain Ar are linearly independent, but no 
set of r + I rows is linearly independent. I 

We could therefore define the rank of a matrix to ^ the 
maximum number of linearly independent rows (or columns) pf A, 
This definition has been shown to be equivalent to our previous one. 


13*52. Equivalent Matrices 

Two matrices are said to be equivalent if it is possible to pass 
from one to the other by a chain of elementary transformations. 
If A and B are equivalent we write A'^B. By § 13*43, ^ and 
B.have the same rank. 

To determine the rank of a square matrix A we replace it by 
an equivalent matrix B, all of whose elements above the leading 
diagonal are zeros. | B ] is then the product of the leading diagonal 
elements, and we can determine the rank by inspection. 


Example . — Find the tank of 



1-3 10 — 30J 




(by interchanging ist and 3rd rows) 

(column 2 + 2 X column i ; 
column 3 — 8 X column i) 

(colunm 3 4 - 3 X column 2). 


|B|«i X3Xo=so, so that B is of rank less than 3. 
The leading minor of order * is | ^ ^ | 3 o- 

Hence the rank of B, and so also of A, is 2 . 


The object of interchanging the first and third rows of A was 
to bring the element i into the leading position. If there is no 
unit etement, we begin by bringmg the simplest element into 
position. This simplifies the subsequaat arithmetic. 

method can be modified to find the rank of a 

matris:. 



MATiaCES 


555 


Example. — Find the rank of 



A 



I II 3 5-1 

I 13 5 II I (interchange ist and 3rd columns) 

4 2 — 2 — 8 J 


I o o O-n 
I 24 8 16 

4—42 — 14 — 28 J 


(from columns 2, 3, 4 subtract 1 1, 3, 5 
times column i respectively) 



(divide columns 2 , 3. 4 by 6. 2, 4 
respectively) 


I o o o-n 

I 4 o o I (subtract column 2 from columns 3, 4). 
4 — 7 o o J 


Every minor of order 3 has a zero column and so vanishes. 


The leading minor of order 2 is ^ 4 o. 

Hence A is of rank 2. 


13*53. Vector Spaces 

We next show that, if are « linearly inde- 

pendent vectors of order n, we can express any other vector of 
order « as a linear combination of these w-vectors. Since the 
column vectors of any non-singular n x n matrix are linearly 
independent, we can certainly find n linearly independent «-vectors, 
and there is an vmlimited number of such sets. Consider, in 
particular, the columns of the unit matrix Let these be e‘^’, 

.(t) «(n) 

Thus g(i> = {1,0,0, ...,0} 

«(*> ={o, I, 0, ...,0} 


={0,0,0, .... i}. 

These form one set of « linearly indepei^dent n-vectors. since 
I /i, 1 + 0 , an4 we can express any «-vector x = {%, **, . . . , *»} as 
a linear combination of 

Qearly x == + • • • + x„e^”K 

We now prove this result in the general case. • . 

Ut A be the matrix whose column vectors are the a hneaiiy 
indqiendiWit w-vectors 
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Then A is square and non-singular, so that exists. 

Let y ~ {^1, y2, yn} be any w- vector, and consider the 
matrix equation Ac = jy, where c = {cj, Cg, . . . , c„}. ? 

Multipljdng each side by on the left, we have 

A- iy ^ (Ac) = (A~^A) c = c. 

If c is null, this would imply thaty = Ac is null. 

Hence, if y is not null, there exists a non-null vector c ~ A~'^y, 
such that =y. 

But this is equivalent to the relation 

+ . . . I- 

where Cj, Cg, . . . , are not all zero. 

Consequently, if y is not null it can be expressed as a linear 
combination of . . ., 

Let us consider what this implies if the vectors are of order 2. 
If X = {Xi, Xg}, we may regard Xj, Xg as the Cartesian coordinates 
(not necessarily rectangular) of a point P in a plane, and x as 

representing the vector OP (0 being the origin) with components 
of magnitude Xj, Xg respectively in the directions of the axes. Let 
y = {yj, represent another point Q. If x and y are linearly 
dependent, this implies that c^x + Cgjv = O, where and Cg are 
not both zero. If Cg = o, then c^x == o, so that q = o also if 
X =♦= O, contrary to h5q)othesis. Hence Cg 4 = o, and we may write 

y = — Ci/Cg.x, or y = Ax, where A 4= 0. 

This implies that y^ = Axj, yg = Axg, so that y^/yg —Xj/xg. 

Hence the lines OP and OQ coincide. 

Thus two linearly dependent 2-vectors have the same direction 
in a plane. Conversely, if x and y represent the same direction, 
y = Ax and x and y are linearly dependent. Linearly independent 
2-vectors, on the other hand, represent different directions in a 
plane. 

We have shown that, if x^^^ and x<*^ are linearly independent 
2-vectors, then any 2-vector y can be expressed in the form 

y = CiX<^* + CgX^*^ 

This is equivalent to the well-known result that any vector in 
a plane can be decomposed into two components, one in each of 
two given directions. 
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The totality of all vectors x — Xg} obtained by giving x^ 
and Xg all possible values may be regarded as corresponding to the 
whole plane, or two-dimensional space. 

The same argument may be used for three dimensions. Thus 
the totality of all vectors x == {x^, Xg, %} corresponds to the whole 
three-dimensional space. 

If x^^\ are three linearly independent 3-vectors, 
(i.e. in three different directions), any 3- vector y can be expressed 
in the form y = + CgX^^^ + 

We may therefore also say that the totality of vectors of the 
form + CgX^^^ + CgX^^\ where are linearly 

independent, is the whole three-dimensional space. We use the 
same geometrical language for vectors of higher order. We 
say that the totality of all n-vectors form the vector space of 
n dimensions. Alternatively, we may regard as consisting of 
all vectors c^x^^^ + CgX^^^ + . . . + where 

are n linearly independent n-vectors. We say that the space 
is spanned by the vectors or that these vectors 

form a basis for The basis is, of course, not unique. 

13 * 54 . Veaor Subspaces in jR„ 

Suppose that L is a set of n-vectors containing at least one 
member, and suppose that : — 

(1) If X belongs to L, then he also belongs to L, where A is any 

real scalar, 

(2) If X and y belong to L, then x + y also belongs to L. 

Then L is called a vector subspace of i?„. 

As a spyecial case it may, of course, be the whole space 
For example, is spanned by the unit vectors 
Let L be the set of all vectors of the form 

+ . . . + (* < 

where all the c's are real. It is immediately obvious that conditions 
(1) and (2) are both satisfied in this case, so that L is a vector 
subspace of R^. We say that L is spanned by the vectors 

if n U 3* k = 2, all the vectors of L lie in one of the planes of 
reference. If x and y are any two linearly independent 3-vectors, 
the space L of vectors of the form + Cgy is a vector stAspace 
of the whole three-dimensional space, viz. the plane of the two 
vectors x and y. 
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Example. — Express the vector {—3, 16, — 7} in terms of ihf ikree Uruarty 
independent vectors {2, 3, i}, {— i, 3, o}, {4, — 2, 5}. . 


Let A be the matrix 
given linearly independent vectors. 


[3 -3 -j], 

Ui o 5J 


whose columns are the/ three 


2—1 

4 

3 

^2 = -- ] 

r ^5 

5 — lo- 

- A - 17 

6 16 

* — 3 

*- 1 9. 

A {^^ 1 , Cj, Cj) = { 3» 

— 7}, then 


{cis c^s c,} ^ 3. 16, - 7} 

15 5 ~ 3 - 


5 -10-1 r- 3-1 r 105-1 

-j’-t 


3-1 9 

= { 3 . I. - 2). 

Hence {- 3, 16, - 7} = 3 {2. 3 . 1} + {— i. 3 . 0} - 2 {4. - 2, 5}. 


13*61. Any Non-singular Square Matrix is Equivalent to the Unit 
Matrix 


On flij ... 

Let A ^ ^ I ^ ^ 


l_«nl ^n2 • * • 

By subtracting suitable multiples of the first column from each 
of the other columns in turn, we can reduce this to the form 

o o . . . o * 

^22 ^28 • • * ^ 2n 

b—^nl ^rt2 ^na • • • ^nn- 

in which all elements of the first row are zero except the first. 
Next, by subtracting suitable multiples of the second column 
from each of the other columns in turn, we obtain 


% 

0 

0 

0 

0 


0 

... 0 

% 



• • • 

emaPfSL 



• • • ^nno-m 
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in which all elem^ts in the second row are zero except the second. 
Continuing in this way, after n stages we reach an equivalent 
diagonal matrix of the form 


% 0 0 

O ^22 ® 

0 O C38 



poo 


A is of rank n, and since rank is unaltered by elementary trans- 
formations, the diagonal matrix is also of rank n. Thus 

<*11 ^22 ^33 ... 4 = 0 , 

and we may now divide the n columns by c. 

respectively, obtaining the unit matrix 

All the above operations are elementary operations on columns, 
and are therefore equivalent to multiplying A on the right by a 
suitable non-singular matrix P. 

Thus AP = /, where \A \ + o, ] P | 4= o. 

Hence A = 


But the inverse of an elementary transformation is clearly an 
elementary transformation of the same type, so that, since P 
represents a chain of elementary transformations, its inverse P*^ 
also represents a chain of elementary transformations. We have 
thus shown that any non-singular matrix A is equivalent to a chain 
of elementary transformations. 


13’62, Partitioned Matrices 

It is sometimes convenient to ''partition*' matrices into sub- 
matrices. For example, suppose A is dSi m x n matrix, and 
p and q are integers such that p <m,q<n. 

On a^% . . . Oi « : «i, q+i (h* 2+2 • • • ^i»n 


- 1 - '*4 

We draw a horizontal line between rows ^ and ^ + 1,^ and a 
vertical line between columns q and q + thereby diiddii^ &e 
matrixittto four submatrices. 
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We write 



where Ai, A2, A^, A4 are of orders p X q,p x [n — q), {m — p)\x q, 
{m -- p) X (n — q) respectively. 

We may partition the columns only, and write 

A = Ml A2I 


where A^, A^ are of orders m x p, m x {n — p) respectively. \We 
may partition the rows only. \ 


The w-vector x may be written x — 


fx^^n 

I contains 


p elements, x^^^ contains n — p elements. 

Consider the set of m homogeneous equations in n unknowns 
given by the matrix equation Ax — O. 

A is of order m x n, x of order n x The zero on the right- 
hand side is a null vector of order w. 

Let us partition A and x as follows: — 


A = Ml A2I 



where Ai consists of the first q columns of Ay A^ the remaining 
n — q columns, and x^^^ consists of the first q elements of x, x^^^ 
of the remaining n —q elements. Note that the column partitioning 
of A is exactly the same as the row partitioning of x. We may 
therefore write 


Ax = [Ay Ay] [^“ 1 ] = AyX^^> + AyX^»> = O. 


AiX^^^ exists only if the number of columns in Ai is equal to the 
number of elements in and this is automatically true if the 
colunan partitioning of A is the same as the row partitioning of jc. 
We could also partition the rows of A aMn the example above, 


t A A 

J- 2 and the equations then become 

--Kara-[S} 

where the zero w- vector on the right is partitioned in rows in exactly 
the same way as A- The reader should satisfy himself that the 
orders of the matrices and vectors involved are such that the 
equations may be written 

AiX^^^ + = O (the null vector of order p), 
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and = O (the null vector of order m — p). 

We see that these equations are obtained by using the rule for 
matrix multiplication and treating the submatrices as elements. 
The first is equivalent to the first p equations of the set Ax == O, 
and the second is equivalent to the remaining m — p equations. 


13 * 63 . Fundamental Sets of Solutions 

Consider the homogeneous equations Ax = O, where A is of 
order m x n and rank r < n. 

By Theorem I (§ 13-44) » the equations possess a non-trivial solution 
ii r < n, and, as before, we suppose the order of the equations and of 
the unknowns to be such that the leading submatrix A^ of A, of 
order r x r, is non-singular. The first r rows of A are then linearly 
independent, and the remaining m — r rows are linearly dependent 
upon the first r rows. Thus, by subtracting suitable linear com- 
binations of the first r rows from the last m — r rows, we may 
reduce all these m -- r rows to zeros. 


Hence, HA- where A^ and A^ have r rows, and 

Ai and A^ have r columns, then there exists a non-singular matrix 
P such that 


PA 



the two zeros standing for null matrices of order {m — r) X r and 
(w — r) X (n — r). 


Since Ax = O, P (Ax) = O = (PA) x, so that, if we partition 
the vector x into its first r and remaining n — r elements, we have 




i.e. = O. 

Ai-^ exists, 2ind, multiplying by this on the left, we obtain 

=0. 

or = 

We may therefore choose the « — r elements of arbitrarily, 
and the r elements of are then given uniquely in terms at the 
n-r elements by this equation. But there are only 

36 


T.A„ II. 
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linearly independent (n — f)-vectors. It therefore follows that 
the given set of equations has exactly n —r linearly independent 
solutions. In particular, if r = n — z, the equations have only 
one linearly independent solution; that is to say, each solutiop is 
a multiple of any given solution. 

Any particular set of n — r linearly independent solutions 
system of homogeneous equations is called a fundamental 
Every other solution is a linear combination of this fundame 
set of solutions. 


Example . — Discuss the solution of the set of equations — 

ax ^ y z ^ o, 

-- X ay ^ ^ = o, 

^ X -- y az ^ o, 

X ^ y ^ ^ = O. 


The matrix of the equations is 


— a — I — i~ 

— I a — 1 

— I — I a 

— I I I— 


If a = — I, the first three rows become identical and equal to minus the 
fourth row. Thus there is only one linearly independent row, and the matrix 
is of rank i. In this case »— f = 3--i=s2, and there are two linearly 
independent solutions. We may, for instance, choose x and y arbitrarily, 
and z is then given by the equation x -f y + ir == o. We may take x ^ i, 
y « o, z = — I, and x = o, y = i,-?=: — I as two solutions, which are clearly 
linearly independent. Every other solution can be expressed as a linear 
combination of these two. 

If a 4' — I, the minor formed by the last three rows is 

— I —I — i—a a— I 

— I a o — I a = (i + a)* 4 » o. 

I I oil 

Hence the matrix is of rank 3, and the equations have no non*trivial 
solution. 


13*64. Reduction of a Matrix to the Form T/, 01 

LooJ 

Let Ahe & matrix of order m x n and rank r. If r <m and 
r <n, we can rearrange the order of its rows and of its columns 
in such a way that the leading submatrix of order y x r is non- 
singular. first y rows are now linearly indq)endent, and the 
remaining m — r rows are dependent upon the fhst y. By a drain 
of etemditaiy transformations we may therefore reduce tire last 
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m — r rows to zm>s. Similarly, we may reduce the last » — r 
columns to zeros. Hence 




where I 1 + 0 . 


As in § I 3 ‘ 6 i, we may now reduce the non-singular matrix /j, 
to If by elementary transformations, and thus 

-L O 


[sa- 


that 


It follows that there exist non-singular matrices P and Q such 




1371. The Solution of Non-homogeneous Linear Equations 

We now consider equations which are no longer homogeneous, 
i.e. equations of the form 

"I" ‘h*** -t- • . . -i- 

**1*1 + ***** -f • . . -h ^*n*n — ^* 


*ml*l "t" *iB*** "f" • • • *m«*« — 

in which not all the elements on the right-hand side vanish. These 
equations may be written in matrix form Ax = b, where is of 
order mxn,x = {xi, x^, . . ., x„}, b — {Sj, . ... b„}. b is not a 
null vector. 

The matrix A is called the matrix of the equations, and the 
matrix [A b\, formed by adjoinii^ the column vector b to A to 
f(mri an (« -f- i)th column, is called the augmented mtUrix. We 
now establish the condition for the consistency of the equations. 

Theorem II. — ^The set of mm-homogeneous linear eqnati«is 
Ax = bin consistent if, and only if, the matrix .d and the augmented 
nudzlx {A b\ have the same rank. 

If A is of order x >» and of rank r, we may suppose the orto 
of the equations and of the unknowns to be such that the leading 
submatrix Af of rarder r x rot A is n<m-sii^lar. . , 

Tims A =» where t iff 1 + 0 . 
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The last m — r rows of A are then linearly dependent ujpon the 
first r rows, and, by suitable elementary transformations upon the 
rows, we may replace these last m -- r rows by zeros. Thus there 
exists a non-singular matrix P of order m x m such that 



Then (PA) x = P (Ax) = Ph = k, say. 

If we partition x into its first r elements x^^^ and its last n r 
elements and similarly for A, this may be written \ 

fArCnrx^^n 

LO OjU<2)J L;i(2)J* 

This is equivalent to the two matrix equations 

== 

If =¥ o, we can find no x to satisfy the second of these 
equations. If, on the other hand, = o, the second is satisfied 
for all x, and the first equation, on pre-multiplying by ^4^-^ becomes 


We can therefore choose the elements of arbitrarily and the 
elements of are then determined by the equation. 

Consequently, the equations are consistent if, and only if, 
= o. 

Compare the two matrices 


fAr Ql , FAr Ci 

Lo oj ““ Lo o *<»J- 


If A<«) =s 0, then every minor of order (r + i) of both matrices 
vanishes. Since \Ar\ + o, each is of rank r. 

If 4* o, then it contains at least one non-zero element, 


FA C A^^^T 
say A*.. Consider the minor of order r + O O 

by elements from the first r columns and the last one, and from the 
first r rows and the row containing hj^. This minor is 
\Ar 


formed 


All minors of order r + 2 clearly vanish, and the rank of the 
matrix is r + i. Thus the two matrices above have the same rank 
if, and only if, = 0- 
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Now multiplication by a non-singular matrix (which, by § 13*61, 
is equivalent to a chain of elementary transformations) does not 
alter the rank of a matrix, 

exists and is non-singular; 

P-* ['J Q*] = {PA) = (P-iP) A ^ A. 

and P-i = P-i [P^ h] = [P-i (PA) P-^h] 

= [(P-»P)^ P-»P6] == [/4 b]. 

Hence the two matrices A. [A b] have the same rank if, and only 
if, - O. 

The equations are therefore consistent if, and only if, the matrix 
of the equations and the augmented matrix have the same rank. 
This is Rouche's Theorem. 

We have shown that the n — r elements of can be chosen 
arbitrarily. To determine the set of arbitrary elements we first 
find a set of r linearly independent columns of the matrix A. The 
unknowns corresponding to the remaining n — r columns can be 
chosen arbitrarily, and those corresponding to the r linearly inde- 
pendent columns are then given in terms of these n r unknowns. 


Examples. — (i) Determine the values of a for which the following equations 
ate consistent. 

X ay az ^ i 
iMr + y H- 2az = —4 
CM? — ay + 4^ = 2. 


The equations may be Mrritten Ax ■ 


pi a a-| 

— \ a I 2 a 1 , X — 

L»a *“■ a 4— * 


: b, where 

{X. y, z], ^ = {I. - 4 » 2}. 


I ^ I + i) (a — 2)*. 

If a — I or 2, 1 /1 1 4 * o. is of rank 3, and the augmented matrix 
[A W is then also of rank 3, The equations therefore have a unique solution 
given by X «= A’'^b. 


If a 


lAl^o. 


, ^ . I a 12 

The leading mmor of order 2 is ^ ~ 2 i 


A is therefore of rank 2. 

The augmented matrix is, however, of rank 3, for the minor of order 3 
obtained by deleting its third column is— 


I a 
a i 
a r-a 


2 

I 

— 2 


1 

-4 

2 


~ 3 
-6 


36 ^ o. 
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The equatioxis are therefore inconsistent. 

If a = - I, I 1 = o. 

The minor of order 2 formed by the first two rows and first and third 

columns of is ^ ^ 4= o. 

l-r -2| 

Hence is of rank 2. 


The augmented matrix is then 




Columns 2 and 3 are clearly linearly independent, and column i is min 
column 2, The minor formed by columns 2, 3, and 4 is 




1 

I 





— o. 


Hence column 4 is linearly dependent on columns 2 and 3. The augmented 
matrix is therefore also of rank 2, and the equations are consistent. In this 
case, however, there are infinitely many solutions. Since columns 2 and 3 
of A are linearly independent, we may choose the unknown corresponding to 
column I, viz. x, arbitrarily, y and z are then given in terms of x. The 
first two equations may be written — 


— y — — X, 

y — 22 — — 4 4- A?. 


Hence — 3-? = — 3, z i, and y = — 2. 

Thus y = a — 2, i^=iisa solution for every a. 


(2) Examine the consistency o f the equations — 

+ y -h ^ ~ a 
a;r 4 fey 4 ^ = 6 

Qtjg 4 4 ^ I, 

where a and fe are real. 


Let 


r; ; 

La* fe* 



I ^ 1 = (fe - I) (I a) (a fe). 

If a I, fe # I, a ^ b, then | ^ | o, and A and the augmented matrix 
are both of rank 3. 

The equations are therefore consistent and have a unique solution. 

If a « fe 4« 1, I 1 = o, but AhAsa, minor j * J j * 

Thus ^ is of rank 2, 

t x I I a-n 

a a X a j. 

a* a* X xJ 
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The first two columns are identical, and the minor of order 3 formed by 
the last three columns is 


1 I a 
a i a 
a* I I 


I — a 00 
a X a 

a* I I 


= (i - a)* + o. 


Hence the augmented matrix is of rank 3, and the equations are 
inconsistent. 


If a « I, b +1, \A\=o, but A has a minor 

r; i ; n, 

Li b* I iJ 

(I (I -fc) - (I -ft) (I -b)*. 


A is therefore of rank 2. 
The augmented matrix is 



I 

I 

I 


I - 

0 

0 

Now 

b 

I b 

=55 

b 

I 

b 



I 

* 


b* 

I 

I 


This matrix is therefore of rank 3 if & 4= — i, and the equations are then 
inconsistent. 

If = — I, it is of rank 2, and the equations arc consistent, with infinitely 
many solutions. 

If 6 = I, a + I, i4 is again of rank 2. 


t i I I a-| 
a I I I 1 . 

a* I I iJ 


Now 


I 1 a 


I 1 a 

a I I 

3 = 

a II 

a* I I 


* 

0 

e 

1 


> a (i — a)*. 


The matrix is consequently of rank 3 if a o, and the equations are 
inconsistent. 

II a « o, it is of rank 2, and the equations are consistent, with infinitely 
many solutions. 


If a *= 6 ^ 




and the augmented matrix 


[ I I I 1-1 
1 I I 1 |. 

? I X iJ 


These are both of rank i, and the equations are consistent, with infinitely 
many solutions. 

The results may be summarised as foUows; — 

(1) If a •¥ b, a ^ i,h I, the equations are consistent and have a unique 

s«fitttion. 

(2) If a ** I, — J, or a « o, 6 « it, or n » « I, the equations are 

consistaEit and have infinitely many solutions. 

13) In all other cases the equations are inconsistent. 
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13*81. Latent Roots of a Matrix 

Let be a square « x « matrix, and consider the equation 
Ax = Ax, where A is a scalar. We may write this 

Ax ~ XIx (where I — /„) 
or (A - XI) x^ O. 

/I — A/ is an M X « matrix, and, by Theorem I (§ 13-44), t^is 
equation has a non-trivial solution if, and only if, the rank pf 
— A/ is less than n, i.e. \A — XI\ =0. 

Thus a solution x + 0 exists if, and only if, A satisfies th^ 
equation 

^11 ^ ^2 • • • ®ln 

<*81 <*22 ~ ^ • • • ‘* 2 » I . 


^nl *^n 2 • * * ^nn ^ j 

This is an equation of degree n in A, called the characteristic 
equation of A. Its roots are called the latent roots (or eigenvalues) 
of A, Corresponding to each latent root A is a non-trivial solution 
X of the equation Ax = he, known as a latent column vector (or 
eigenvector, or pole). If x satisfies the equation, any scalar multiple 
fjLXot X also satisfies. 

Now if I ~ A / 1 == o, I - A/)' I = 0 also. 

But {A - A/)' ^ A' - A/, so that | . 4 ' ~ A/ | = o. 

Hence A and A* have the same latent roots. If A is a latent 
root, there exists a column vector y (not null) such that Ay = Ay. 
Transposing this equation gives y'A = Ay', y' is called the latent 
row vector of A corresponding to the latent root A. 

Let us now suppose that the characteristic equation has n 
distinct roots A^, Ag, A^ (not necessarily all real). We may 
then prove the following result : — 

13*82. If the Latent Roots of A are Distinct, the Latent Vectors are 
Linearly Independent 

Let x^^^ be the latent column vector corresponding to the 
latent root Aj^,. 

Then Ax^^^ = (^ = i, 2, . , w). 

Hence AKx^^^ = A.(Ax<^^) = - hjt(Ax <^0 
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and, by the method of induction, we can show that = A* »>*<*>, 

where p is any jwsitive integer. 

Let y = Cl**" + C 2 *'« + . . , -f = o, where c^, c,, . . ., c„ 
are scalars, and write y< for the t-th element in the vector y. 

Then y, = + Cja:/« + . . . + = o (t = i, 2 w). 

Now Ay — A (ciae<i> + + . . . + c„ai:*">) 

= Cl (^a:<i>) + c, + . . , + c„ {Ax^«^) 

— CiAjac'i’ + CjAjX*®’ + + c„A„x‘”’ 

= O, since y — O. 

Similarly, 

■^*3' = CiAi®x'*> + CjAj®*'®' + . . h c„A„®x'"> = 0, 
and A^y = CiAi*>x'“ + CjAg^x*®* + . -|- c„A„»x‘”' = O. 

Equating to zero the a-th element of each of the null vectors 
y. Ay, A^y, .... A"~^y, we obtain the n equations 


CiX/l> + CgX,<®> 

4- 

. . . ^ C„x/"> = 0 

+ AgCjx/®’ 

-i- 

. . . + A„c„x,<«> = 0 

Ai®cix/i' + A*®c^<<®> 

+ 

. . . -f A„*c„x,<“> = 0 

Ai"~‘CiX/®> + Aj^-icja:/** 

+ . 

. . . + A„”-»c„x/»> = 


These are n homogeneous equations in the « unknowns Cjx/®*, 
CgX,*®’, . . ., and have a non-trivial solution if, and only if. 


I 

I 

I 

I 

At 

A* 

Aj 

A„ 

Ai* 

V 

V •• 

A„* 

Ai"-i 

A,«-i 

A3»-® .. 

A„"-® 


But this determinant vanishes if, and only if, two of the A’s 
are equal, which is contrary to hypothesis. 

Hence = Cgac***’ = . . . = c„x<‘**’ = o (t = i, 2, . . ., at), 

so that CiX*®> = Cjjc’®* = . . . = c„x‘** = O. 

But the vectors x<®>, . . ., *<"’ are latent vectors and are 
not null. 

Hence Ci == c, = . . . = c„ = o, and the vectors at*®*, *•*, . . 
x‘"\are consequently liiiearly independent. 
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13*83. Reductloii of a Matzis to Diagoiial Canonical Form 

Let A he a. non-singular n x n matrix whose latent roots are 
distinct. Let Q be the matrix whose columns 
are the n linearly independent latent column vectors of A. 

Q is non-singular, so that exists. 

Now the equations 

may be written AQ = QA. 

"Ai o ... o 

where A is the n x n diagonal matrix ^ Aa . . . o 

.0 o ... A,J 

Mtiltiplying this equation on the left by we have 
Q-iAQ = (QA) = (Qr^Q) A - A. 

Similarly, if P is the matrix whose rows are the latent row 
vectors of A, 

PA = AP, and PAP'^ = A. 

Thus, by means of the transformations 
Q-^AQ = A == PAP-\ 

the matrix A is reduced to diagonal canonical form A. 

This proof depends upon the fact that the latent vectors are 
linearly independent. Now this may be the case when the charac- 
teristic equation has multiple roots. If A is a latent root of multi- 
plicity k, it can be shown that there are not more than k linearly 
independent latent vectors coirresponding to A. Thus there may be 
n linearly independent vectors, but this is not necessarily true. If 
there are, then the matrix Q whose columns are these vectors is 
non-singular, and, as before, Qr^AQ = A. The diagonal matrix A 
no longer has distinct diagonal elements. 

Eaatmples. — (i) TA0 latent roots of a unitary matrix have unit modulus. 

If A is unitary, AA' =* /, 

XI Ax ^ hx, transposing and taking the conjugate gives x'^' » Ix'l 
Hence (x*A') (Ax) = (S') (A*); 

i,e. 5 ' (A'A) X — XS'ac, 

or x'x « AJx'x, 

n 

But x'x ^ 2 [Xil* 14*0, since X #0. 

f aa I 
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Hence AX » t, and A is of unit modulus. 

(2) The latent roots of a Hermitian matrij^ are real. 

If A is Hermitian. A' = A, 

If Ax Xx, multiplying by x' on the left gives ^Ax = Ai'jc where eaeh 
side of the equation is a scalar. ' 

Now x'x ~ £ ^1 Xi \\ which is real and non-zero, since jc ^ o. 

Transposing and taking the conjugate of "ii/Ax gives 
(x'AxY = i'A’x = iYAx. 

so that ^ scalar (regarding it as a i x i matrix), 

l^'Ax) = x'Ax, and hence lYAx is real. 

Then A = t4?isreal. 

XX 

(3) For a Hermitian matrix, P = 5 '- 

If Aq == A^, transposing and taking the conjugate gives 

I' A' - A^'. 

Since A' ^ A and A is real, this may be written 

q'A = Xq', 

Hence, if is a latent column vector, q' is the latent row vector corre- 
sponding to the same latent root A. 

It follows that P = 2'. 

(4) If A is Hermitian, with distinct latent roots, Q is unitary. 

For and 

Hence (Aq^^^) 1 

But if A ^ k, X% Ajk. so that = o when h * k. 

But the scalar product p'<Wg<*) is the AA-th element in the matrix product 
PQ, which is therefore diagonal. 

As already shown, both P and Q are non-singular, so that PQ is also 
non-singular. It follows that the diagonal element ^ o for any k, 

and we can choose the arbitrary scalar factor in the p*s and ^’s in such a way 
tliat i)'‘**g^*^* =» I for every k. 

Then PQ = / « Qp. 

By ( 3 )^ since A is Hermitian, P = 5'- 

Hence «=/#=: g'Q and PP' a® / so that P and Q ai^iniitasy; 

The equation Q'AQ^^A gives a unitary reduction of A to diagonal 
caiionical form. 
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(5) If A is symmetric, Q is orthogonal. 

As in (4), PQ » I 

As in (3), we can show that, if /i is symmetric, P = Q\ 

Hence PP' = / = QQ, and P and Q are orthogonal. 

13*91. Qxiadratic Form 

A homogeneous algebraic expression of the second degree in\« 
real variables . . . , given by 

n n 

2j 2] x^Xj, 

y = I i = I 

is called a quadratic form in n variables. 

When i =# j, the coefficient of XiX^ in the sum is + a^^. We 
can associate a symmetric matrix with a quadratic form, for if 
we put 2 bi^ ~ a^i + then bi^ = 6^^, and the expression takes 
the form 

b^^^ + • . . +^nn^n^ + (^12^2 ^13^3 4" • • • + b^X^ 

+ + ^ 24^4 + • • • + ^2n^n) + • • • + 

This, in turn, may be written in the simple form x'Bx, where 
a; -={Xi,X2, - ...Xn), B = (M- 

For x'Bx = x' ,{Bx) == 2 x, (Bx),- 

i = I 

n n n 

= 2J Xf B b^jXj = 2j 2j b^jX^Xj, 

I i=^i ;==i 

and this is easily seen to be equal to the above expression, B being 
symmetric. Reverting to the original notation, we shall hence- 
forth write a quadratic form x'Ax, where ^4 is a symmetric matrix. 

A sum of squares is a quadratic form whos^ matrix is diagonal. 
For 

[~"Ai o . . . o "%■ 
x^f • • n, x^ o A 2 . . . o 

Lo 0 ... A„J 

, Tbe. equation of a cwitral conic, referred to its centre as origin, 
is pf the form 

«jr* + 2 hxy + by* •= I. 
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This nxay be written 



The left-hand side is a quadratic form with matrix A = 

and the equation may be written x'Ax = i, where x — {x,y 
The equation of the tangent to the conic at the point \x, 
be written 

* (axi -I- hy^ -1- y {hx,^ + = i, 



or x'Axi — I. 

It may also be written x^Ax — i. 

Similarly, the equation of a central quadric referred to its centre 
as origin is of the form 

-f -I- C 2 * -f 2fyz -f 2gzx -f 2hxy = i, 


~a A~1 
h ij’ 

y) may 


a h g~| r " X 

i.e. [*>'*] h b f y — i. 

/ c J \_z_ 


r« h gn 

Sincei4 = | hbf I is symmetric, the left-hamd side is a quadratic 

U/d 

form in x, y, z, and we may write the equation in the form x'Ax = i, 
where * = {x, y, 2 }. Again, the tangent plane at (Xj, y^, z^ may be 
written 

x'Axi = I (or XiAx = 1). 


The following example will illustrate the geometrical significance 
of the reduction of a matrix to diagonal canonical form. 


Example . — Find the lengths of the semi-axes, equations of the principal 
planes, and the nature of the quadric 

+ 52 ’* 4* 2ZX =s 2 . 

The equation may be written 




2: 


i.e. « 2, ^th the usual notation. 
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Since A is symmetric, we can find an orthogonal matrix Q such that 
Q'AQ is diagonal. 

The latent roots of A are given by the equation 
5 — A o 1 

0 — .2~A O sssO, 

1 o 5 ~ A 

i e. - (2 4- A) {(5 - A)* - i} - o, 

^ (2 4 - A) (4 - A) (6 - A) - o, 

A = — 2, 4, or 6. 

The latent column vector corresponding to A = — 2 is given by 

Ax = — 2X, 

i.e. 5^1 + 

— 2jrj = — 2 X^ 

4- 5^a == - 2^8* 

Thus jXi 4 - ;ifa r= o 

Xi 4. 7^3 = o 

and we must have = o. x^ is arbitrary. 

Since x is to be a column of Q, and QQ' = /, we must have 
x'x * Xj* 4- x,» 4- V = I. 

Hence x j = ±1. 

Take x to be {o, i, o}. 

Similarly, the latent colunm vectors corresponding to A = 4, A — 6 are 

{72’ 

respectively. 

I I -T 

® V2 V2 

Hence Q 10 o , and the reader will easily verify that 

« ^ 4 - 

V 2 \/2— 

t — ~ 2 O 

040 

006- 

An orthogonal transformation corresponds to a rotation of rectangular 
axes, the origin remaining fixed. 

X«et us apply the orthogonal transformation x =» QX, where 

X « [A, y, z]. 

Then Q'x « QQX =» AT, so that 

X ^ y 

^ “ "Ti ^* ■*■ *^‘ 
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The equation now becomes 



(QX)’ACQX)=^ 2 , 

i.e. 

X'Q'AQX = 2, 

i.e. 

X'AX = 2, 

or 

- 2X* + 4Y* + 6Z* = 2. 


In standard form this is 



This is a hyperboloid of one sheet with semi-axes i, —y , — . Referred to 

V* V3 

the new axes, the principal planes are A’ = o, V = o, 2 = o. Hence referred 
to the original axes, the principal planes are y — o, x — x-\-zs=o. 


13*92. The Discriminant of a Quadratic Form 

If A is symmetric, the discriminant of the quadratic form 
x' Ax is defined to be | ^4 |. 

Theorem III. — If the variables of a quadratic form imHeygn g 
linear transformation, the discriminant of the new form is the dis> 
criminant of the old, multiplied by the square of the modulus of the 
transformation. 

Let x'Ax be the given form, and let x = By, where | B | * o. 

Then x'Ax = {By)' A {By) = y'ffABy. 

B'AB is clearly symmetric, since A is S3mimetric, and 
y' {B'AB) is a quadratic form with matrix B'AB. 

The discriminant of this form is [B'AB] = |B'||/l|jS| = |yl|lBj*, 
since A, B, B' are all square and of the same order. 

This proves the result. 

In particular, if | B | = i, the discriminant of the form is 
unchanged. 


13*93. Positive Definite Forms 

If A is real and symmetric, and if x'Ax > o for all real valued of 
X oriiK than x =0, then the quadratic form x'Ax is said to be 
positive definite. If * = O, clearly sdAx =* o. 

Esampile. — yc* + y + 3 -** positive definite, since it takes the wdne p anfy 
U)Aenx’=ym: xm=o. On the other hand, sh* — y* + is n<d positive dtfin^, 
since it is positive for some valves of the variables (e.g. « « i, y 2, « a> 3} -md 
negative for ethers (e.g. 21 3* r, y = 5, 2 = 2). 
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{X --y)^ ^ > o for every x, y, z, but it takes the value zero for all 

sets of values of x, y, z of the form ;r = o, y = o, z = o, a being any real 
number. The expression is therefore not positive definite. 

We now show that, if we apply a non-singular transformatk 
to the variables of a positive definite form, the new form is ato 
positive definite. ' 

For, let A' — A, x^By,\B\ o. 

Then x^Ax = yFABy. 

Now x'Ax > 0 if a: + O and x’Ax = o if ^ = O. 

But, if = O, y ~ B~^x == O, and if y = O, jc = By = O. 

Hence, if jc == O theny = O also, and vice versa, and we therefore 
have 

y'B'ABy > o if y 4= O, 
and y'B'ABy — o ify -- - O. 

Thus y'B'ABy is also positive definite. 

13*94. Reduction of a Positive Definite Form to a Sum of Squares 
Theorem IV.— Every positive definite form x'Ax (A' =^A,A real) 
can be reduced by a transformation of unit modulus to 

where c* > o (^ = i, 2, . . ., n), A being of order n x w. 

For X'AX = + 2^1 (012X2 + ^13^:3 + • • . + «in^n) 

+ ^22^2^ + • • • • 

Since x'Ax is positive definite, x'Ax > 0 when Xi = i, 
X2 =X2 = , . . :^Xn =0. Hence > 0, and we may write 

x'Ax = + * 

\ % % ^11 / 

+ terms involving X2, x^, • , x^ only 

= % 4 * • • • + + 622^2* 

\ % / 

+ 2X2 (623^3 + & 24^4 + • • • + ^Sn^n) + + • • •. ^ay. 

Now x'Ax > 0 when 

O12 

5^2 = 1 , ^=^ 4 = ... = Xf^ = 0 , Xi — **-’ 
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Hence d„ > o, and we may write 

+ Caa^a* + 2^^ (c^x, + + ... + C3„x„) 

+ + . . . , say. 


Again, putting x^ = i, x, x, r= . , , 

■v ^^2 ^IS 

1 ^^2 — — , we see that c^s > o. 


o, a;o = — ^ 

» » I 

^22 


Hence 


we may write 


+ ^*-) + ‘” (*•+■■ ■ + 1;*.)’ 

+ ^33 ^^3 + terms involving x^, . . . , x^. 

Continuing in this way, we may write 

X'AX = % + . . . + — ^n)% . . , 




where > o, b^> o, c,, > o, 

Now write 


'fnn > o. 


JVl — ^ + ^**2 + + . . . + '^X. 


*hi «U 


«n 


J'a = 

yz = 


** + A+.-.+P-X 


[/g, 


*s+ ... +^X 

‘ha 


yn = 


r. A„ 11, 




37 
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This may be written in the form y = Bx, where fl is an » x n 
matrix, and 


B\ = 


^2 ^8 


% ^ 

au 

1 ^ 

^2n 

6 *. 

622 

0 I 

^8n 


% 

0 0 

... I 

B 1 B-M 

= I also. 


If we now replace C33. .... k„„ by c„, we have 


x^Ax = Cj^y,* + Cgyj* + . . . + c^„* =y' 


rci 0 

0 Co 


Uo 0 


o-j 
o 

Cb-J 


where c» > o for every k. 

Using this result, we can now establish a set of necessary and 
sufficient conditions for x'Ax to be positive definite, where is a 
real symmetric » x n matrix. 

Theorem V. — ^The real quadratic form x'Ax is positive definite 
if, and only if. 


au >0. 


an a,, 

an ajg 


> o. 


a,i 

... fliB 

«u 

• • • ^2n 

a'ni 

. . . 


0, 


t.e. every leading minor of A of order n) is positive. 

As in the previous theorem, if x'Ax is positive definite, there 
esdsts a transformation y = Bx of unit modulus such that 

xfAx = Cjyi? + Cjyj* + • • • + c„y„», c* > o for every k, 


‘c^ o 
0 c, 

M) o 


0 

o 


y- 
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The modulus of the transformation is i, so that, by Theorem III 
(§ 13*92) , the discriminant of the new form is equal to that of ^Ax. 
Thus j A I ^^2 ? * • 

If we now put o, x^Ax becomes a positive definite 

form in (n — i) variables Xi, x^, . . . , x^^^ with matrix 


— ^n-X»a 


t 


and x'Ax = Ciyi* + c^yt* 


Putting = o throughout, we see again that the modulus of 
the transformation from the (n — i) variables x^, . . . , x^^i to 
the (n •— i) variables y^, is i, so that 


^ ^2 








Continuing the argument, we establish that the set of conditions 
is necessary. 

We now show that it is sufficient, i,e, that if the conditions are 
satisfied, then x*Ax is positive definite. 

For, since % > 0, we may write 

x'Ax = (xj^ + ^^2 + • • • + ^ 22 ^ 2 * + • • • 

as before. If we put :r3 = ^4 = . . . = = 0, and make the 


transformation Xi =^Xi+ — = x^t which is clearly of umt 

an 

modulus, we have 

The discriminant of the two forms is the same, so that 

«11 = r“ ^ 1 > °> hypothesis. 

|<*ai «M I 

But = Cl > 0, and therefore 6*, = c, > o also. 

C<»iiseqaently we may write 
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Now putting ^4 = . . . = = o and making a suitable 

transformation of unit modulus, each side of this equation becomes 
a quadratic form in 3 variables. Their discriminants are equal, 
so that / 

^11 ^2 ^3 

0x1 ^22 % = ^21 ^22 ^23 > o, by hypothesis. 

^32 ^33 

But we have already shown that 0^ 622 > so that 

Continuing in this way, we can show that 

x'Ax = + . . . + c^yn^ 

where c^, ^2, • ••> Cn are all positive. 

The right-hand side is positive definite, and the transformation 
y = is non-singular. 

Hence x'Ax is also positive definite. 

13*95. Reduction of a Quadratic Form of Rank r to a Sum of r Squares 
The rank of the quadratic form x'Ax is defined to be the rank of 
the matrix A. 

Theorem VI. — real quadratic form x'Ax of rank r can be trans- 
formed by a real non-singular transformation into the form 

+ ^ 23 ^ 2 ^ + • . . + c,yr\ 

where Cg, . . . are ^ real and non-zero. 

Since A is of rank r it contains r linearly independent columns. 
We can, therefore, by a chain of elementary transformations on the 
columns, make these r columns the first r columns of the matrix, 
and reduce all elements in the remaining columns to zero. Since 
A is symmetric, if we apply the same chain of elementary trans- 
formations to the rows, every row after the fiffet r rows will become 
a zero row, and the leading submatrix Ar of order r x r will be 
symmetric and non-singular. 

Thus there exists a real, non-singular matrix Q such that ' 

Again, by elementary transformations on the columns, we can 
reduce all elements above the leading diagonal to zeros. By 
sjrmmetry, the same transformations applied to the rows reduce 
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all elements below the leading diagonal to zeros. Hence there 
exists a real non-singular matrix R such that 

"Ci o ... o 
0 C2 . . . o 

R'Q'AQR = R'\n ^ 

0 oj 

A is real, and all the transformations are real, so that all the 
c's are real. The rank of A is unchanged by elementary trans- 
formations. Hence Cj Cg ... 4= o; i.e. Cj, ^ o for any k 

(A! = i, 2, 

Now write QR = P, RQ* = P' and make the real non-singular 
transformation x — Py. 

Then x'Ax = y'FAPy = c^y^^ + ^2^2® + . . . -f This 

proves the theorem. 

It is clear that this reduction can be performed in more than one 
way, but we can show that, however it is done, the number of 
positive and the number of negative c’s will be the same. 

Theorem VII. — If a real quadratic form of rank r is reduced 
by one real non-singular transformation to the form 

+ ^ 2 ^ 2 * + • • • + CrVr^ 

and by another to the form 

+ 7222 * + . . • + yr 2 r*. 

the number of positive c’s is equal to the number of positive y’s. 

Let x'Ax be the given form, and let 

x'Ax — + Cgy** + • • • + Cry*, where y = Bx, | S 1 + o, 

and x'Ax = yi*i® + 72*2* + • • • + Yr^r*. where z — Cx, | C | +0. 

Let h be the number of positive c’s and k be the number of 
positive y’s. We may suppose that the variables y and 2 are 
numbered in such a way that the positive c’s and the positive y's 
come first. 

'Ibeax'Ax—Cjyi*+ ... +c^n*- |c*+,|yA+,»— ... — |c,.|y,» 

== 71*1* + • • • + 7*!2«s* — I Vfc+i I • —\Yr\^r*‘ 

Suppose that h >k, and consider the equations 
^ = o, 2, = 0, . . ., 2* = o, == 0, *=0, . . y* =» o. 
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^ere are « — *+ *<« homogeneous equations in the » 
variables %, % .... Tha-e is, therefore, a non-trivial solution 
X ~ X. Now 

+ . . . + - I C*+Ji - ... -\c^\y^ 

= yi*i* + • • . + yicH* — I Yk+i I **+i* — — I yr I 

and, when * = ^, we have 

(^yi + • . • + — — I yt^.1 I — ... — I y, I a,*. 

This is impossible unless 

>1=0. ^2=0, ...,3/^=0, Z»+i=0, Zifc+2=0, ..., Zr= 0 , 

when x = X. 

But = 0, =0, . . ., y„ = 0 when jc = X 

Hence y = 0 when x — X, and the equation Bx = 0 has a 
non-trivial solution x — X. 

But this implies that ] B 1 = o, contrary to hypothesis. 

It follows that h does not exceed k. 

Similarly, we can show that k does not exceed A. 

Hence A — A. 

13 * 96 . The Signature of a Quadratic Form 

Let P be the number of positive c’s and N the number of 
negative c’s. JP -1- iV is equal to the rank r of the form. P — N 
is defined to be the signature of the form, denoted by s. Thus 
P ^ ^ {r + s), N = \ (r — 5), and if two quadratic forms have the 
same rank and the same signature, then P and N are the same for 
both. 

THECHtEM Vin. — If x'Ax and y'By are two real qiiadratic fisrms 
with the same rank and s^nature, there is a real non-singular ttans- 
fonnation which transforms x'Ax into y'By. 

As in Theorem VI, there is a real non-singular transformaticHi 
X ~ PX such that 

xf Ax “ C|X|* CfXj^ “ • • • * CfXj^f 

where the c’s are all positive. 

If we now apply the real non-singular transformation 
Zj = (A = I, 2, , . r), we obtain 

X Ax -f- ... -|— Zj^ — “ ... — ' Zf^ t 
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By similar real non-singular transformations, y*By is trans- 
form^ into 

The inverse transformations, which are also real and non- 
singular, transform 

*1* + ... + 2 ?® ~ — ... — 2^* into y'By. 

It therefore follows that, by a real non-singular transformation, 
we can transform x'Ax into /By. 


EXERCISES XIIl 

1. li A and B are both diagonal, prove that AB = BA. 

2. li A is diagonal, prove that AB — BA if, and only if, either B i« 
diagonal or A is scalar. 

3. If A and B are both 2x2 skew symmetric matrices, prove that 
AB = BA. 

fO o I-l 

4. i4 is a 3 X 3 matrix, and y = o i o . Find Ay and JA, and 

Li o oJ 

prove that y* =« I. 

5. The sum of the leading diagonal elements of a square matrix A ia 
called the trace of A, written tr, A. 

If AB and BA both exist, prove that tr. {AB) = tr. {BA). 

6. If « 1^2 3 ~ ij, E - 3 o 5J. AB, BA, A-'K 

A^^B”^, B^^A^^^ Verify that B'^A^^ * (ABy^ and A'“^B“^ = (BA)'‘K 

7. Solve theequations^ -j-y-i-z — 4, y + 3 ^ — + *- 

t i o 0-1 

a I oJ. 

9 * H- Find adj. A I / 1 1 and verily that 

L 3 3 8-1 

A adj. A » adj, A-A I A 1 1 - 

to. Prove that the reciprocal of an orthogonal matrix is orthogonal. 

XI. Prove that the reciprocal of a unitary matrix is unitary. ,^ 

12 . Prove the reciprocal of a aymnmtric matrix is ayxnmetric. 

43. Provo that the redprocal Of a Herinitiaa matrix 
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14. ^ = *]. ^ find and ^ and B 

are both Hermitian, but neither AB nor BA is Hermitian. 

15. Find the rank of the matrices 


pI -I 2-. 

pi -7 

3 

-3-1 

2 63: 

(ii) 7 20 

— 2 

25 

■-3 13 4 -* 

L5 -2 

4 

7-* 


16. Show that the vectors == {i, 2, 3}, jc‘** = {— i, 2, — 1} 

jp(S) ^ linearly independent, and express the vector {2, 3, 

as a linear combination of 

17. Prove that the equations x + 2y z = o, ;r+y — 22^= — i, 
— ^ + 4y -1-* 72 = 6 are consistent, and solve them. 

18. Show that the equations jr— y4*2 = o, zar-j-y — 2 = 0, 
^ -h 5y — 5z ^ o are consistent, and solve them. 



19. Discuss the solution of 

ua; + -f 2 = I 
X 4 - aby -f 2 = t 
X by + az 1, 

determining when the system has no solution, one solution, and infinitely 
many solutions. [Land. B.Sc.] 

20. Find the necessary and sufficient conditions for the simultaneous 
equations 

X + ay -j- a^z — o 
X -j- b*z ~ o 

X -h cy -hc^z = o 

ji; ^ y ^ 2 = 0 

to have solutions other than at = y = 2 = o. [Land. B.Sc.] 

21. If each of the first three sets of m sets of n constants consists of n 
terms in arithmetic progression, prove that the m sets are linearly dependent. 

[Land. B.Sc.] 


22. If the matrices A and C are of order n x n, where | C | + o, | ^4 | +0, 
and if D — CAC^^ and A is any scalar, prove that 

|D + A/1 = 1^ + A/|. 

23. If is a non-singular square matrix, and C is any matrix of the same 
order as A, prove that there is a unique matrix X such that AX =« C, and a 
unique matrix Y such that YA = C. Find X and Y if 


ILond. B,Sc.] 



' *1. 

c=r 5 


L. 

♦ 5-1 

L14 

47J 


24. Determine the nature of the quadric 

6a?* -f 3y* — 22* -j- 4xy « 14. 

Find the lengths of its semi-axes, and the equations of its principal planes. 
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25. Discuss the solution of 

^ -j- (j^y ~ CL 

A? + 6*y 4- = 6 
^ + ^*y + c*-? — c, 

determining when the system has no solution, one solution, and infinitely 
many solutions. SJLond. B.Sc.] 

26. Find all the 2x2 matrices X which satisfy the equation 

-X'* + 4^ + 3/ = O, 

I being the unit matrix and O the null matrix. [Lond. B.Sc.] 

27. ^ is a square matrix of order 3x3. Prove that AA' is sl unit matrix 
if, and only if, the rows of A are the direction cosines of three perpendicular 
lines. 

rP o o-^ 

If P is the matrix | o ^ o | and is a square matrix of order 3x3 


such that XX' = P®, show that the columns of X are coordinates of the 
extremities of a triad of conjugate diameters of the quadric 


p2^ g2 ^ 


28. Find a matrix U such that U^^AU is diagonal, where 


po I o-«| 
.<4= 0 o 1 . 

Ll o 0-1 


29. If A 




[Lond. B,Sc.] 


[Land. B.Sc.] 


find a matrix P of the form 


[5 ;] 


such that 


P~^AP is a diagonal matrix. Hence express A*, where r is an integer, in the 
form of a 2 X 2 matrix, [Lond. B.Sc.] 


30. Find the rank of the matrix 

p2 -3 IT 

.( 4 = 3 4 -4 -3 - 

Lo 17 — 5 9 -J 

Obtain a formula for the complete set of solutions of the equations 
AX « O, where X is the column vector {x^, x^, x^, x^}. Which, if any, of 
these solutions (o) satisfy the equations -f ^2 + i »= o nnd 

— Xj — ^^4 - 3 o; (6) are linearly dependent on the pair 

{o, I, 2, 3}, {3, 2, I, o}? [Lond, B.$c.] 

31. Determine the exact range of A for which the form 

A {x^ -f y* 4 - ^*) -f m -h ^ 
is pdEitive definite in {x, y, -r, t). Discuss the case A » 2^ [Lond. B.So,] 



BIatkicss 




32. 


""-G 


o 1 

o o |, find a set of numbers a, p, y and an orthc^onal 
o 

a o o- 


matrix B such that BA 


t o o 0-1 
o /? o I B. 

o o yJ 


\ 


[Land, 

33. If / is the unit n x n matrix, and A is skew symmetric of order » x W 
such that / + is non-singular, prove that the matrix B =« (/ 4- A)~'^ (/ — 
is orthogonal. 

Find B in the case w = 2, when ,4 = ^ ^ and verify the result by 

lowing that 

n Tcos d — sin ^ ... , 

® = Lsin g cos g} 

[Lond. BSc.] 


34. A is an m X n matrix. Prove that if is of rank i it can be repre- 

sented as a product A == BC, where B is an in x i matrix, and C is a i x « 
matrix. [Lond. B.Sc.] 

35. Find a real orthogonal transformation of the variables x^, x^, x^ x^, x^ 

which reduces the quadratic form 2 (x^x^ -f x^^ -f x^^ -f x^x^) to one of the t5rpe 
ojyi* 4- 4- a*ys* 4- 4- where yj, . . . , ys sure the new variables. 

[Lond. B.Sc.] 


36. Find a non-trivial solution for the equations 


I I ^8 

(t> “t" Aj Of 4" ^ 4“ Aj 


o 


64-Aj^64-A,^64-A8 ' 

where none of the denominators is zero. [Lond. B.Sc.] 

37. .4 is a square n x n matrix, whose elements are all o, 1 or — 1, and 

in each row or column there is exactly one element which is not zero. Prove 
that A^» A}, ... are of the same type, and hence show that A^ J for some 
poidtive integer h, where I denotes the unit matrix. _ [Lond. B.Sc.] 

38. If .4 is a real orthogonal matrix, show that its latent roots all have 
absolute value unity. 

Find these latent roots when A is the matrix 


r ® 

cos $ 

sin 0 

1 

— sin 8 sin ^ 

cos 0 sin ^ 1 

Lsin ^ 

sin ^ cos 1^ 

— cos ^ cos ^ J 


39. Ptove that the form 4 - + 3-*^* — 4y£ lozy is positive 

definite, but that fisf* 4- 4y* + 4- — 3c8sy is not. 

40. Prove that the quadratic form 2X^ 4 - 4y* 4 - 9 '»* 4 “ 4 * fisx 4- 6xy 

has rank 3 and signature 1. 



CHAPTER XIV 

ELIMINATION 

I N this chapter we consider the application of determinants 
to the general problem of elimination. 

14*1. The Meaning of Elimination 

Suppose we are given a system of « + i equations, involving 
n variables. Then » of these ft + i equations would in general 
be sufficient to determine the values of ft variables. If we substitute 
the values of the variables in the (ft + i)th equation which has not 
been used we would obtain an equation containing only the co- 
efficients of the given n -f i equations. Such a relation when 
expressed in a rational integral form is called the eli m i n a nt of the 
given equations and the process of obtaining it, is called diminating 
the variables. What the eliminant asserts is that the given equa- 
tions are consistent, i.e. they are satisfied by definite finite values 
of the variables. 

The cumbersome method suggested above of first solving the 
equations, followed by substitution, is obviously ve^ limited in its 
application. Thus, e.g. in the case of one variable it is not in general 
possible to solve an equation of higher degree than the fourth. 
Hence it is necessauy to devise methods which do not require the 
equations to be solved. 

Again some methods of elimination may give rise to an extran- 
eous factor in the eliminant. 

As an example of the direct method of elimination consider the 
pfoblem of eliminating x between the two equations 

ax* -f aix 4- c = o, and a'x* ib'x c' = o. 

Solving the equations 

x—{—b± V'(6* — «)}/« or * = {- 6' ± — a'c')}la\ 

Hence in order that the equations be simultaneously true: 

i ± ,^{6* _ ac)} « ~ h' ± V(t'* - 

It is now necessary to express this result in rational integral icm. 
The result may be written 

- a'6 = ± « V(^'* - d: « V(^ - <»)• 
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Squaring both sides, 

{ay - = a* (d'* - a'c') + a'* (6* - ac) 

± 2aa’ ^{{6'* - «'c') (6* - ac 
i.e. a^a'c' -1- a'*ac — zaa'bb' — ± 2 aa’ — a'c’) (6* — ac 

The factor aa* is clearly extraneous so dividing throughout 
this factor and squaring 

{ac’ + a’c - 2 bb’)^ = 4 (&'* - a’c’) (b^ - ac). 

This is the required eliminant. 

14*2. Linear Homogeneous Equations 

Let Xi, Xi, *3, . . . Xn be n variables which satisfy the n homo- 
geneous linear equations 

OnXi -h + ai^a + ... + = o 

+ «23*3 + • • • + «2n*n = 0 

«*!*, -f ag3*8 -f fls3*8 -i- . . . -h = o 



+ «„s*3 + • • • + «nn*n = 0. 

Divide each of the equations by Xi and write y, = Xflx^. Then 
«iay* + <hay 3 + • • . + Oinyn = - flu 
fl22>'2 + Aga^S + • • • + = - Agi 

Asa^i + Assy's + • . . + As#^* = - Aa 


AnS^Va "t” A«aLy3 "I" • • • 4“ AjMiyn — Anl* 

Take the last » — i of these n equations and solve them for 
y*! ^'si • • • JVn Chapter XI, § 12*91. Then 

y» — ( — Aa Ass A «4 • • • Ann) I A> y^ — (Ass- Aa A44 • • • Ann) /A.-*- 
^n = («*3 «S* A44 • • • • - Anl)/ A. where A = (Ass AsS A44 • • • Ann)- 
Substituting in the first equation in the last group of n equa- 
tions we obtain 

Aa A + AlS ( — Aa *88 Au • • • Ann) + *13 (flgi- Aa A44 • • • Ann) + • • • 

+ «ln (A 88 A 88 A44 ■ • ••- ««l) = 0 - 

i.e. OjjAji Aif^u "I" Aia'^is 4" • • • 4* Ai»*^in “ ®» 
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where . . .A^^ are the cofactors of a^, a^,, Oig, . . . , ai„ 

in the determinant («^ flag . . . ««»). Hence the last equation 
may be written in the form 


«u 

^12 

018 • • 





^2^ • • 

•• «*» 


«S1 

^82 

^83 • • 

^8n 

= 0. 

^nl 

^na 

^na • • 

* * ^nn 



What has been proved above is that the result of eliminating n 
variables between n equations which are homogeneous and linear in 
the variables is that the determinant formed by their coefficients is zero. 


Examples. — (i) By means of a determinant eliminate x, y, z and w from the 
equations 

tx + a {y z w) o, 

ty b {z w x) ~ o, 

tz c {w X + y) ^ o, 

tw d {X y e) ^ o, 

and show that the coefficient of in the result is 

— (a6 4- ac + ofi + 6c 4- W -j- cei). [Lond, B.Sc. Eng.] 
The equations may be written in the form 

tx ay az aw o, 

bx fy + 6-? 4* 6tt> = o, 

4- cy tz + cw = o, 

dx -{• dy + dz tw o. 


o. 


Eliminating x, y, z, w, 

‘ t a a a 
b t b b 
c c t c 
d d d t \ 

Subtracting the second column from the third and fourth, 

t b - i b-- t 
c t ^ c o 
d o f — a 


t 

a 

0 

0 


b 

t 

6 - t 

6 - t 

= / 

c 

c 

t - c 

0 


d 

d 

0 

t - d 



h b - t t 
c t c o 
d o f — d 


In the first of these determinants add the first column to the second and 
third, and in the other deterxninant add the sum of the second and third 
rows on to the first row. Thus 


A 



t 

b 

b 


t 

c 

t 

c 

— a 


d 

d 

t 



b Jp. c d 
c 
d 


b- c b ^d 
^ o 

o f — d 


The coefiicient of f* is now easily seen to be 

... %c — bd — '<i(6 4 “*f*t“^)** 4“ ^ 4“ ad 4 * 4" bd 4" 



^590 


Euminatiok 


(z) EHminaie x* and y' from the equations 

ax' ^hy g^o (I), 

hx' by' ^ f ^ o, (2), 


4* 2 hx'y' 4* fcy'* 4- ^gx' 4- ^fy' 4 - 4 ; = o 

Equation (3) may be written 

x' {ax' 4 * Ay' 4 " 4 - y{hx' 4 - Zy' 4 - /) 4 - gx' 4- /y' 4- <? = o. 

whence 4- /k' + ^ = o 

Eliminating x' and y* from (i), (2), add (4), we have 

a h g\ 
h 6 / «= o. 

g f A 

[This is the condition that the general equation of the second degree 
ax^ 4- 2hxy 4- Ay* 4- "^gx 2fy c ^ o 
should represent a pair of straight lines. C/. Chapter XI., § 12 •71.] 



(3) Eliminate x' and y' from the equations 

ax' + by' -i- g ^ hx' + by' + f ^ gx' 4- /y' + 

I m n * 


and lx' my' n ^ o, 

Let each fraction be equal to k. Then 

ax' 4- hy' 4- g — ~ o 

Ar' 4- Ay' + / — wift == o 

gx' 4- /y' 4* c — =0 

lx' 4- my' 4“ w » o. 

Treating these as four simultaneous equations in x', y', unity, and k, and 


eliminating, we have 


a h g I 
h b f m 
g f c ft 
I m n o 


o. 


The determinant when expanded may be expressed in the form 
— {Al^ 4 - Bw* 4 " Cn* + 2Fmn zGnl zHlm), 
where if , B,C, . . . are the cofactors of a,b> c, . , . in the determinant 


a h g 
h b f 
g f 


[The vanishing of the above determinant or the equation 

AF 4 - Bm* 4- Cn* 4* zFmn + Gnl 4 - 2Hlm «= o 
expresses the condition that the line 4 - » “ o should touch the 

conic given by the general equation of the second degree, is. 

ojp* 4- 2hxy 4- Ay* 4 - 4 - 2^ 4 - « oj 


14’3* Euler’s Method 

Thfa method is concerned with the elimination of one variable 
between two eqmtitms. Let /(*), ^ {*) be two polynomial in * 
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of degrees p and q respectively, and consider the problem of ehmi- 
nating * between the equations / (*) = o, p (x) = o. 

Let A be any common root of the equations so that x — A is a 
factor of /(x) and p (x). Thus 

/ (x) = (x- A) A (*). P (x) - (* - A) ^ (x). 

where /i (x) and p^ (x) are pol3momials of degrees p — i, q — i 
respectively. The coefficients in /j (a:), pi (x) will depend on A 
since these functions are obtained from / (x) and p (x) by dividing 
by * — A. Hence 

»■/(«)*(*) =/.w^w- 

This is an identity of degree p + q -- i in x. Equating 
corresponding coeflBicients we obtain p + q equations which are 
homogeneous and of the first degree in the p + q coefficients of 
fi{x) and <l>i{x). Eliminating these coefficients by the method of 
§ 14*2 we obtain the required eliminant in the form of a determinant. 


Example . — Prove thaX the equations 

a {x) s + OiX^ -f 4 a, » o and b {x) s b^ -f biX^ -f ftgAr -f ^8 o 
will have a common root if 


«0 


<h 


0 

0 

0 

«0 


a, 


0 

0 

0 

0 , 


«8 

«8 

0 

0 

6 . 

*>1 

bo 

2*8 

0 

bo 

h 


bo 

0 

^0 

bi 


6 . 

0 

0 


If a (x) s (» — A) (a^'x^ -f -f ctt) ond 

b {X) s (;r - A) ( + bi'x ^ 6/) and 


Ai 


Oo Oj a, 

o oo Oi a, 

o b^ bi 
K ^8 ^9 


prove that 


Ai X 


T 

A 

A» 

A« 


V 



0 

0 

1 

A 

A» 

5= 

0 

«0 


ft 

0 

0 

1 

A 


0 

V 

V 

V 

0 

0 

0 

1 


V 

V 

V 

0 




If A be the common root» 


^ If ■ 


(1^ + <%*• + <(ii» +«i) (V** + V# + *»*) 
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Eqtiating corresponding coefficients on both sides of the identity^ we have 

affii' -f ajpo' = ao% + ai% 

ajbi + djd/ + agfeo' "= <^2% + + <^o% 

<hW + «2^i' + <»a^o' = + (^1% 4- fla'6i 

^a^a' 4 - a^b^' = 

Arranging these six equations as linear equations in the quantities a^, 
<*a'i V» W* W> we obtain 

^0 ^o' + o 4 - o - Oo^o' + 0 4-0=0 

ti«o' -h Ml' 4- o - Uibo — 4-0=0 

^a^o' + ^i«i' + Ma' — — «i&i' — ^o^a' = o 

^a^o' " 4 " ^2^1 “ 1 “ ^1^2 — ^i^a' ~ ® 

o 4 - Ml' + ^2^a' i* ® "" M/ ~ ^a^a' — ^ 

o 4 " ® 4 " b^d^ 4“ o 4“ o — fla&a' “ 

Eliminating a^\ a^, a^, 6o'» V» W we obtain 

2>0 o o — o o 

61 6o o — «! •“ «„ o 

62 — ^8 ~ ^0 

2>8 fca ^l — ^8 — — ®1 

o ^8 ^8 ® ^3 ^a 

o o 63 o o — ag 

Taking out common factors and interchanging rows and columns this 
eliminant is clearly equivalent to the A ~ o- 
Since a (x) = (x — X) (a^x^ -f a^'x 4- «a') 

= dfi'x^ 4 - (^i' — Xuq') x^ 4 - (dg — Xdi) X — Aaa'» 
it follows that a® ~ ®o'» = ^1 ~ ®a = ^2 — «8 = — AaE,'. 


Similarly dg == dg', dj = dj' 

- Ado', dg 

, = V 

- Ad/ 

, da - - Ada'. 

flo' 

«i' — A^o' 

«»' - 

- A^i 

- Aaa' 

Hence Ai q 

V 

fco' 

<- 

V- 

- Aflo' 

> Ado' 

aa' — Aaj' 
dg' - Ad/ 


d/- Ado' 

V- 

- Ad/ 

- Ada' 


Using the product rule for two determinants 

I o 00’ 

, A I 00 

^ I A* A 10 

A* A* A I 

^^ 4 " Xai*--’ A^Oq 4 ” A*a 2 — X^Ui — A^t^a A<*o^ 4 “ A*<*/ — A*i!*q' 4 ' X^d^'-— X^a^ 
«s di — Afl 0 ^ 4 “ Acig — — X^O)^ A*a 0 ^ 4 ” — A*fli^ 

^2^ — Aflq^ — A*/ia' Xd^' -{- Xm^ — 

— Xd% ^a'^ Aaj' 


A^o'+ A*V- A»V-f A»6,'- A«di' 
V+ Adi'- A« 6 ' 04 - A*^*'- A*6i' 
6 i'-AV+A 6 ,'-A*V 

V-Adj' 


A6i'- A*6o' 4> A^dj'- A»di'- A<d*' 
di'- Ado' 4 - Ad/- A*d/- A*da' 
da'-Adi'-AV 
— Adg' 
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Multiply the second row by A and subtract from the first; the third row by 
A and subtract from the second, the fourth row by A and subtract from the 
third. We obtain 


< 

0 


0 6,' 

a^ — 

< 


W 6/ - A6.' 

af — Attj' 


haf 

■4 

1 

1 

— Aa,' 

af ~ 

Aoi' 

V - ~ Af»,' 


Multiply the first row by A and ad.d to the second. Thus we obtain 



o o 

< h' 

— Xciq' 

a,' ~ Aa/ 6*' - A6/ 



Multiply the second row by A and add to the third. In the resulting 
determinant multiply the third row by A and subtract from the fourth. It 
then follows that 


1000 


0 

0 

A 1 0 0 


bf b/ 

A* A I 0 

= 

af a/ b/ bf 

A> A 2 A I 


' 0 

1 

u 

0 


Interchanging rows and columns we obtain the required form for the result. 


14 * 4 . Sylvester’s Method 

Another method which leads to the same determinants as those 
obtained by Euler's method, is known as Sylvester* s Dialytic Method 
of Elimination, It has the advantage that it may sometimes be 
used to obtain the eliminant in the case of more than one variable.. 

The procedure is as follows. Using the notation of § 14*3 we write 
f{x) + 

^ (x) s boX^ + biX^-^ -f + . . . + ^a- 

The p + q equations required are obtained by multiplyinjg 
/ {x) by I, Xy x^, . . in succession, by multiplying p (x) by 
I, %y x^, . . in succession and equating each to zero. The 
highest power of x involved is Regarding the powers of 

X as distinct variables we have P + q equations from which 
. , . , a; 0 may be eliminated by the method of § 14*2. 


Example. — If the equations ar* + px* + 4- ^ « o and + iwf -f 6 « o 

have a common root, prove that 

1 o I a p 

a 1 p b q _ 

b a q — r ~ 

o b r o ’ . . 

If the equations x* -f* -h 3 ^ 4*- 6 ® 4- ^ — 6 =* o have a 

common root, find the possible values cf a and the corresponding common rtmU, 
- ^ • . ' . 7 * tCa#<0s. 5cA.] 


T.A., n, 
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Since the given equatioiLs are simultaneously true we obtain on multiplying 
by powers of 

o 4* + px* + f ;r + r = o 

X*' 4- 4- f5r -f- o =a o 

o4-o 4“^*4*«^4'&~o 
o 4- 4 “ 4- 4- o = o 

X* ax^ bx* o 4- o « o. 

Eliminating x*, x*, x^, we obtain 

0 i p q r 

1 p q y o 

o o I a b 

o I a b o 

X a b o o 

Subtracting the last row from the second. 


I 

- a 

0 

1 

a 


I 

a 

b 


t o 
a h 
h o 
o o 


Expanding along the first column it follows that 


I 

p -- a 

0 

1 


I 

a 


9 ^ 
r o 
a b 
b o 


o. 


Interchanging rows and column it easily follows that this condition is 
equivalent to 

a — p 


6, 6 » ~ 6 and the 




a I 

P b 


= 0. 




b a 

9 

- f 




0 b 

V 

0 



In the particular 

case given p 

2, 


f ^ 6 , b 

determinant becomes 


I 

0 

I 

a — 2 


A 

as 

a 

- 6 

I 

a 

2 

3 

- 9 

- 6 

=* 0, 



0 

- 6 

6 

0 



Expanding A the usual methods it is easily seen that this condition 
gives a* 4- «• 4* 27a 4 27 *= o, i.e. {a 4- i) («* + 27) =» o. 

Hence « s= — i or ± 3* ^ 3 * 

Taking — i, 4?*— ;r — 6 = 0, 4ra53 or — 2 and the common 
root is X — 2. 

Taking 4 «. 4- 3* -^3 the quadratic becomes x* 4 r 3 * — 6 « 0. 

Itic roots are — « \/3» VS* it is easily verified that V3 
root of the given cubic. 

Taking a « — 3* V 3 » the roots ol the quadratic eqijuwkkm, W b) 
be 2f V3 and i V3. The latter is a root dt the cubic equation. 
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14*5* Bezout’s Method 

The pdncipl^ involved may be understood by a study of tie 
two examples given below. In the first the equations are of 
the same degree and in the second they are of different degrees. 

Esainples.-~~-{i) JEliminate x between the e^juaitons 

+ a, = o, ^ b^^x* + + 6, =» o. 

Multiply the first equation by + h^x + 6, in succession, 

and the second by a^, a^x -f ai, a^x* + a^x -f a, in succession and subtract 
the corresponding temus. Thus 

bo {OnX* -f «s) - flo (V* + hx^ + 6,) « o- 

{bffX -f bj) (ao^» -f- aiX* + -f a^) — (a^x + a,) {b^x^ -f biX^ ^ bg) » o, 

(boX* + biX + 6,) (a^x^ -f a^x^ -{- a^x + a,) 

- (aoX» + a^x + ag) (b^x^ + b^x^ -h bgX -h bg) « o. 

These equations reduce to 

(a^bg — ajbj) x* ■+■ (O'gbg x + — ^o^a) » o 

(dgbg ~ «©&*) X* 4 - (<*a^o ~ x 4 - « o. 

(dobg - Ogbg) x^ 4- Ml - ai6s) ^ + («3^a ~ "a^a) « O. 

Regarding different powers of ^ as distinct variables we obtain 
an elimination: 

I — <*0^1 <*8^0 — <*0^8 fla^o — (hbo 

agbg — Ugbg — ajbg 4- ctgbi — ajbg Ugb^ — aj6, » o, 

o>gbg — Ogbg ajbg — a, 6, 

(2) Eliminate x between the equations 

agX* + OiX* + <8^ 4- «3 == o, bgX* 4 - biX -)- bg =s o. 

Multiply the first equation by bg, bgX + b^ in succession and second by 
(<hx "f Ug) X in succession and subtract the corresponding equations. 

Thus 

bo 4* «i^* + agx + a,) — UgX (bgX^ 4- b^x 4- fe,) s= o. 

(bgX 4. dj) (ogx* 4 " <^tX^ + agx Og) - X (agx -h <»i) (bgX* 4- M 4 * bg) o. 
i.e. (aibg ~ Ogb^ x* -f (Ugbg — «oi>a) ^ + ^oh 

(«j&o — «o^t) 4 - (<*8^0 + Ogbi — «i 2 >e) 4? 4 ajbg « o. 

Combining these two equations with b^* 4 fejAr 4 6, » o and eliminating 
x^, x^, ^ we obtain 

I aj)g — aj>i Ogbo 

It will be observed that Bezout's method haa the advantage of 
expressing the d^mmant as a determinant of lowe^ orda: than either 
of the determinants obtained by Euler's or Sylvester’s methods. 


^-.6. , X 

ajbg fltf®* ^bg 
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14*6. Use of Known Identities 

* We give some trigometrical examples to illustrate the method. 

Examples. — (i) One Variable. Eliminate 0 from the equations j 
sin 3 (iw “h 4 " 3 ~h 0) ^ 2a, I 

sin 3 (i’*’ ““ +3 sin (Jw — ^) *sx 26, [Camb. Sot.] 

In this example we make use of the following trigonometrical identities: 

(i) sin -f sin B = 2 sin J (.4 + B) cos J (.4 — B) ; \ 

(ii) sin A — sin B 2 cos J (.4 + B) sin i (A — B); 

(iii) cos 3^ = 4 cosM — 3 cos /I, sin 3.4 « 3 sin .^4 — 4 sinM ; 

(iv) cosM + sinM = i. 

In these identities A , B denote any angles. 

Adding and subtracting the two given equations, we have 
sin 3 (Jw 4- + sin 3 — ^) 4- 3 sin (Jir — ^) 4- 3 sin (Jw 4- « 2a 4- 7b, 

sin 3 (iw 4 - ~ sin 3 (i^ - 4 - 3 sin (Jtt 4 - — 3 sin (Jw — d) « 2<? — 26. 

From (i) and (ii) we obtain 

2 sin Jir cos 3^4- 6 sin Jtt cos ^ * 2a 4- 2h, 

2 cos f TT sin 3 ^ 4- 6 cos Jtt sin ^ 2a — 26, 

Substituting sin fir = sin Jtt = 1/3/2, cos fw =* — cos Jtt » — 1/V2; 
the equations take the form 

cos 3^ 4 * 3 cos 0 5= 3/2 (« 4 - h), and — sin 3^ 4- 3 sin ^ = 3/2 {a — 6). 

From (iii) it follows that 4 cos® 0 = 3/2 {a b), 4 sin® 0 « 3/2 (a — b). 

Hence 4^ cos* 0 = 2^ (a 4- 6)5 
4? sin* 0 ^ 2^ {a — 6 ) 5 . 

Adding, using (iv) and dividing both sides by 25, 

2 = (a 4- 6)5 4- (a — 6 ) 5 . 

This result is readily expressed in rational form. Thus writing 
(a 4 “ ft)* ~ («— ft)* = V, then 2 = w 5 4- t;i. 

Cubing both sides of this equation we have 

8 = t* 4 - i; 4 * 3 uivi (wi 4- n 5 ) = 4- 1^4. 

i.e. 8 — « V = 6« 5 i; 5 . 

Cubing again, (8 — « — u)® == 2i6uv, i.e. (4 — a* — 6*)® » 27 (a* — 

(2) Two Variables. Eliminate 0 and from the equations 

sin 0 4- sin ^ « a, cos 0 'i- cos <sz h, tan 0 4- tan ^ ^ c, 
obtaining a result in rational form. \Camb, Sc A.] 

In addition to (i) and (iv) of £x. i we use the following identities: 

(v) cos {A ± B) ^ cos A cos B =F sin .<4 sin B, 

sin (A ±B) ^ sin .^4 cos B 4: cos .<4 sin B; 

(vij cos tA ^ 2 cosM — I, sin 2^4 = 2 sin .<4 cos A ; 

(vii) cos .4 4- cos B « 2 cos J (^ 4" B) cos I (.<4 — B). 
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The given equations are 

sin ^ -f sin ^ sr a 

cos 6 -f cos (ft =: b (2) 

tan $ + tan ^ = c (3) 

Squaring (i) and (2), adding and using (iv) and (v), we obtain 
2 {I -h cos {6 - </,)} == a* 4- 62 . 

Using (vi) we have 

4 cos* i ^ a* 4 - (4) 

Applying (i) and (vii) to (i) and (2) we have 

2 sin i cos i (d — = a (5) 

2 cos i (d 4 - cos i (d — ^) = 6 (6) 

From (3), c = « + “ILl 

cos cos <l> 

{sin 6 cos ^ + cos B sin /cos 6 cos 
» sin (6 4- ^)/cos 6 cos tft, from (v), 
s* 2 sin i (0 4 cos i (0 4 * ^)/cos 9 cos 4 >$ from (vi), 

= ab/2 cos* i (^ — cos ^ cos from (5) and (6). 

~ 2ab/(a* + 6*) cos 9 cos from (4). 

Hence cos 9 cos ^ =* 2ahjc (a* 4- 6*) (7) 

Combining this result with (2), 

(cos 9 — cos <^)* = (cos 9 4 “ cos ^)* — 4 cos 0 cos ^ 

,2 8a6 a*6*c 4- hH — Sah .. -• 

= * - c (»*-+ 6*) r(^«-qr- 6. — = A*, say. 

Taking the positive square root, 

cos ^ = i (6 4- A) ~ p, say, cos ^ ~ J (6 ~ A) ~ q, say. 

If the negative square root is taken p and q are interchanged. Squaring (i), 
sin* 9 4- sin* ^ 4- 2 sin ^ sin ^ — a*, 
i.e. I — ^* 4 - I — ?“ + 2 sin ^ sin ^ ~ a*, from (iv), 

i.e. 2 — — a* = — 2 sin ^ sin 

Squaring again. (2 — — a*)* — 4 sin* 9 sin* ^ 

= 4 (i — p^) (i — ^*), from (iv). 

Since A* is rational it follows that in order to show the eliminant is in 
rational form it is only necessary to prove that />* 4- q* and p^q^ involve 
even powers of A only. This is obviously the case. 

(3) Thrbb Variables. If I ^ cos a cos + cos y (1) 

m ^ sin o. sin p sin y * , ; (2) 

p ^ cos za cos 2P cos 2y .......... (3) 

q = st« 2a + sin 2p sin zK (4) 

prove theU [p — -i- w*)* 4 - — 2/w)* « 4 (/* 4 - w>*). [Comb, Sck,'} 

In this example the identities (i)-(vu) given in Exs. i, 2 are snfScient. 
SqtMuring and adding (i) and (a) and using (iv), (v) 

P -1- m* * 3 4- a cos (o - jJ) + a cos (/! — y) + a cos (y - <i) ... i .... . (5) 
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Next squaring and subtracting (2) from (i), and using (v), (vi), 

/*,-»«» = cos 2a + cos 2)? + cos 2y + 2 cos (a + ft + 2 cos (/S + y) 

H- 2 cos (y -}- a) 

« 4* 2 cos (a -f + 2 cos (jS + y) + 2 cos (y -f- a ) from (3),/ 

Multiplying (i) and (2) and using (v), (vi), 

2/« = sin 2a + sin 2/J + sin 2y + 2 sin (o + /S) + 2 sin (/J + y) 

+ 2 sin (y +\a) 

- g + 2 sm (a + ^) + 2 sin (/S + y) + 2 sin (y 4- n), from (4). 

Hence Up - P + m‘)‘ + J (j - 2/m)* 

«= S cos* (a+ P) + i/sin* (o + /?) + 2 iTcos (a + /S) cos {p + y) 

+ 2 £sm (e + ft sin ()J + y) 

=« 3 + * i? {cos (a + ft cos ()5 + y) + sin (a + ft sin (^ + y)> 

= 3 + 2 cos {a + p — p — y), from (v) 

= 3 + + »»* — 3. from (5). 

Thus the required eliminant is 

(P - l* + tn*)* + {q — aim)* = 4 (/* 4. m*). 

Altemaiive method, using complex numbers. The four given equations 
are equivalent to 

/ -f =r -f 

p ^ iq^ ^ g 2 ip ^2iy 

since cos ^ * sin ^ Squaring (6), we obtain 

/* — »»•+ 2 ilm =s -f -f- -f 2 (® + ft. 

i.e. /* — w* — -f i (2/m — « 2 (® + ft ( 8 ) 

Using the conjugate function 

/* — m* — ^ » (2/m — g) « 2 Zs”” * (a + ft 

Multiplying (8) and (9) together gives 

(/. - nj* - p)^ + (2/m - S')* = 4 {-&* * {® + ft) 

= 4 {3 + 

Combining (6) with the conjugate equation 

^ ~ /m « 4- -f £y 

it follows that 

/• 4- »•* = (i 3 !~ *“) =34- »■ (“ - ft. 

Hence (/» - m* - p)* + (aim- j)* - 4 (/• 4- m*), as before. 

14*7. Change of Variables 

Sometimes an ehmination can be carried out more simply by 
first changing the given variables. 


Ewmi^—Sliminate (i) x, y, » and (H) a. b, c from the equations 


^4.“ 

* y 


’ «. 


eg .m 


h. 


ax 


X 


c, SehA 



a, d, c CAB be elimuiatod immediately Aince the three e^uatiotis are litjtear 
and homogeneous in a, b, c. Thus: 


— a m o 

£ y 

X y 

— /H-f"— b — • CasO. 

y X 


The required elimlnant is 


In order to eliminate x, y, ^ it is convenient to replace them by variables 
M, e, w where u « yjg, v = zjx, w = xfy. Then 

hu 4 - c/u s=z a (i) 

cv 4- afv sa 2> (2) 

aw 4- bjw ^ c (3) 

UVW » I (4) 

Multiplying (l), (2) and (3) together and using (4), 

2 abc 4- ac*. 4- a*b.-^ + a*c.w* 4- bc^.v* 4- oh*,u* =» abc, 

i.e. a 4- + ^•»*) + <»*“'*) *» — (3) 


Squaring (i), (2) and (3), 


b»u» 4 - ’ 

«• 


i b* — 2flC 


a*w* 4 " ^ ** <^* •"* 

Substituting in (3), 

a (a* — 2bc) 4- 6 (6* — 2ac) + ^ 

i.e. «» + &• 4- c* « sabc. 

I4*a Use of Ratios 

Tbeoiems on ratios can sometimes be used to ef^ an dimination. 
The method may be seen by a study of the foilowing examines. 

Bxatnpfes.— (i) SAew <*«»»/** + y* + ** »• 3»*m 

UPfM 4- 3^ 4. c/fl 9 s O 

ayx 4“ *4' *» o, 

ttw •» -f *• + <(* - 3 «wt 6 c. a*/! 
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Eluiination 


, The second and third equations are linear and homogeneous in the letters 
4 , b, c. Using the rule of cross-multiplication (Vol. I, Chap. IV, § 4 ' 7 ), 

x{y* - r») “ y (r» - 4 ») “ z (x* - j/*) “ * 

Then 4 » 6 * «» = Sx» {y* - z*)», 

^mabc = ^mk^xyz (y* — -?*) (-z® — x^) (;r* — y*) 

« A® tv® - - ;ira) (a^ ~ y^) (at® + :K* + ^®). ’ 

(a® 4 - 6 * + c® — ynahc)lk^ 

a» i^Ar® (y® — AT®)® — Sx^ (y® — ,?*) — at®) (at® — y®) 

« S[x^ (y® - A»){(ya - a®)* - (^a ~ at®) (at® - y®)}] 

« S [x* (y» ~ A») (AT® + y® + ,?• - y®^® - ^®Ar» ~ ;r®y»)] 

8s (a'« “h y® + y® 2 ® — z^x^ — Ar®ya) -Tat® (y® — r®) « o. 

Hence a® -f -h — ^mabc « o. 


(2) Eliminate x and y from the equations 

% + fi = (« + 

4* ^ 6 » ’ 

4 ‘ ^ 6 * p*' 

From the first two. by multiplication we have 
a^ y * 

6 *‘Ara 


a® 4- 6 * 4- 


«s V® 
Hence ^ 
a® h® 


+ a*’y* ~ 

(a 4- A)* 

2 

Af® y® 

)l 

P 

o» ^ A®’ 

^ y® 
0 *^ A® 

x* y* 
a* 6* 

” a® A® a® A® 

a® A® 

i5r+ 4?- 


X 

that is - • -■ « — ^ — or =s “ 06 . 

a 4- & I , x^ ^ 

{3) Eliminate X from the equations 

h h 

a® 4- A &« 4- A 
/ m 


A® A® 

Sr+l + PT-A" * 

The second equation may be written 

A® (a® 4 . A) 4* A® (A® 4- A) « (a* 4- A) (A® 4- A) 


(*) 

(a) 

^3) 
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From (i) we have 

H- A ^ &« + A _ (a« 4. A) -f (b^ + A) 


A 

m 


m h^k 
I 


VUa^ + A) (b‘ -f A) } 

h_k' 

Im 1 m 


•n,,.= (a* + A) ( fc« + A) _ {A* (a» + A) + A« {6> + A)} {«* - 6*} 

A* 7 i.sl" z.9l\ / 1. TT; 


/m 


(k*h 



h\ 

VJ 

^ mJ 

\l ml 


Using (3) we have /w ^ j - b» 

i.e. (^w -H /»/) (Am — A/) = (a* — 6*) /m. 


14*9. Spedal Methods 

The general methods of elimination which have been considered 
are sometimes advantageous, but in many cases it will be necessary 
to employ some special artifice which may be suggested by the 
nature of the particular equations involved. We now give some 
miscellaneous examples. 


Examples. — (i) Show that the result of eliminating x and y from the three 
equations 


— — f: — 

X ^ a y ^ a a 



;ir* -I- ass 2 (a* + 6 *) (iii) 

is a* -f* — 6a6 «■ o. 

From (i) and (ii) we have 

2;*^ + 2y * ^ -f 3« (Iv) 

2;r + 2y « ^ 4 - 3& (v) 

Adding (iv) and (v) 

4 (ar + y) * ^ (i -f -g) + 3 (<* + 

i.e. 4 (^ + y) « (a + «>) + 3) (vi) 


Subtraction of (iv) from (v) gives ^ 

From (i) and (ii) it is clear that a 46 , for a 
equations are identical. Hence 

* ofr .. ^ 


-3 (a -6). 

K b implies that the 

i;...... (vii) 


Eumination 


Substituting in (vi), it follows that 

# (viu) 

Squaring both sides of (viii) and subtracting corresponding sides of (iii), 
Sxy « a* 4 - 6* 4 - tSab, 

From (vii), Bxy *» 2406. 

Subtracting, we obtain the eliminant, o « a* 4 5 * — 606. 

(2) If the equations 

axy 4&^ cy -j- d mi o 
ayz by cz 4ds=ao 
azw 4 4 co; 4 d = o 

awx bw cx 4 d = o, 

axe satisfied by values of x, y, z, w which are all different, show that 6* 4 c* = 2ad. 

[Camb. Sch.] 

We first eliminate x between the first and fourth equations, and then z 
between the second and third equations. 

X {ay 4 6) -f (fy 4 d) s= o, x (aw 4 c) 4 (bw 4 d) « o. 

Hence - - 521 + 

ay b ate; 4 c 

Similarly from the other pair of equations we obtain 
b y d cw + d 

ay 4 aw 4 b* 

On simplification these equations reduce to 

(ca — aft) yw 4 — «d) y — w (6* — od) 4 cd — 6d ■« o 

{ca — 0^) yw 4 (ad — d*) y — w (od — c*) 4 cd — 6d «■ o. 

Subtracting, y (h* 4 c* — aod) — w (d* 4 — 2ad) ** o. 

Hence either 4 c* — 2ad *0 or y = w. From the question y+ w. 

Hence fc* 4 c* — 2ad « o. 

(3) Eliminate x, y, z from the equations 

y s z X , X y 

e y X z y X 


Substitute u ■ 


zjx, w » x/y. Then the equations become 

It I 

^ W — ' tm C, UVW m 1* 


Adding the first three equations, 

u + v + u,.{l+l + l)^a + l, + c. 

i.e. ww (« 4 » 4- O') ^vw -- — nu « a 4 4 since mm *• i, 

i,e. X — me ww — wu 4 uvw (« 4 u 4 w) » a 4 ^ 4 0, 

Le. (i — me) (i — uw) (i — w) a 4 6 4 c (i) 

If in fhis equation we change the signs of e, the efiect hi to change b 
Into b aii4 e into e, leaving a unaltered with uvw i as before. 
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Hence (i — vw) (1 -f uw) (i -f w) « a — 6 — c (2) 

SimUarly (i + (i - ttt«) (i 4 - ww) « - a + 6 - fe) 

(i 4 * vti;) (i 4- «!£;) (i - w) « _ fl _ ft 4. ^ 

Multiplying (i), (2), (3) and (4) together, we have 
(i — t;*a/*)* (i — «*«;*)» (i — mV*)* 

— (a 4* 6 4- c) (a — 6 — c) (— a + fc — c) ( ~ a — h 4* c). 

Remembering that uvw = i it follows that the left-hand side is 

irw - (4 - {tv - “•')* “ - ff («'-?)*(«'- 5 )* 

« a*d*(;*. 

Hence required eliminant is 

(a -f 6 4 - (« — — c) (— a -f 6 — c) (— a — 6 c) w a*6*c*. 


( 4 ) Prove that if 

y + j/* + *• = <*• (i) 

i* + «r + X* = 6* 0i) 

+ xy -jr y* ^ C* (iii) 

yx zx + xy o (iv) 

then a rb ^ db c « o. [Camb. SchJl 

Adding (i), (ii), (iii) and using (iv) 

2 x* 4- 2 y* 4“ ai-* — a* 4“ ft* 4“ (v) 

Squaring both sides of (v), 


(a* 4- ft* 4- c*)* = 4 {x* 4- y* 4- r* 4- 2X^* 4- 2y*2* 4- 2^*2?*). 

Multiply (i), (ii), (iii) together in pairs and add. Then 
a*A* 4- ft*^^* 4- c*a* 

= 4 - y* 4 - 2-* 4 * 3 (y*‘^* 4 - 4 ^ V) 4 y<?* 4 4 ^ 4 ^ 

4- ;»r2» 4- 2r»r 4- 3 {x*yz 4 ^y*^ 4 3 

=5 i (a* 4- d* 4 c*)* + (y*r* 4* z^x* 4 - 4 2 xy*z 4- 2 x^z 4 2 Zfyz^} 

4 - yz {x* 4 y* 4 -f*) 4 zx [x* 4 y* 4 -**) 4 ^y (^* 4 y* 4 **) 

= i (a* 4 ft* 4 <?*)• 4 (^y 4 y-* 4 •*’•*?)* 4 {^* 4 y* 4 -**) (^ 4 y*f 4 
« J (<»* + ft* 4 c*)*. 

Thus a* 4- ft* 4 — 2«*ft* -* 2b*c* — 2<r*a* « o, 

i.e. (a* - h* ~ c*)« « 4ft*«^. 

Taking the square root of both sides, 

^ 5a ± 2bc, i.e «• « (ft dr <?)•. 

Hence « » ± (ft d: ^)> which is the required lorm. 

(5) By a«d y /rom ffte 

4 ftiy “ o, imd 4 ftfy o, 

prove the identity 
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The eliminant of the two given equations is | ^ | ss o, 

i.G. ~ 

Since a^x 4 * o, a^x 4 - = o. it follows that 

(a^x 4- feiT)* = o, (a^x 4 - b^y)* (a^ 4 - b^) = o, 

(a^x 4 - b^) {a^ 4 - b^y)^ = o, (a^ 4 - b^)^ = o. 

These equations may be written in the form 

4- 4* 4- bfy* « o\ 

4 - (oi^bi 4 - x^ 4 - ( 2 ajt)ib^ 4 - ajb^^) xy^ 4- b^^b^y^ o 

OyCi^f^ 4 - {a^b^ 4 - 2 a^aJ)^ x^ 4 - ( 2 aJ)yb^ 4 - xy^ 4 - 6 i 6 g*y® = o 
4- 3 (i%^b^^y 4 - 3 «a^ 2 *^* 4* « o. 

Regarding x*, x^, xy^, y® as variables the eliminant is 

«i* 3%?>i® &i* 

^ 1*^2 ^ 1*^2 4- 2aia^bi 2ajpibg^ 4- « 2 ^i* _ o 

^ 1 ^ 2 ® 4 - 2aiajb^ 2aJ)^^ 4* ^ 1 ^ 2 * 

a,* 3 ^ 4 %, 3a,fc,» 6 j» 

Clearly this determinant must be some power of «a^i)- Consider 

«i*^ 2 *» which is the highest power of and which occurs as part of the 
principal term. It is clearly seen that this can occur in no other term in 
the determinant. It follows that the value of the determinant is (a^dj — 

( 6 ) Eliminate a, bt c from the equations 

(c 4- a — 6 ) (a 4- ~ bcx, 

(a 4 - 6 — c) (6 4 - c ~ a) = cay, 

(6 4 - c — a) (c + a — b) abz. 

Multiplying the three equations together, 

(c 4 - a — 6 )* (a 4* ^ 4* c «)“ *® o^bH^xyz, 

Again abc (;p 4 - y 4 - ^:) «* i?a (c 4*fl — 6) (a 4 - 6 — c), 
s* (a 4 - fc — c) {a 4- « — 4- ^ 4“ c (6 4“ c — a) (c 4 - a — 6 ) . . (i) 

Now (6 4- c — a) (c 4- a — h) «s {c 4- — «)} {c — (& — «)} 

^ ^ a)\ 

Hence (b c a) {c + a b) ^ab « — Qf 4 - a)* 

*« (c — h — fl) (c 4 - 6 4 - a). 

From (i) it follows that 
abc (;r 4 - y 4 - - 8 ^) 4- ^(^bc 

= (a 4 “ t 4- « — 2>) 4- & (& 4* ^ •¥ c (c h ^ a) {c b a) 

(a b — c) {a (c a ^ b) ^ b (b •]r c a) c {c b a)) 

(a 4 . 6 - (?) {(tf» - lab 4- 6 *) - 
as (a 4 . 6 — (a — 6 — <;) (a — h 4* 

/. £j* 6 *c* (jt 4 * y 4- 4- 4 )* =® (« 4- ^ 4- ^ — «)• {^^ 4- « — ^)* 

SB a^bH^xyz. 

Thus the required eliminant is (^4'y4--r4*4)*®* 



Elimination 


605 


EXERCISES XIV 

1 . EUminate x, y, z from the equations » 

(6 -- c)x + (c — a)y -f (at — b)z ~ o, 

(c — a)x + (a — b)y -f (6 - c)z = o. 

{a — b)x -}“ (6 — c)y -f (c — = o. 

2. Find all the values of t for which the equations 

(t — i)x -f (3^ 4- i)^ 4. ztz =» o, 

(t ^ i)x 4. (4/ - 2)y -f (/ 4 «= o, 

2 x 4 ( 3 ^ 4 4 3 (^ — 1)-^ = o» 

are compatible, and find the ratios x:y:z when t has the smallest of these 
values. What happens when t has the greatest of these values ? 

\Lond,^ B.Sc, EngJ] 

A JB C 

3. Prove that if ; — 4 jz + t n: !>« expanded in ascending 

powers of ;r, where ^ | < i, no three consecutive terms can vanish, given 
that a, 6, c are all different. [Madras, B.Sc»] 

4. Prove that if there are three numbers x^, x^, x^ not all zero, such that 
3 

£ ai^f w o, (t = I, 2, 3), then there are three numbers y^, y^, y^ not all 
y = I 3 

zero, such that B a^iy^ «= o, (i « 1,2, 3). [Af.TJ 


5. Evaluate the determinant 


Show that the result of equating this determinant to zero is the same as 
the result of eliminating x from the equations, 

x^ ^ ax -{■ b ^ o, 4 4 = o, 

[Lond., BSc. Eng*] 

6. Obtain the eliminant of the equations ax^ + bx -i- c ^ o, ^ ^ in 

the form 

ah c 
b c ak me o 

c ak bk 

7. Use the equations ^ px^ + qx + r me o, ^ bx c ^ otoexpress 

^ be — pcY — (c^ — cJ* — br) {bp b^ q c) 
as a determinant of the fifth order. [Cawd. 

8. Eliminate x and y from the equations 

4 4 W* + =* O' ^ 1 ^ + 

obtaining the result as a sixth order determinant. 

9. Eliminate 0 from the equation 

a cos 38 4 & sin 3^ _ ^ oos 38 - n sin 38 
(*• + «•=» ' =• sin* fl ^ , 

[Comb* Sich*} 


■ ll 

2, 3). 


I 

a 

b 

0 

0 

1 

a 

b 

0 

i 

a' 

b' 

1 

a' 

b' 

0 
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xo. Given that asin29 + 68ia^»>£; and that a cos 2^ ^ cos ^ » d, 

Cjjfixnmate H and thus hnd an equation connecting a, b, c and d. [Cam6. 

XI* Etiminate d and ^ from the equations 

sin $ sin ^ ^ a 
cos ^ + cos ^ d 
tan j [0 tan === c. 

12. Eliminate B from the equations 

4? (i 4- sin*<? ^ cos y sin (i 4* cos <?) =» c (i 4- cos 0 ), , 

y (I 4 - cos* 0 ) X sin 6 cos ^ ~ sin [Camb, Scm} 

13. Eliminate a and from the equations 

cos a 4- sin a = a. 

X cos p -i- y sin p a, 

2 cos J a cos ij 8 3= I. 

14. Eliminate H, B from the equations 

Ax^ 4- 2Hxy 4- By^ = o, 

Ab - 2Hh 4 - Ba * o. 

Ab' - 2Hk' 4 - Ba' = o. 

15. Prove that the result of eliminating o', P', y from the equations 

go' + hp^ 4 “ ba' 4 - bp' 4 - /y^ ^ 4 - // 3 ' 4 - £y! 

I m '^n ‘ 

la' 4- ntp' 4" ny' = o, 

is Al^ 4 - Bm* 4 - Cn* 4 - 2Fw« 4 - 2Gnl 4 - 2H/w « o, where A, B, C, , . 
are cofactors of a,b,c,,.. in the determinant 

b g\ 

\b b f\ 

U / ^ I 

16. If a, h, c are the sides of a triangle and 

apy 4 * bya 4 - Cap =» o, 
aa -h bp A" cy ~ o, 
la 4" WJjS 4* wy =0. 

then /* 4- ♦«■ + «* — 2#»» cos ^ — ml cos B — 2lm cos C = o. 

17. Given that 

ojr 4 ^ » I, o';r 4 fc'y = 1, ab =: a'b\ and a 4 4 4 c, 

show that in general x A” y ^ cxy» 


x8* When x and y are eliminated from the equations 
;r* -* y» * gir — ty ; 4*y =» h;r 4 «py; 4 
prove that (o 4 6)1 4 (<» — 6)^ *• 

x$. Eliminate ;r and y from the equations 





* I* 

2 (g* 4 6*). 
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20, EluninAtc x, y, z froin the equEtions 

)■+.-» 

21. Eliminate x, y, x from the equations 

r+f«6, £+2«c 

y X z y ^ X ' 

23 . EUminate x. y, z from the equations 


^ + 7 + j *0. 
^ . V X 

< 5 


33. Prove that if 

£ + i 4 . " 

/• + w* + Si = 


G ■'■ f)( 7 + 7 )"«- [Ctfwh. Sc*.] 


— 4. “ j. ow . «* 


where a. 6, c are not aero and no two of £ 2. £ are equal, then 

^ y z 

I ^ m ^ “n ]pantb. 

24. Prove that if the equations 

cy* - zfyz + bz* = 0, az*- zgzx + «• = 0, bi* - zhxy + xy» « 0. 
are satisfied by aU values of x, y, z difierent from zero, then 
ahe + zfgh - ap - bg* - ch* = 0. 

"e. « general, 

satisfied by two sets of values of x. y. z not proportional to one anothw. 

[Caw*. Sc*.] 



CHAPTER XV 

THE THEORY OF EQUATIONS 

I N this and the following chapter we consider properties of ^he 
equation / (*) = o, where / {*) is a pol3momial in x. 

15 * 1 . Some Elementary Properties 

Let / (*) = + p^^-i + . . . 4- p^jx + p„ denote 

a polynomial of the «th degree in * in which the coefficients 
Pi> Pi, Pi, ••• , pn-i, i>n are all red, >o; p^’^o. Suppose 
further that /(a() = o, i = i, 2, 3, . . . n. Then oj, a^, . . . , o„ 
are the roots of / {x) = 0 . 

The quantities oj may not be real and need not all be distinct. 
Thus if 

f(x)^{x-ayp[x). 

where ^ (a) =t=o then x = a is an r-muUiple* root of / [x) = 0. 
In particular when r = 2, f {x) = 0 is said to have a double root 
at * = a. 

In Vol. I, Chapter XVIII the following theorems have been 
proved. 

K 

Theorem !.—/(*) ^ po n (x~ o<). 

»■ =• I 

Theorem II.— Assuming f{x) — o has one root, tiien the 
equation has n and only n roots. 

Theorem III. — The imaginary (or complex) roots of f{x)=o 
occur in pairs. 

Theorem IV.— If the coefficients Po,pi,ptr, ■ ■ ,pn are rational, 
the irrational roots of f(x)~o occur in pairs. 

In the same chapter the following transformations have been 
considered. 

(«) The roots 0/ /(-*) = 0 are - oj, - a*, - a,, .... - o». 
(b) The roots of f (xjk) = 0 are ka^, ka^, ka^, .... Aa„. 

(c) The roots of f{xfx) ^0 are i/oi, i/o,, i/oj, .... i/o„. 

(d) The roots of f {y/x) = 0, when expressed in rational form are 
<h‘> «**> «8*. • • • ««*• 

* Multiple roots are frequently referred to as repeated roots. 
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(e) The roots of f{x+k) ~o are a^ — k, a^ — k, a^ — k, . . . 
a„ — k. 

« 

If ^ > o the last transformation is called reducing the roots of 
an equation by k. 

We now pass to the consideration of theorems which will 
determine the nature of the roots, and their position when real. The 
nature of the roots is determined when we know how many are 
imaginary and how many are real. 

The position of a real root is determined by its position in the 
scale of real numbers. Thus, e.g, as a first approximation we might 
determine two consecutive integers between which a root lies. For 
a complete discussion on the separation of the roots of an equation 
Sturm’s theorem* is necessary. This provides a definite method of 
separation. It will be seen, however, that the theorems considered 
in this chapter do provide us in many cases with a good deal of 
information. 

15*21. Descartes’ Rule of Signs 

Consider a polynomial whose terms are arranged in the form 

PoX^ + + ••• + Pn, 

i.e. in descending powers of x. Then a change of sign is said to 
occur when any particular term has the opposite sign to the term 
which immediately precedes it. Thus, e.g. in the polynomial 

2x^ + - 4 ^* + 5^ - I 

we can represent the .sequence of signs as 
+ + — + • 

Here there are three changes in sign, for 4 ^* is of opposite sign 
to ^x^t 5 % is of opposite sign from — 4 ^*, and — i is of opposite 
sign to 5JC. The three changes are + to — , — to +, and 

Now let a be any positive real number, / (x) any polynomial. 
Then the product {x — a) f (x) when expanded has at least one more 

change of sign thanf {x), . , 

Suppose in the first instance that there are no terms missing 
from/(%;),i.e. r - o, i, and consider any arbitrary 

arrangement of signs corresponding to / (^), say 

4.44 (. + -4.- 

♦ S^, e,g. Burnside and Panton, Theory of Equt^ions, Ved. I. 

X. A., II. 
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Multiply by * — a, whose signs are + — . Then considering 
only the signs we may represent the wotIoi^ as follows: 

+ + + + + _+ _ 

+ - 

+ + + + + - + - 

H- + +- + 

+ d:± — i + i — + — + 

The ± signs together indicate that in the total the actual sig 
is ambiguous. 

Now in / (*) there are five changes of sign. Consider now the 
product {x — a)f (x). It will be observed that the ambiguous 
signs occur when two or more similar signs come together in / (*) . It 
follows that omitting for the moment the consideration of the last 
term in {x — a) f [x) there are at least as many changes in sign in 
(* — o) / (x) as there are in / (x). But the last term introduces 
one change in sign. This is obvious in the above example where 
/ (x) finishes with a change in sign. If / (x) does not have this 
property it is easily seen that there is one additional change in 
sign. For consider, e.g. 


- + 

+ 

+ 

+ 

+ 


+ 

4- 

+ 

+ 

— 

— 

— — 

- + 

± 

± 

db — 


The most unfavourable case occurs when three ambiguous terms 
all have the same sign. If the sign is + then the last term provides 
the additional change in sign. If the sign is the term fifth from 
the end and an ambiguous term provides the additional dtange. 

It foUows that if o > o, {x — a) f (x) has at least one more 
cliai:]ge of sign than / (x). 

7^ fact that no changes of sign ate lost because some of the 
ooeffidents in / (x) are zero is easily seen by considering example- 

We may jk>w deduce the rule of s^s. 

T&eosEM V.— Hk equation/ (x) — o cannot have moie positive 
toots there ate^hanges of in fix) or more negative tooits 
there ne diai^ s%n in/ (— x). 
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Consider first the case of positive roots. Let ^ (x) be the 
polynomial formed of the factors corresponding to the negative and 
imaginary roots of / {x), and suppose that on, a*, . . . are the 
positive real roots. 

Let ^ (x) have s changes in sign when s > o. Then 

— oi) ^ {x) has at least (s + i) changes in sign, 

(a? — tti) — ag) ^ (jif) at least {s + 2) changes, 


f(x)^{x^ai)(x^a^),..(x^ ar) ^ (x) 
has at least s + r changes. 

Also f , the number of real positive roots, is less than or equal 
to s + r, since s > o. 

The result for negative roots follows from the transformation 
{a) of § 15*1. For the real positive roots of / (— = 0 are the real 

negative roots of / (x) = o. 

15 * 22 . Detection of Imaginary Roots from Descartes’ Rule 

Let / {x) be a polynomial of degree n and suppose that / {x) 
has p changes and f{—x) has q changes in sign. Then if 

p +q <n 

we conclude that f (x) — 0 has at least n p q imaginary 
roots. 

It will be seen in what follows that the method is of service 
only if some of the terms are missing from f {x), i.e. some of 
the coefficients are zero. 

jgsunple . — Prove ih(U the equation x'* — -f- 3^* x «* o has at least pmr 

imaginary roots. 

Write /(jr) s — ZJT* -f 3ir» — I. The number of changes in sign in/ (4f) 
aie $. Hence there are at most three positive roots. 

Again /(-#)« (- Ji?)’ - 2 (-*)*+ 3 (- - » 

IS. — 3** — I. 

Since there are no changes in sign in /(-*) it follows that there are no 

negative toots. 

Thus than ate at most three real roots, i.e, at least four imaginary roots. 

Let p denote the number of chang^ in sign in / g the 
number of changes in sign of / ( — x)^ h the number of postttve 
toots, k the number of negative roots 0. 

Now /(*) =* +Ps?^* + . . . +p». 

(- i)« /(—*)** p^ — pi?^' + P^f^ -...+(*■ t'rpn* 
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Then if none of the coefficients are zero it is clear that the 
number of changes in sign in / (x) plus the number of changes in 
sign in/ (~ is exactly n. In this case p + q ^ n. 

Again, if some of the coefficients are zero it is clear that jthe 
number of changes in sign cannot exceed «. Hence in general 

P + q <n. ) 

Also from Descartes' rule, h <p, k <q. So that \ 

^ p 4 "? (i) 

We now prove that if all the roots of the equation f (x) ^ o arte 
real then h ^ p, k ^ q. 

In this case A + A; = « and hence from (i) h+k=p+q^n. 

Suppose that h < p so that k > q. This implies that the 
number of negative roots is greater than the number of changes in 
sign of / (— a;), a result which contradicts Descartes' Rule. 

Since A < /> it follows that h = p. Similarly k = q, 

15*31. Some General Theorems 

n 

As before f [x) denotes the polynomial E > o, 

f = o 

while the letters a, b will denote real numbers. 

Theorem VI. — If /(a) and f(b) have opposite signs, then diere 
exists at least one real root of / (x) = o between a and b. 

Theorem VIL — If n is odd the equation /(x) = o has at least 
one real root whose sign is opposite to that of the last term. 

Theorem VIII. — If n is even and pn< o then / (x) = o has 
at least two real roots, one positive and one negative. 

Theorem VL — Since / {x) is a polynomial it is continuous for all 
values of x, (Chapter II,, § 272.) Hence f {x) can only change 
sign* by passing through the value zero, i.e, by passing through a 
real root of / (x) = o. 

♦ It should be noted that / (x) need not change sign as / (x) passes through 
a root of / (x) = o. For if a is a r-multiple root, then / (x) ^ (x a)' ^(x), 
where ^ (a) 4=0. Since ix) is continuous, it follows that for \x a| 
sufficiently small, 4 *{^) ^he same sign. Hence the changes in 

^gn of f{x)t as X passes through the value ir =s a, wiU be determined entirely 
Ijy — a)*". If r is odd, {x ^ a)^ wiU change sign, while if r be even, no 
chai^ in sign takes place as x passes through ;r » a. 

The property that is being asserted is that if f(x) does chaise sign, then 
xnmst have passed through a. root of f {x) « o. 
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Since / («) and / (6) have opposite signs it follows that there is 
at least one real root intermediate in value between a and 6. ' 

The result can be stated more generally as follows. If f (a) and 
f (b) have opposite signs then there are an odd number of real roots 
between a and b; if f {a) and f (b) have the same sign then either 
there is an even number of real roots between a and b or there are no 
real roots at all between a and b. 

It should be observed that in this statement multiple roots are 
counted according to their degree of multiplicity. Thus, e.g. 

if / (x) =- {x- 2)* (x^ + i). then / (i) = 2, / (3) = 10. 

We conclude that there is an even number of roots between 
I and 3 or else there are no real roots in this range. Actually 
the two roots are x = 2, 2, the values being coincident, x — 2 being 
a double root. 

We can deduce from the theorem that if there exists no real 
value of X for which / (*) = o then f (x) is always positive. 

It is convenient to make use of the notation <f> (00), where <f> (x) 
denotes any function of x. In accordance with the definition 
adopted in connexion with limits 

p (c») == lim. p (x). 

X 00 

If <ft (x) + CO as a; 00 we write 

(00) = + 00, 

while if ^ (a:) — 00 as a; -> oo we write 

^ (00) = — 00. 

A similar form is used for ^ oo). 

In the present case / (oo) = + oo; for when x is large the 
highest power of x is the dominating term and > o. 

Since f {x) is continuous and never zero it must always be 
positive. If f {x) < o for any value of x there would also be a 
value of X such that / (a;) = o, which is contrary to the 
hypothesis. 

Theorem VII. — ^This follows immediately from Theorem VL 
For since pi^> o and n is odd, 

/ (— 00) = — 00, / (o) =/„,/(+ 00) = + 00. 

If pn < o, there is at least one real root between x = 0 and 
« — + 00, i.e. a positive root. 

If > o, there is a real root between x = 0 and * -r eo, 
i.e. a negative root. 



6x4 


The Theory of Equations 


, Theorem VIII.— In this case, / (— oo) =* .+ oo, / (o) » p^, 
/(+ w) + 00. Arranging the corresponding values of x 
opposite the oonresponding signs for / (*) we have since p^ < o,| 

- 00 + 

o — 

♦ +00 + 

Hence there is a real root between — oo and o, and anothe\; 
between o and + oo. 

Examples. — (x) Prove that if n is even the equation x* = t has two and only 
two real roots, one positive and one negative. 

Write /(jr) = — I, Then since n is even, 

/(+ CO) = +00. 

/(O) - - I. 

/<- 00) + QO. 

It follows that there are at least two real roots, one positive and the other 
negative. 

Since /(jr) = /(— jt) and f {x) has only one change in sign it follows 
that f(x) ^ o has at most one positive and one negative root. 

(a) By means of the equation (x + h) {x + c) — /• =« o, prove that the 
equation in x 

I ^ + a h g 

\ h AT + 6 / =0 

I ^ / X ^ c 

has three roots which are separated by the two roots of the first equation. It may 
be assumed that a, h, c, f, g, h are all real and different from zero. 

[Camb. Seh.] 

If A (^) denote the determinant, we have on expan^on 
^ (ar) « (X + a) (^ + b) (at + c) — /* {x + a) 

- g* (^ + fr) ~ h* (ar + c) + 2fgh. 
Let a and fi, a < fi he the roots of the equation 

{;r + 6) (4r + c) « /« . (i) 

Then, writing A* = (6 — c)^ + 4/*, A > o, we have 

a * - J (6 + c + A), j? = - J (6 + c - A). 

We may suppose without loss of generality that b > c. Then 
A > d — c > o. 

Again 2 a « ^ b -- c A<— 6 — is — (6 — c). i.e. a < — ft. 

Again 2 ^ — c + a > ^ d — « + (& — c). i.e. ^ > — 

Thus a< — 6< — 

Suhstitnte the values — co, a, j?, + 00 in A ix). Clearly 
^ 00) « ^ < 50 , A (+ 00 ) « + OO* 

A (a) 2 fgh — (a + h) — A» (« + 

^nce « + & < o, and b > St e + ^, ^ st* 
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Write a -h ^ sw — a + c *» — y*, where ft, v > o, » /•. Then 
A («) »« ^V* db ^y>vgh + A*y* = {gfi ± Av)* > o. 

Similarly it may be proved that A {p) < o. 

Arranging the values of ;r against the corresponding signs for A 

— C50 — 

a 4- 

P 

4-00 -f 

we see that the three roots of A » o ^ i*eal and are separated by the 
roots of (i). 

15*32. Zero Coefficients 

We now consider a property of equations in which some of the 
coefficients are zero. 

Theorem IX . — If r consecutive coefficients in f (x) are zero then 
(i) if r is even, the equation f(x) == o has at least r imaginary 
roots; 

(ii) if r is odd, there arc at least r + i or at least r — i 
imaginary roots according as the terms which immediately succeed 
and precede the group of terms with zero coefficients, have the same 
or opposite signs. 

Suppose that the group of consecutive zero coefficients is 
p8> PsrirV p8+i* • • ' Pt+r^V 
SO that / {x) « p^^ + Pv^'-^ + . . . + 

Write F (^r) = + Px^'^^ + . . . + ptr-x^^*^^ 

+ + . . . + + ...+/>«> 

where different from zero. Let p,q he the 

changes in sign in / (z) and / (— x), respectively, P, Q and p , q* 
the corresponding quantities for F {x) and Pir~iX^ ^ 

respectively. Now 

(*). 

where p (*) is a polynomial of degree r+x which has no sere 
coefficients. Hence the number of changes in sign in p (x) 
together with the number of changes in sign in pi— x)ia {r + l). 
[See § 15*32.] Hence 

P 4- ^ 4- j) — +• (’^ -4- *)• 

Now < n, once F (*) is a polynomial of degree <». Tlws 

{r + l) - iP' +f) <»- iP +9) (*) 
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Again from Descartes’ rule of signs the number of real roots of 
/(*) = o cannot exceed p q, i.e. / (x) = o has at least 
” + 9) imaginary roots. It follows from (I) that the equa- 
tion has at least (r -f i) — - 1 - q’) imaginary roots. 

Case (I ). — {r even): 

= + P^r) anc 

{— 

^ Pa-v Pa^r have the same sign, p' = 0, 9' = i, so that 
-1- 9' = 1. 

If p^^, p,+f have opposite signs, p' = T,q’ — o. As before 
p' + q' = I. 

Hence (r -f 1) — -f- 9') = r. 

Thus when r is even there are at least r imaginary roots. 

Case II.— (r odd) : p,-i (- x)’’+> -t- p,+r = + p,+f 

If Pa-t, Pg+r have the same sign, = o, = o so that 
4- j'' = o and (r + i) — {p' + 5^') = r + T. Hence there are 
f + I imaginary roots. 

If pg^^, pg^r have opposite signs, p' = i, gr' = i, so that 
(r + i) — {p' + q'} = r — I. Hence when the coefficients have 
opposite signs there are at least r — i imaginary roots. 

Example . — Prove that if (n — i)aj* — anag is negative the roots of the 
equation 

f (x) = ;ir« + a,4r»-i + . . . 4- o 

are not all real. [Camb. Sch.] 

f(x + h) 

= -f (;r 4- + aa +... + «,» 

= ;r" 4” nhx^*^ 4- '-“ p— h^x^^^ 4- . • • 

4 - 4 - (« — i) a^hx”^* + . . . 

4 - agX^~^ 4 “ . . • 

= ;»f« 4- {nh 4- ^2 4. _ jj ^ j ^^n-a 4. . . . 

Write Ai «= — ajn. Then 

/(;r 4- A) « ;r« 4- ~ - I) V 4- 2 na^} . 

If the coefficients of ;ir** and have the same sign the equation 
f{X’\‘h)^o will have at least two imaginary roots. The condition is 
— (« — r) Uj* 4- 2«ng > o, i.e. (n — i) a|* — awn, < 0. 
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Now the roots of / ( -f A) « o are those of f {x) o increased by 
ajH. [§ 13*1.] Since ajn is real it follows that if f{x + h)^o has ’at 
least two imaginary roots, the equation f{x) ^ o possesses the same 
property. 


EXERCISES XV 

1. Prove that if b, c and d are positive, the equation 

X* + bx^ + c;ir — d ~ o 

has one positive, one negative, and two imaginary roots. 

2. Prove that if ^ > o, r > o the cubic equation 

x^ + qx r === o 

has one negative and two imaginary roots. 

3. Determine the nature of the roots of the equation 

X* + H- 40;r -f- 12 = o. 

4. Prove that the equation + i = o has no real roots when n is 
even, and only one real root, which is negative, when n is odd, 

n 

5. Prove that the roots of the equation £ x^^ = o are all imaginary. 

r = o 

6. Prove that the equation — 2;r^ -j- 3^® — i ~ o has no negative 
roots and at least four imaginary roots. 

7. Find the nature of the roots of the equation 

4X* + 13^* 4. 5^ - 4 «= o. 

8. Prove that the equation at® + 4- at* + i *= o has one real 

root, which is negative, and eight imaginary roots. 

9. Prove that if ft arc real, the roots of the equation 

ft \ 8 

£ !!r — sx X — k are all real. 

r = I - “r 


15-41. Relations between the Coefficients and the Roots 

It is clear that we may assume without loss of gmer^ty that 
Po, the coefficient of a?", is unity. For if a pven 
this form it may be reduced to it by dividing both sides by a 

constant factor. Thus > ^ 

/(*) = *«+ +P^-* + . • • +^» “ 

where a n a- the n roots of / (a?) = 0. 

jmotth.prod.ctof«» n»t. t.l«. . « . 

time. Thus S, = ^ a,; a, 
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s f= I, 2, 3 . . . r ^s; . . . ; S* = Oi Oj Oj . . . -o,. Then 

n 

n {* — a,) = *" — + s^-* + . . . 

r as I 

+ i)^ + . . . + (^ I)«S« 

Equating corresponding coefficients, 

Pi ^ ~ • • •» Pr ^ • • ’* Pn ~ ( 

From this result it follows that : 

(i) every root of / (^) = o is a factor of i,e. the absolute 
term; 

(ii) if all the roots are positive, the coefficients Pi^p^ -.* pn 
must be alternately positive and negative ; 


(iii) if all the roots are negative, the coefficients p^^, p^, ... p^ 
must sdl be positive. 

It is easily seen that (ii) and (iii) may also be deduced from 
Descartes' rule of signs. 

It will be observed that the above discussion gives n distinct 
relations between the roots. These n relations, however, do not 
facilitate the general solution of an equation. For if we attempt 
to determine a particular root a it will be found that the original 
equation will be reached with a instead of x. 


Example. — If a, p, y ar^ three of the roots of the quartic 
oar (I — -f 6 (I — ;ir*) =* c (i -f 

prove that {py + ya + aJ3)* + (apy)* — (a + H- y)* + i. [Camb, Sch,] 
The given equation may be written in the form 

(6 -f r) 4- awr* -f 2 cx* — awr — 6-f-c = o. 
l>t $ be the fourth root of the quartic. Then 

a-f^+y+Ss® ”^ l{b -{* c), 

+ «y + 4“ /5y 4“ PS 4“ y3 « 2cl{b 4- c), 

apy 4* apb 4“ ayh 4" Py^ ~ 4" <?)» 

aPyb = (e: — d)/(d 4« c). 

Writing « a 4* P 4- y» v «= py 4- ya 4- «P» “ «py tbe3e equatibn& 


become 

u ^ B ^ a/ib -i- c) .*(i) 

» 4- «d ■* 2€l{b + c) ^ (M) 

w vB ^ af^ 4* e) • (iii) 

« {c - h)/(6 4* <?) 

From (i) and #i)^ S » - 4- »)/(* 4- v). 

Subtracting (iV) itom (i^)v-jrttB--wB^i, 
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Hence t. - ^ 

I + V I + V 

This reduces to te/* 4 * i + w*. which is the required result* 


* 


(2) If the roots of the equation -f /jr* + mx -f w ~ o are the cosines of 
the angles of a triangle, prove that /• == 2W 4 2« + i. [Camb, Sch.^ 

Let the roots of the equation be cos a, cos p, cos y where a, p, y are the 
angles of a triangle. Then 

£ cos a £ cos o cos m, cos a cos pcoa y ^ 

/• » (i^ cos a)* « £ cos*a -f 2 -2? cos o cos «= £ cos*a + zm 
a= 2m 4 2« 4 cos*o 4 2 cos a cos p cos y. 

Now £ cos*a 4 2 cos a cos P cos y 

» cos a (cos a 4 cos )9 cos y) 4 cos p (cos P 4 cos a cos y) 4 cos*y 
s» COS a {— cos (iS 4 y) 4 cos cos y} 

4 cos /S {— cos (a 4 y) 4 cos a cosy) 4 cos*y, o 4 4 y *= w, 

cos a sin /? sin y 4 cos sin a sin y 4 cos*y 
== sin y (cos a sin )5 4 cos /J sin a) 4 cos*y 
» sin y sin (o 4 P) + cos*y =* sin*y 4 cos*y == i . 

Hence /* » 2m 4 2 n 4 i* 


(3) The roots of the equation 

+ Pi^ 4 (- !)• O 

are alt positive and not all equal. Prove that 

* , and Px > np^ ** . \Camb* Seh^ 


Write f(x)«^ £ (- Pn * 

r as o 

Since aU the roots are positive there must be n changes in sign iAf(x), 
As the signs are alternately positive and negative, this can only occur if 
- Pn^i all positive. 

Consider /(;r 4 A) **= ^ ("^ ^YPn^^ + *)" 
r ss o 

Proceeding as in the example of f 15*32 ^ writing h *= pn^n, we have 


f^Jf 4. 4 ± (n - 4 - 

Kow the root* of tho 

tewwed by » is x]- Th« ««*» W 

If the coefficient of is positive or *«» then the eqnataon ha* at wast 

twtt imaciiu^ roots. H i5‘3*3- Hence 

i.e. > »*f>«-e/(« - *) * * • • W 
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^ Now if Uf, r ^ It 2, , , , n are the n roots of f (x) » o then £ a^Og ^n-«* 
Also contains ^C, = Jw (w — i) terms, all of which are positive and 

which are not aU equal. Hence the arithmetic mean of the quantities j o,.a, 
is greater than their geometric mean [Vol. I., § 15*8]. Thus 

> (^ 7 «ra.)* = ( 77 «,)^ 

Pf Hence _ 




Now i7o, i 


Pn-t 


in(n- 1) 

Combining (i) and (ii) the first of the required inequalities is obtained. 
Again, if a denote the sum of the products of the roots taken w — i at 
time, then a = Also the sum a contains n^n-v ^ terms. Thus 

Pi ^ ^ J JL, 

Pq ittif. y — J Ur 

the quantities i/o, being positive and not all equal, 
on arithmetic and geometric means, 
n 


Applying the theorem 


J? i 

y = I 




i.e. Pi > npf^ 


I- 


1 S* 42 : Some Applications 

Although the n equations obtained in § 15-41 are of no help in the 
general solution of an equation, they are frequently helpful in 
dealing with particular equations in which some special relation is 
known to exist among the roots. The method is illustrated in the 
examples given below. 

Examples. — (i) Solv$ the equation 6 x* — 3;if® + Sx* ~ ;r 2 « o having 
given that it has a pair of roots whose sum is zero. ' [jVf .T..] 

Let a, y, 8 be the roots of 6;r* — 3;^* -f 8 x‘ — x + 2 *= o. Then 
a+i 3 +y+ 8 w:J 
a /3 4 " oy 4 " a8 -f / 5 y 4 - i88 -f- yS = S 
a) 3 y 4 " 4 " ayS 4 ” / 5 y 8 « ^ 

a/?ya =* f 

We may also write a 4- P ** o. 

Substituting a ^ — p the equations become 

y+8-i {») 

- a* + yS - I (il) 

- a* (y + 8) = i {W 

- a* y8 = t (iv) 

From (i) and {iii) a* => — J, a = ± * 7 V 3 - Fro® (»v) y8 =* * W 

From (i) and (v) we obtain y = J (i ± ♦ y 15). 

Thus the four roots are ± II VS^ i (x ± » V^5)- 
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(4) The sum of two of the foots of the equation 

+ 6^* 4- t^x* + i2x ~ 5 «= o 

is equal to the sum of the other two ; solve the equation. [N. St*,] 

Let o, ft y, 8 be the four roots of the equation 

+ 6Ar» 4- 134?* 4- I2;r — 5 = 0. 

Xhen Cl 4” ^ y 4” 8. 

The fundamental relations between the roots and the coefficients are 


a + ^ + y 4 - 8 - 6 (i) 

a /5 -f ay 4 * a8 4 - / 5 y 4 * / 5 S "f y8 = 13 (ii) 

a^y 4 " a^S 4 ay8 4 * i 5 y 8 = — 12 (iii) 

a^y8 = — 5 (iv) 

Write a+/ 5 ~y 4 -S~«. Then from (i), m = — 3. 

From (ii), ajS + yS + «* = 13. i.e. aj 5 4- y8 = 4 (v) 

From (iv) and (v) we obtain the values of a/ 5 , y8, viz. 5,-1. Taking 
a /5 = 5, y8 = — I we have 

a 4- /5 - 3, 0/5 = 5. and y 4- 8 = — 3. y8 = - i. 


Solving these equations we find that the four roots of the quartic equation 
are i(~ 3 ±*Vii) and J (- 3 ± Vu)- 

(3) Show that if the roots of the equation ax^ + bx^ 4 - 4 4 * ^ « o 

are in harmonic progression, then d* = ^cde — 8 6<j*, and 
25 odH = (cd — eh) (iieh — cd). 

Verify these conditions in the case of 40X* — 22;r* — 21^* 4 2;r 4 i ~ o and 
solve for X. \Camh, 

Let I /a, 1//5, i/y, 1/8 be the four roots of the given equation. Then 
a, ft y, 8 are in arithmetic progression and may be represented in the form 
A — 3^. A — A 4 A 4 3 *- 
The equation whose roots are o, / 5 , y, 8 is 

ex^ 4 4 “ 4 "h ~ C§ 15*1*} 

The four equations relating the roots to the coefficients are 

a 4 / 84 y 48 = — j, 
ojS 4 «y 4- 4* 4 y8 = 

a/ 5 y 4 4 - uyh 4 pY^ “ ““"J' 

= ?. 

Expressing these equations in terms of A, h we obtain 
— 3^4 A — ^ 4 A 4 ^ 4 -A 43 ^*= 

i.e. A =» — dj^e (i) 

(A ^h) (A - ^) 4 (A - 3 ^) (A 4 *) 4 - (A - 3^) (A 4 3 ^) 

4 (A - (A 4 A) 4 (A - A) (A 4 3 A) 

4 (A 4 A) (A 4 3A) * 

i.e. 3A* - sA* « ^ 
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Again (A - 3*) (A - *) (A + 3A) + (A -- 3*) (A - A) (A + A) 

+ (A - 3*) (A + A) (A + 3A) + (A - A) {A + A) (A + 3A) ~ - »/«, 

< i.e. A* - 3A*A « - 6/4* ; (iii) 

Hnally. (A - 3A) (A - A) (A + A) (A + 3A) - aje, 

i.e. (A* - A*) (A* - 9A*) = a/e (iv) 

From (i) aiid.<ii), 3d* — = 8oe*^*. 

lor A and k in (iii), this equation redubes to 

- 86e» : • * • • 

From (iv) we obtain in a similar way 

(d* + 4ce) (— I Id* 4* ^f>ce) = 1600 
i.c. (d* -f 4 cde) {— iid* + 36 cde) = i6oo odV. 


Substituting from (v), (8 cd^ — 8 be*) (88 be* — 8 cde) = 1600 odV, 

i.e. (cd ^ be) (11 be ■— cd) 25 ad*e (vi) 

In the particular case again, a 40, fe = — 22, c ~ — 21, d = 2, s = i. 


It is easily verified that (v) and (vi) are satisfied. Then 
A = d/4<5 = - A* == 9/4, k ± 3/2. 

Hence the roots are the reciprocals of 

-i-f. - + i.e. of -- 5, ~ 2, i, 4. 

Thus the roots are — — i, i, J. 


(4) roo/s of the equation 16a* — 64 ;r» 4- 56X* 4 * i62r — 15 = o aw 
known to be in arithmetical progression ; solve the equation. {M. T.] 

Let a, jS, y, 8 be the roots of the equation. Then 

a4-p4- y4-a-4 J (i) 

afi 4" ay 4" a 8 4* Py "i* “f" Y^ (^) 

apY 4" apb 4“ ayb 4* Py^ =» — I (iii) 

apyb = — 4S (iv) 

Since the roots arc in A.P. we may write /?, y, 8 in the form j8 «* a 4* A, 
y=»«4'iA, 8=Ba4’ 3 ^. Thus 

a 4 - 8 = ^ 4- y (v) 

Hence (i) may be written in the form 

P 4 y = 2 (vi) 

From (u), a O 4 y) 4 A (jS 4 y) 4 aS 4 /Sy « i. 
i.e. (a 4 8) (/8 4 y) 4 a8 4 /?y ~ 

From (v) and (vi), <18 4 ^y « (vii) 

From (iv), (a8) (jffy) « - if (viii) 

From (vii) and (viji) we find a 8 » f or f , ^y » } or §4 


Taking ^y «= f combining with (v) we obtain P ^ i or |* y « | or !• 
Taking a8 « — {, a 4 A 2 we obtain it«e~>|or|, 8««|or — i- 
It follows that the roots of the given equation are — 4# 
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(5) If om root of the equation 4?* + t » o is twice the difference of 
the other two, prove that one root is i^bj^a. [Camb. Sch,"] 

Let a, p, Y he the three roots so that ♦ 

o = 2)5 - 2y (1) 

Since the coel&cient of x* is zero 

a + p y = o (ii) 

From (i) and (ii) it follows that )5 =« — Ja, y » — f a. 

Again, since apy = — 6, we have 

Aa» = 6 (iii) 

Substituting )S + y = — a and Py « in a)5 + ay 4* )5y * a 
we obtain 

jria* (iv) 

From (iii) and (iv) ^ ® ® ~ isb/sa. 


(6) Solve the equation 162Z* -f 1354?* — 135;!?* — 304f + 8 » 0, whose 
roots are in geometric progression. 

Let the roots be «/f*, ajr, ar, ar^ so that r* is the common ratio. Then 


.ar.ar* = xfe* 


These equations give on simplification 

{-p + ,4 + * + '^ + ’^)= - * 

~ A Cu) 

From (ii), at* =*= ± 2/9- 


Takiiig a* = - 2/9, (i) becomes ^ + ^ + a + *^ + »*-'¥* 


Substituting y = H + i/f>, this equation gives 

yi — 15/4 o, i.e. y = 3/2 or — 5/2. 

The value r* + i/r* = 3/2 makes i-* imaginary. 

Taking r* + i/r* ==■ — 5/* we obtain r*= — 2or— f. Ifr*' 
o*f»=.|: if -i, «V*»=i. 

In the former case ar « ± f Taking the positive square root it Mlow* 
that 


! - 2 , 




- i. ar 


a ar 

^*“7 *"*’ r 
and these values aatirfy the equation. 


f ar* = - i. 
If we take ar » — 


« ._i, S = i, ar.-f ar*-|. 

Tl«»e values are the roots of the equations: 

i6*»* - «35»* - + 30sr + 8-«o....... 

which is obtained from the given equation by chalking* into ~e. 
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Wc must expect to obtain the roots of this equation for in the argument 
we have used only the coefficients of x*, x* and the constant term, which 
are the same in each equation, as the transformation x into — x does not 
alter the coefficients of the even powers of x. 

Next consider = 1/9, i.e, ar ^ ± 1/3, r* = — 1/2, 

If or » + 1/3. we have ar = i, ar* = - f ^nd 

these are the roots of equation (iii). If af = — 1/3, we have 
p = - = i or = - i, aH = J. 

These are the roots of the given equation. 

This example shows that it is sometimes necessary to consider whether the 
method adopted has introduced extraneous values. 

15*43. Reduction of the Degree of an Equation 

The examples of the previous section show that when a relation 
between two of the roots is known the degree of the equation may he 
reduced by two dimensions. This may be proved quite generally as 
follows: 

Let a and j3 be two roots of the equation 

f{x) = + . . . + = 0 

which satisfy the relation p = p (a). 

Let p {x) be the function obtained from f (x) when x is 
changed into p {x). Thus 

^{x) 

Now 0 (a) = / {p (a)} = / (j8) = 0 . It follows that the equa- 
tions f (x) = Oy p {x) = 0 have a root in common, i.e. / (x) and 
0 (x) have a common factor x a. This may be determined by 
the method of Chapter IX., § g-ii. Thus a and hence p are found. 
Division of / (x) by the quadratic factor (x — a) (x — P) will 
reduce the degree of the equation by 2 . 

Example. — Given that x^ — lox^ -f 9;r — 2 ~ o has the product of two 
of its roots equal to unity, find them. [Madras, S.Sc.] 

Let a, p be the two roots such that aj5 = i. Substituting ifx for X in 
the given equation, we obtain 

2X* — 9;r* -f- lox^ — i *= o, 

Thus the polynomials x* — lo^r* 4- 9;!? ~ 2, 2X^ -- gx* ^ iox* — i must 
have a common factor. 

Ttoceedtng as in Chapter IX, § 9*11, we have the following: 

x^ — xox^ -f 9;ir — 2)2^* — 9Ar* -f- lox* — 1(2 
zx* — 20 X* + i8;r -^4 


— 9^ ^ Sox^ — i84f + 3 
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Multiply the divisor by 3. and divide the remainder by -- 3. 

- icMf* + 6^ - i)3Ar* + 27Z - 6(x 

3^ - iOAr» 4- 6 x* - X 

+ 10^ ~ 364f* + 28;r 6 x | 

15^* - 54^“ + 42;r - 9(5 
15^* — so y* + 3ar — 5 

+ 12X ~4 ~ - 4 

- 3^+1 

- 3^ + 1)3^ - lox^ + 6;p - i(3;r - i 
3Ar» ~ »g« -f 3jr 

— ^* + 3^ - I 

~ ^* + 3^ - 1 

Hence the common factor is _ 3^ _l_ j of x^ ^ i- i ^ o 

are * (3 i y/ 5), One of these roots must be a. But since the product of 
the roots is clearly equal to unity it follows that ;r® - 3;^ 4- i = o aivea 
both the required roots. 

1S*44* Symmetric Functions of the Roots 
Let the equation be 

/(*)=*» 4- = o, 

and its roots a^, a*, og, . . . o„. By a symmetric function of the roots 
is meant a function in which all the roots are involved and such 
that the function is unaltered in value if any two of the roots are 
interchanged. Now using the formulae 

5i = Eoi = — 

$2 = 2*0102 = p2, 

Sz == 

we can express any symmetric functions of the roots in terms of 
the coefficients of f{x). 

It is usual to denote the symmetric function by attaching the 
sign Z to any one of the terms of this function. Thus, e,g, if f{$ 5 ) 
is a pol 3 momid of the third degree, then 
Za^ = 01 ® + a/ + ots®* 

«i*aa + + ®2*a8 + ®s*«i + 

2*01*0208 5 = 01*02^ 4“ ®s*®8®h + 

BMfwpU — Xf a, p, y are roots of the cubic efuaiion 
4* + r » o 

evatmUe (i) Ha*, (ii) UaK {B) Sa^$, 

T.A.. It. 


40 
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(i) Since J&a JSafi « q, 

'p9 as (Xa)* »* •f* 2 £a^t i.e, ^a* oat p* mm 2 q, 

(ii) Since 

«• 4* ^ 4- ~ (a 4* ^ 4- 0 — <;a) j 

it follows that 

Ja* « SapY + (Xa) (iTa* - Taft 

a, - 3f _ ^ _ 2^ «. g) « _ ^ _ 3^, 

{iii) Consider £a*p. The product (2^a) {I!aP) will contain JSa*$ togeiner 
with terms of the form apy The terms of £a*p will occur only once wlb^ 
the term apy will occur three times, viz. as the product of any one of a, p, y 
and a term from Zap, Hence 

(Za) (Zap) « Za*p 4“ 3o-pY, 
i.e. Za^p « (~ />) (^) - 3 4- 

The procedure adopted in (iii) of the Ex. indicates the method 
of dealing with the general equation. We now prove a numbqr 
of results for this equation. It is important to observe that the 
statement of the results is independent of the degree of the equation, 
and so is the same for equations of all degrees. There is, of course, 
the obvious restriction that the number of different roots which 
occur in a typical term of the symmetric function cannot exceed 
the degree of the equation. 

If oi, a^, 03, . . . are the roots of the equation / (^) = o, then 

(а) rai* = ^*-2/>, 

(б) 2^01*0, = 3^, — 

(c) 2 ;a,»= 

(0) £ai*a,a, = Ptp, — 4Pt 

(e) 2701*0,* = pt* — zPjp, + 2 pi 

(/) 27oi*-= Pi* - ^i*P, + 4piP, + 3p,* — 4pt. 

It is clear that there is an infinite variety for S3mmietric functions 
of the roots. The methods adopted in the proofs of (a) to (/) will 
provide the reader with a tech^que which should enable Wm to 
deal with any particular case. 

{a) =* — 2 2 ^ 0^03 sss Pt^ — 2j|fr3. 

[b) will be obtained by considering the product 

{ 2 *%) In addition to terms of the form 0^*03 this product 

will ir^ude terms of the form 0 ta 3 a 3 « Terms of the form 
can only occur once in the product. On the other hand 
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of the fonn a^otOg will occur three times. For oiajo, can be 
obtained in the following three, and only three, ways. , 

X Oj X CI3 X oi|^<X2* 

It follows that every term of occurs three, and only 

three, times. Thus 

£01^02 =s {^<h) (-^<*1^2) ““ 3 

= (- Pl) ip») - 3 (- P») = 3^8 - PlPf 

(c) Consider the product {Zoi) (i^oj*). This will contain only 
terms of the form aj^ag. Clearly oj® can be obtained in only 
one way. Further, o^^ag occurs only once in the product, viz, 
as the product of ag and Hence 

= (— A) iPi (3^8 — PiPz) = — A® + 3 piPi 3 A* 

{d) Consider the product (Zajagag) which will contain 

terms of the forms o^^agag, o^agagag. The term ag^ogag can be 
obtained in only one way, viz. from the product X <h<^ 2 <^ 8 * 
On the other hand oiagagag can be obtained in four ways, viz. 

X agttgag, Og X o^agag, ag X <110204' o^agag. Hence 

^/Og^agag = (^Ox) (^Oxagttg) — 4 ^ojOgagag 

= (~ A) (- A) - 4 (A) = Pip 9 - 4 A- 

(e) Consider (i^oiag)*. This square will contain terms of the 
form ax*ag*, ax*ajag, Ojagagag. 

oi^og* occurs only once as o^og x oxog. 

ftx^agUg occurs twice, OxOg X oxag, oiag X OxOg. 

Oxttgagag occurs six times, viz. OiOg X ogag, X Ogag, 

OxOg X OgOg, Ogag X OxOg, Ogag X OxOg, OgOg X Ogag. 

Hence SaiW == - * '27a,*a,tt, - 6 rojasOso, 

^p»-2 (p^i - #4) - ^Pt 
= p^* — 2pjpa + 2 ^ 4 * 

(J) Now (2ai*)* contains terms of the form o,*, a,*!*,*. Ttie 
first occurs once and second twice. Hence 
So* a= (JCo,*)* - 2 UoiW 

« {pi* - a^i)* -^{Pt*~ ^PiP* ■+■ 

■^Pi*-^ *Pi*P* + 4^ •+* 
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Examples. — (i) If a, b, c are the toots of ike equation -f- + s « o 

find ike value of ike expression Ea^ *f Eah -f ^ahc. [Madras, B,Sc,] 

£a qip, Eab = rjp. abc == — s/p. 

Sa* = (Za)* _ 2 ra6 = ^ 

r P 

£a*+Zab + 3 abc = g _ ^ | 

P’‘ P P P 

= (?* -rp- yp)IP*- 

(2) If a, p, y are ike roots of x* px + q o, prove tkat 

g * 4 - + y* _ -{- )?*+ + y + y* 

5 3 2 

[Camb. Sck.'] 

Since x^ px q ^ {x a) [x — P) {x y) it follows that 

(I - oat) (I -* px) (l - yAr) I 4 . px^ 4- qx^. 

Taking logarithms, 

log (l 4“ px^ 4- qx^) ^ log (i — ax) 4- log (i — px) 4- log (l — yAr). > 
Expanding by the logarithmic series, 

00 00 00 CX) 

E (— i)«-i 4-^Ar®)"/« = — E a"Ar«/n — E p^x^jn E y^x^jn, 

«a=I W=I W=I «~I 

the expansions being absolutely convergent for \x\ sufficiently small. 

Since the series are absolutely convergent we may arrange them in ascend- 
ing powers of x. Thus 

00 

px^ 4- qx^ ~ i/>*Ar* — pqx^ 4- . . . — E (a" 4- jS** 4- y”) x^jn, 

w ~ I 

From the theorem on the identical equality of power series [Chapter I, 
§ I ‘8] we may equate coefficients of corresponding powers of x. Equating 
coefficients of at®, at* and at®, we have 

“* 1 (a* 4 4- y*) = Pf 
-- i (a» 4- iS® 4- y») - q. 

- Ua* 4 + y») 

Hence 4 y*^ o®^ 4 j ?® 4 y* 

(3) // a 4- /5 4 y = g* a* 4 4 y* = &, g® 4* j8® 4 y* = c, find apy 

and a* 4 )5* 4 y® in terms of a, b, c. Verify that when a = o, they are 
respectively \c and J6*. [Camb, 

Now (Za)* = Ea* 4 tEap. Hence Ea,p J (a* - b). 

Again, (2?a)® « Ea^ 4- 3 Ea*p 4 6o/3y 

=s J7g* 4 3 — 9^Py 4 t>a,Py* 

Hence 3aj5y « c — a* 4- |a (a* 6), 

i*e. aPy «* (ac 4 ** — • 3 ab)l 6 . 

In particular when a «= o, aPy « Jc. 
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Again, Ha* — (2*0*) ■ — 2£a*p* 

^ {Say - 2 {(i:ai8)> -- 2afiy2a} 

« 6* — 2 {i (a* - 6)2 — {2c + a* - 306)} 

= {a* + 36* + 6a^b + Sac}l6, 

In particular, if a = o, Sa* = i6*. 


{ 4 ) U {» + «i) ( 2 ?+ «*) (^ + as) • • ♦ + an) 

- + . . . 4 . 

Ma/ «!» + a,* H- a** + . . . = A* - + 3^8* 

Provtf a/so sum of the products r at a time of the (w — i) quantities 

as, as, . . . , an is equal to 

pr — a^pf^y^ -f ai^pr^2 ~ al)^ [Cam6. SrA.] 


Now Suj^ ~ Pit Saya^ — ^2* ^H^a^asas =s 

Then (i^ai)® ™ Sa^ + -^Sai^a^ + 6Pajaaa8 
Again Sai^a^ = (Paj) (Pajas) ~ ^Saia^a^, 

Hence Pa^* ~ (Sai)^ ~ 6iJaia2a3 — -^Sa-^a^ 

= (i7ai)» — ei^aiajaa — 3 (i^a^) (Saya^) + Q-^'a^agas 

= Pi - 6^8 - ^PiP% + 9pi 
^ A® ~ ^P\P% + 3/>a- 


Let + . . . + qrX^’"^-^ + • . . be the quotient 

when x^ + ^ + ... is divided by ;r + Uj. 

Then the sum of the products r at a time of the (n — i) quantities 
as, a,, . . . an is qr- The value of qr may be found in the following way. 
Write / {x) = ^« + piX^-^ + H- . . . + + ...+/>» 

/W ^/Wi 

X di X 


Then 






Now will be the coefficient of in f (x)l(x a^t i.e. the coefficient 

of JT***"*^ in 

(x^ + plX^-^ + ^8^””* *f . . . + + . . . + ^n) 

This coefficient is — Oi^r-i + "iV’r-t ~ ‘h*Pr-t + • • • + (— 


It is clear that any symmetric function of the roots can be 
expressed in terms of functions of the type . . . o,‘, 

where r, s, . . . f are positive integers. 

Suppose that . . . o,‘ has been expressed in terms of the 

coefficients A. Pt> Pt - deimte this function by F ipi.pp 
Thra lAtf Sim of the indices r + s + • • . + f ** equ(4 to the aim 



636 


IThe Theory of Equations 


of the suffixes in each term of F Thus, e.g, consider 

— 4PiP% + 4 Pd>z + 2^2“ — 4 Pa* 

= pip^ - 4^4. 

In each of these the sum of the indices is 4, while the sum\of 
the suffixes in each term in the expression in terms of ^1, p^, 
is 4, Note that if a coefficient p^ is raised to any power, say m, 

then the sum of the suffixes corresponding to p^ is mfi. The trutl^ 

of the result in general follows from the fundamental equations 
stated at the beginning of this section. 


EXERCISES XV 


10. The numbers w®, Wi, M2. • • • satisfy the relation m„ == 
for all values of n greater than i. If Mo = 2. Mj 2 cos 0, show that 

M„ == 2 cos n0. By means of the given relation express as a polynomial 
in Mj, and show that one root of the equation 

Mj* + Mj® — 4Mi* — 4Mi + I ~ o 


is 


rr 

2 COS — . 

15 


What are the other three roots ? 


[M.T,] 


II. If 


X y z 


I, 


a -f ^ 


+ 




z 

c 4. ^ 


I, 


— £ h-i-T 1 ^ = I. prove that for all values of f (except — a, 

— b and — c), 

^ 4. ^ T 4. (A - a - i) (v - 0 

a 4 ^ 2 ? 4 I ^ 4 - ^ (<* + ^) (^ + f) 4 “ f) 

\Camb. Sch.] 

12. Given that two of the roots of 

45X* — 54X® — 98x* 4 150^ —75 — 0 

are equal in absolute magnitude but opposite in sign, complete the solution 
of the equation. {M.T,] 


13. Prove that at* ~ 7^* 4 15^* — 9 is divisible by -jt* — i and that the 
quotient is a perfect square. Hence solve the equation 

— yr* 4 15^* — 9 = o 

and write down the equation whose roots are the reciprocals of the roots of 
this equation. [Lond, Inter, Boon.] 

14. The equation 4X* — 57;!?* 4 64X* 4 io8r — 144 « o has two :^ts 
which axe equal in magnitude and opposite in sign. ^Ive it completely. 

ICamb, 

15. Show that if =« aH, then the product of two of the roots of the 
equation 

x^ ax* ^ bx^ ^ cx d ^ o 

is equal to the product of the other two. Hence, or otherwise solve fhe 
equation 

-f 4 - 2^* 4 * 4 - 4 « o. ’ ICamb. Beh] 
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16. If one (rf the roots of the equation 

a** + &r« 4- <sr 4. o 

is the geometric mean of the other; two roots, prove that ac* m jsrf. 

Show t^t ST* + 4 sr* - 12# _ 27 = o is such an equation and solve 
It completely. ILond. Inter. Ecm .1 

17. Solve 8u^ + 54#» — igg#* - 66# + 40 = o, given that the roots 

are m anthmetical progression. ^Camb. Se*.] 

18. Find for what values of a and 6 the roots of the equation 

4^ + ew?* + — } t=s o 

are in arithmetical progression. [Camb. Sch.] 

19* Ptove thati if the sum of two roots of the quintic equation 

4- h o 

is equal to the sum of two other roots, b must vanish. [Land, BSc.] 

20. Denoting by the roots of the equation ^ ^ a ^ o 

find the value of the sum * 


(^1* + [x,* + #,*) 4- #, ( #j» 4- #,t). [Comb. Sch.] 

21. If a. fi.ysxe the roots of #» + /)# 4. j = o, find a* 4- jj‘ + y* and 
n’ + ^ 4- y*. and deduce that if / 4- »» 4- « = o, then /• 4- «* 4- «• » j Hn 

[N.Sc, Pre/imJ 

22. Given that + y* -f = a», + y* -f « 6*, -f y 4 .r « 

express yx + xx xy and xyz in terms of a, 6, c\ hence show that x^ y, x 
are the roots of the equation 

6A» - 6cA* - 3 (6* ~ c*) A - (2a* - 36 *c 4 c») « o. 

[land. Inter, Econ,} 


23. Solve the equation 2 sin 9 = and show from it that 

sin io“. sin 30° . sin 70° = *. icamb. Seh.} 

24. If a « cos 4 I sin ^ show that a 4 a* 4 o* and a* 4 a* 4 «• 
are the roots of jr* 4 ar 4 2 =* o. Hence show that 

sin ?ir 4 sin f - sin =» J ^7- [CanUt, Sch,] 

25. If o, p are the roots of the equation ax* ^ xbx + c ^ o, prove that 

ax* 4 4 s a (^r — a) (x P) 

and evaluate (6* — a* a*) (h* — a*p*), ^[Lond. 


26. If the roots of the equation 4 4 y aa o, and x* 4 p^x 4 sse o, 

m a, p and a*f P respectively, prove that 

?i* + P 9 iq 4 o. and -- m f {fit - P) ^ o. 

Hence, or otherwise, prove that 

? - A)* + /> - Pi) - ?) 4 fe - « o* 


27, If the roots of the equation x*^px *h if o arett,/B and the fdoti 
of the fqjmkitm jr* 4 <m? 4 6 » o are i/sa, y* show that 

- fb) « (I - hj)*, 
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Show also that j8 and y are the roots of the quadratic ^nation 
x*{i -bq) -X {(« ■hp)bq- {aq + bp)} + 6} (i - 6?) = o. 

28. Obtain a cubic equation whose roots are the values of x, y, r gi' 

* + y + r = 3, »» + y* + r* = 5, + >'• + r* = 7- 

Prove that *• + y‘ + r* = 9 - {CanO,. S^.] 

29. Prove that if ;ir be a root of the equation 

— 3 ^ («* + « + i) 4 - (a* 4 - « + i) 4 i) = o, 
then the other roots are ^ (x) and ^ (jr)}, where 

^ (;r) =* ;ir* 4 - iMr — 2 (a* 4 a + i). [Camh, ScA.] 

30. Prove that the sum of the squares of two of the roots of the equation 
8 ;r* 4- Sax* — 3a* = o is equal to their product. 

[N.Sc., Prelim.'] 


15*51. Transformation of Equations 

We first consider some typical examples of the determination] 
of equations whose roots are functions of the roots of a given 
equation and whose coefficients can be expressed in terms of sym- 
metric functions of the roots of this equation. 


Examples. — (i) If a and p are the roots of the equation px* 4- 4 ^ = o, 

find the equation whose roots are {fia 4- q)lp, {pp 4- q)la. 

[N.Sc., Prelim.] 

jjow -*t_i -I- PP 4 ga 4 PP* 4 qp 

P a aP 


Since a 4 = 


= iP (a* 4 i?*) 4 ^ (a 4 P)}lap. 
’ rjp we have 


o* 4 j3* = (a 4 /5)* ~ 2 == 


- ?!. 


P^ 


2r q* 2rp 

p - p% ' 


Hence 


• (i) 


P ^ a y. P pup 

{Pol 4 y) (PP 4 =* {P^^P 4 (a 4 ^)“ 4 9*}I<^P ~ 

Hence the required equation is x* 4- zpx 4- 0, i.e. {x 4- p)* » o. 

4“ Q pB 4 Q 

This equatioi^ implies that - ^ 

The fact that this is true follows immediately from the given equation 
and from (i). Thus pa* + qa ^ — r 4. qp. Dividing by aP, 

pa 4 g PP 4 ^ 


(2) Find the equation whose roots are the squares of the roots of 
X* ^ hx* cx d ^ o, 

and find the condition that the squares of roots of the given equation shall be in 
airUlmetic progression, [Af.TJ 
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In the given equation hx* ■{• cx d = o write ;ir « so that 
y « X*, Then y ^/y + iiy + Vy d — o, 
i.e. Vy (y + = — by --- d. 

Squaring both sides of the equation 

y (^ + c)* = [by -f d)*, i.e. y^ + y* (2c — ?>*) + y (^* — ^bd) — ei* =s o. 
The roots of this equation in y are the squares of the roots of the cubic in x. 
We require the condition that the roots of cubic in y be in arithmetic 
progression. 

Let the roots be a, jff, y. Then if the roots are in A.P. we can write 
2^ « a + y. 

Now a *f j 9 -f- y= ft* — 2c, 
ajS -f ay + /?y = £;* — 2 bd^ 


ajSy = d*. 

Thus 3/8 = 6* — 2r, (i) 

2 jS* 4- ay — i:* — 2 bd, 
ay - d^ip. 

Hence 2j8» + - c* - aftd (ii) 


The required condition will be obtained by eliminating j8 between (i) 
and (ii). On simplification this gives 

2 (h* 2c)* — 9 (6* — 2c) (c® — 26d) + 27 d* = o. 

(3) Find the equation the roots of which are the sums of the roots of 

x^ -f- ax^ hx c ^ 0 

taken in pairs, [Comb. Sch.] 

Let the roots be a, p, y. Then we require the equation whose roots are 
a + p, /8 + y, y + a. Write y ^ a + p. 

Then ?ince a-}“/8-fy= — y= — a — y, i.e. y = — a — y. 

Since y* + ay* 4- fcy + c = o, it follows that 

a - y)» 4 a (-- a - y)* 4 6 (- a - y) 4 c = o, 

i.e. y* 4 2ay* 4 (a* 4 &) y + ^ — o* 

and this is the required equation. 

(4) If a, p, y are the roots of x* -h px* + 9^ + r o find the equation ttdu>se 
roots are 

P ^ y 2a, y 4 ® 2/8, a 4 “*• 2y. [Camb^ Sch,] 

Write yxs^+y — 2 a=/} + y+ » — 3'»=~^ — 3“' 

o* + ^>a* + 50 + r = 0 we obtain the required equatioa by 
substituting o = - i ^ + ^)- Thw P''*® simplification 
y* + {9t - 3P*) y - ^P* + 9 o- 

(5) Form the efuaHon whose roots are (c^ — fiv)la, (P — ya)lp, (y* — oft/y 

where . a, /J. y are the roots of the eqmtUm *• + ^*‘ + + r = 0. 

Write y = fa* - iSy)/o - a - a^y/«* “ » + *'/«*• 
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Now a* -f + go + r » o (i) 

ite. + a •f.o, 

o o 

Hence — a = o, i.e. o =« — g (^ + y)"^. 

Substituting in (i) and simplifying we obtain 

- g» + ^>g* (/>+>')- g* (/>+ y)* + (#> 4 - y)* = o. 

This is the required equation. , 

(6) Find the equation whose foots are given by the formula 

4- 4. V + (i I .2, 3) 

fi/Aw Xi, x^, x^ are the roots of the equation — a?* 4- 4 3= o. [M. T.] 

Now 4 - 4 - ^8 = I. ^1^8 4 “ + ^r*^8 == o. — 4. 

Also 4 - ^ 8 * + ^a* == (»x 4 - ^8 4 ^a)* - 2 [x^x^ 4- ;ri;r 8 4- ^a^s) I- 
From the given equation 

Xt (Xi^ - Xi) ^ 4 ^ o, i.e. Xi - jr<* = 4/;r<. 

Thus - I = 4/^<, ie. Xi = 4/(y< - 1). 

Hence the required equation will be obtained from the given equation 
by substituting ;ir == 4/(y — i). Thus the required equation is 

4* 4* . , 

(y ~ I)* (y - ^ 

This simplifies to y* — ay* — y 4 - i9 ~ o. 

(7) If a, p, y are the roots of the equation 

2 ;r* 4 -;r* 4 - 4 r 4 -i »so, 
find the equation whose roots are 

I, I *. * 

iF-^y* a*' y*’+‘o* 

Write a = ija, p ~ i/b, y » i/c, a* ^ u, b* = w, c* =* w. Then the 
required equation may be determined by means of two intermediate equations. 
The three steps are as follows: 

(i) The formation of the equation whose roots are a, b, c. 

(ii) The determination of the equation whose roots are u, v, le. 

(iii) From (ii) is deduced the equation whose roots are 

v 4 ’tt^ — «» «e/4-i# — w, «4-e — w. 

(ij This is found by replacing x by i/s in the given equation. Thus 
‘S?*4“^*4^4-2«=:o has a, h, c for its roots. 

(ii) The equation whose roots are n, t;, u; is 

;r* - sr» Xo* + ^ iWb* - fl W * o, 
and it is now necessary to calculale JSh*b*. Using the formula 
P 4 fu* 4- «• — » (/ 4* 4* n) (f* 4- w* 4" uiu — «l) 

it ^)Bow 8 ihat 

2h* «* {Ha) — $Hab} 4- 3 uftc 
'vf. ■ : , •« (- I){I -3} - « - -4 
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Again, using the same formula, 

«s (£ab) {(ira6)* -- ^abc £a} + 3 a*6*c* » 

= {I - 3.-2.- 1} + 3 -(- a)* = 7 - 

Hence the ec^uation whose roots are u, v, w Ui 
;r* -f 4;r* -f 7;r + 8 = o. 

(iii) Now write >>a=v + te; — « = 2 ?m — 2«3*— 4 — 21*. 

Hence m = — 4 (4 -f y). 

Substituting in m* + 41#* + 71* + 8 = o we have 

— 4 (4 + >')* + (4 + y)* — 5 (4 + ^) + 8 « o, 
i.e, y* -f 4y* + i2y — 16 » o. 

15*52. Reciprocal Equations 

Let / (x) = A?" + + . . . + = o, 4=Oy be 

an equation whose roots are oj, ag a^. Then the 

equation whose roots are i/oj, i/ag, i/a^, . . . , i/a„ is / ( 1 / 2 ?) 0 , 

i.e. + . . . + + i = 0. 

If the equations / (x) = o, / (i/a?) = 0 are the same, then 
/ (x) is said to be a reciprocal equcdion, i.e. it is an equation which 
is unaltered if be changed into ifx, A comparison of the two 
equations shows that 

JL =: JjL ~ Jl. = . . r= tiizl = tn. 

Pn Pn-l ^n~2 Pi ^ 

From the equality of the first and last ratios it follows that 

* I, i.e. ^„ == ± I. 

(a) If p^ « I, we have 

Pi ^ Pz ~ ^n--2» • ’ • » Pr^ Pn-r • • • 

/ .«. the coefficients of the corresponding terms taken from the beginning 
and end are equal, 

{b) If pn — — ^ then 

Pi — — Pn-v Pt^ Pn--t* • * • » Pr — Pn-’t * * * 

i,e, the coefficients of corresponding terms as counted from the begiimng 
and end are equal in magnitude hut opposite in sign. 

In (6) if » « am, m a positive integer, p^n- - Pm* Pm o. 
i.e. the coefficient of the middle term is 0 . 

It is dear that in a redprocal equation the roots my begrbuf*ed 
in pairs; for if a is a root so is i/a. * 

We now pove that every reciprocal equation can be reduced io 
a ,reeiprecal equdtibn of enen degree in which the coefficients of the 
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first and last terms are equal, in particular we can arrange that both 
the coefficients are unity. 

Consider first an equation of type (a). If » = 2w the equatibn 
is already in the required form. If n = 2w + i, there must |be 
one root which is its own reciprocal. This value can only be i 
and from the form of the equation the value is clearly % == — i. 
On division by the factor ^ + i we obtain an equation pf the 
required form. \ 

Next consider type ( 6 ), which is of the form ' 

This may be written as 

-- T + piX — i) + p^^ (x^-* — i) -f . . . = o. 

If » = 2 m, then x^ — 1 is a factor of the polynomial on the 
right. Division by — i gives an equation of the required form. 

If n = 2W -j~ I, a; — I is a factor and division by this factor 
reduces to the equation to one of even degree, with the first and 
last coefficients both equal to imity. 

Example . — Solve 6x^ — 25;^® + six* ^ + 25X ~ 6 « o. 

[Madras B.Sc.] 

This is a reciprocal equation of even degree in which the first and last 
coefficients have opposite signs. Hence Af* — i is a factor of the left- 
hand side. 

The equation may be written in the form 

6 (a;® — i) — 2SX {x* — i) 4- 31A?* (at* — i) ** o, 
i.e. (a?» — I) {6 {x* + AT® + i) — 25 ^ {x* -f I) + 3iAr*} * o. 

The first factor corresponds to the roots at =* i i . The second factor is 
6x* — 2$x* 4- 37A?* — 25A? 4-6 = 0, 

i,e, 6 (x* 4-p) ~ 25 (at 4 - ^ ) 4- 37 =» 

To solve this equation write y = at -h ijx. Then" 

6 (y* — 2) — 25y 4- 37 = 

i.e. 6y» ~ 25^ 4- 25 = o, i.e. (3y ~ 5) (2y — 5) « o. 

Hence y = 5/3 or 5/2. ^ ' 

li y ^ 5f3 . 3 ^* - 5 ^ 4 - 3 == o. i-e. sr == (5 ± * V'ii)/ 6 . 

If y = 5/2, 2Af* — 5Af 4 - 2 = o, i.e. Af = 2 or 

iS*S3. Equation whose Roots are those of a Given Equation^ 
diminished (or increased) by a Given Quantity 

Let fix) s p^ +pix**'-^ + •••+/»*» tbe given 

equation whose roots are oj, a^, a^, , . • and suppose we require 
the equation whose roots are ai -- h, h, h, . , , -- h. 
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Now we know that any polynomial of the nth degree may 

uniquely expressed in the form 

fl. (* - (* - *)""* +«»(*- A)""* • + “"vTTT 1 

® [Chapter IX., § 9‘^4. Theorem VIII.] 

Suppose that / (*) has been expressed in tWs form so that 

h)- + oi (X - A)»-‘ +«*(*- + ; • • + *"• ^ 

Changing the notation by writing x + h instead of x we av 

Now the roots of /{x + A) = 0 are those of / (*) dimimshed 
bv h r§ K-i]. Hence the roots of 

^ ,^n + «,*«-x+a^-* + ...+«« = o 

are a^ — h, a* — A, 03 — A, • • • > “» • 

The method of calculating the values of »o- *1' • • • ’ 

bJ I § 914 . W. give « 

Examples.-(i) Find the equation whose roots are those of 
^ 2 ;p* — 4- io;j? — 19 


decreased by unity 

In this case A =* i. 
2 


,V. 

;4 ^ lyc^ io;j? — 19 


o 

2 

2 

2 

4 

2 

*6 

2 


- 13 

2 

— II 

4 

- 7 
6 

- 1 


10 

— II 

— 1 

— 7 


- 19 

— I 

20 


- S 


8 ^ 
The required equation is ax* + Sx* • 


I — 8;r ~ 20 


inrfsassd by »«<* ***** 



o. 
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The required equation is 

— 9*® -h 20i^* « o, i,e. (jp* — 94r -f- 26) o. 

Hence ^ = o, o, 4. 5. 

It foUcnvs that the roots of the original equation are —2,-2, 2, 3. 

15 * 54 . Removal of a Given Term from an Equation 

An example of the method has already been given in § 15*32. 

If / (*) = + piX^-^ + />**"-* + ■ • . + ^n. then 

/(* + *)= + npjix^--^ + + . . . 

+ Pl^-^ + (»-!) + . . . 

+ + • • • 

= ^ 0 *" + (# 0 * + P\) 

+ + (« - i) A* + + • . . 

If we write ^ = — Pil^Po ^he coefficient of 2?”-^ in f {x +h) 
will be zero, i.e, the equation 

f(x + A) = o 

will have the second term missing. In other words we can obtain 
from / (x) = o an equation in which the second term is missing 
by reducing the roots by h where np^ + = 0. Similarly if 

h is one of the roots of 

4n (w - i) p^^ + in -1) p^h +^2 = 0. 
the transformed equation will have the third term missing. 

It will be observed that in order to remove the constant term it 
is necessary to find a root of / (A) = 0, i.e. solve the given equation. 

Examples. — (i) Solve the equation x* — i2x^ -f 48;i?* — yzx -f 35 = o. 

[Camb. Sch,] 

la this example =® Pi^ ^ 12, npji -f * 4A — 12 = 4 (A -* 3). 
Hence we can remove the second term of the equation by reducing the roots 
by 3. The numerical working is as follows. 

I - 12 48 - 72 35 

^ - 27 ^3 - 27 

— 9 21 — 9 8 

3 - 18 9 

- 6 T I ^ o 








The Theory of Eohations 


fi!39 


The translomied equation is 

— 64f* 4" S ax i.e. ss 2 or 4. 

The roots of the transformed equation are ± V2, ± 2, and the ro^ 
of the original equation 3 ± v'2, 1, 5. 

(2) Transform ths equation — 24^* — 47^ — 22 as o into one in which 
the term in is missing. 

Change x into x h. Then the transformed equation is 
X* + 4/wr* -f (6A* — 24) ;r* -f . . . =» o. 

To remove the term in x* we take A =* 2, i.e. if we either decrease 

or increase the roots by 2 the resulting equation will have the required form. 

[a) Decrease the roots by 2. 


— 24 

4 ^ 

— 20 

8 

— 12 
12 


47 
~ 40 


~ 87 

~ 24 


— Ill 


— 22 

- 174 


— 196 


The transformed equation is ;r<-f-8Af* — ni4r— 196 
{b) Increase the roots by 2. 


: o. 


o 

— 2 

— 2 

— 2 

— 4 

— 2 

— 6 
— 2 


24 

4 


— 20 

8 

— 12 
12 


-47 

40 

- 7 

24 


— 22 
X 4 


17 


- 8 

In this ca se the transformed equation is 

— 8;ir* + 17^ -f 8 « o, 

{3) Reduce the cubic equation ax* + 36Af* -f3cr-frf«o toooeiti which 
the term in Sf* is missing. 

In this case the roots must be reduced by — b/a. Now 
• + 1-3 I -r ; + 36(»» + «> + *») + 3^(»+ J4+il 

— «*• + 3 («fc + 6) ** + 3 («** + + 6) * + ■+ + 3<4 + *'■ 

SBl»*i(tulang A - ^ 6/« we l»ave 

3» — 6*) F + - 3«^ 4- a** o 
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as the required equation. If the roots of the original cubic are a, fi, y, the 
roots of the transformed equation are 0 + 6/a, + 6/a, y + 6/a, or since 

fli"+ -f- y se — Sbja, the roots are 

J (20 - ^ - y), i (2^ - y - o). J (2y ~ o - 

EXERCISES XV 

31. If a, 6 and c are the roots of the equation + px^ + qx 'i- r 
show that the equation whose roots are a®, 6*, c* is 

X* + {2q — />®) + (^* — 2pr) ;»r — r* = o. [Caw6. ScA.’J 

32. If a, j5, y are the roots of 4?* + px^ + + r = o, find the equation 

whose roots are a®, jS®, y®. 

33. Find the equation whose roots are the squares of the roots of the 
equation 

x» — + i^x — 14 = o. 

Deduce that the given equation has two imaginary roots. 

34. If a, p and y are the roots of the equation at® + f == o, find' 

the equation whose roots are — + ■^, 1 + - and - + -. fCamb. Sch.] 

a P P y Y a 

35. If a, p, y are the roots of the equation ;r® — 3Ar + i — o, find the 

equations whose roots are 

(1) 0-2, P- 2 , y - 2: 

(2) (. - 2)‘, (JS - 2)*, (y - 2)«: 

(3) (7^.- IMadras. B.A.] 

36. If o, p, y are the roots of ;r® + px^ + + r = o, find the equation 

whose roots are 

» (/* + y). ^ (y + a), y (a + /5). 

37. If a, p, Y are the roots of 4?® — ;ir* — 2 = o, find the equation whose 
roots are 

a/(^ + y — a). Plir + a — y/(a + ^ — y). 

38. Transform the equation 24f* — 24?* + 4r* + 24? — 3 = o into one in 
which the second term is missing. 

39. Solve the equation 4?* + 44?* + 54?® + 24? — 6 = o by transforming 
it into one in which there is no term in 4?*. 

40. Explain how to transform the equation 

f[x) s p^^ + pjX^-^ + #>j4r»»-® + , . . + ^^ *= o 
where pQ, pi, P%, ^ , pn are fractions, into one in which the coefficients are 

integers. Apply your method to transform 

+ |4?® + t4? + I ^ O 

into an equation with integral coefi&cients. What is the relation between 
the roots of the transformed equation and the original equation ? 
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41. If a, ft y, S are the roots of the equation 

ax* 4- hx* 4* CJT* -f 4- s =» o, 
find the equation whose roots are loa, lop, loy, 10$. 


42. Find the cubic equation whose roots are a, p, y, where 

a -4 )3 4 * y *= a* 4 *4 y* = and a® 4 /J* 4 y* ^ c*- 

If denotes a" 4 / 3 “ 4 y"» express in terms of u^-i, M»_a, «»-#, 
and a, b, c and prove that is the coefficient of x'* in the expansion in 
powers of x of 

3 — 2ax 4 - IJa* — b *) a'^ 


I — 4 i (a® — fc*) A?* — J (a® ~ ^ab* 4 ^d*) at® 


[Camb, ScA.] 


ix^ — ^4 i)® 

43. Prove that the value of the expression unchanged 

if either 1 — x or ijx is written in place of x. Prove that c, i — ijc 
are three of the roots of the equation 

(at® — AT 4 l)® _ g 4 i )» 

(at* — at)* (c* — c)* 

What are the remaining roots ? [Camb. Sch.] 


15*61. Binomial Equations 

An equation of the form ± i = 0, where n is a positive 
integer, is called a binomial equation. The roots of such equations 
have been considered in Chapter VIII. The roots of a;” — i = o 
are the n nth. roots of unity. 

Consider the case w = 3. Then since 

— 1 ^ (x — 1) {x^ + X + 1) 

the cube roots of unity are i, i ^ i ^ \/3)* 

Let CO denote one of the imaginary roots, i.e. one of the roots of 
Af* + AT + I = o. Then 

CO^ -f- CO -f- I ^ ^ 

Also since the product of the roots of x^ +x is unity 

it follows that if one root is co the other is co*. Thus any product 
involving real quantities and powers of co can be represented m 
one of the forms 

A + Bo), A + Bw^ Ao) + Bco* 
where A and B are real quantities. In particular 
'a-t-b+c)Ca + wb -h + u,*l> + (oc) s + b* +c» ~ 3^. 

por (a + cob + co*c) (a + co*6 4* 

s a* 4" co*i^* + co’c* + (co + co^) 

+ be (co* + co») + ca (co* + co) 

^ ^ ^ ab be -- ca, 

since co* «== i; co* lo* + co 

T. A., th 


41 
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Multiplying both sides of the identity by (a + ^ + c) we obtain 
the required form. 

Examples. — (i) Prove that if a, h, c are real and rational then 
(a + wfr *+■ "f" (« 4- <*>*6 -f 

is real and rational. 

Write a -f* uib + = a, « + Then 

a» 4- - (a + ft {«» - a/9 + /9») 

Now since a* + ojS 4- jS* == (a — a*ft (a — «*ft, we obtain on changing^ 
the sign of /?. 

a* — a/9 4" /9* “ (a 4" <»>ft (a 4" <*>*ft‘ 

Then a + w/9 = a 4* 4- + to (a 4* 4* o>c) 

— a (i 4- a>) 4- ^ + <*>*) 4“ c (cu* 4- «>*) 

= a (i 4- ft>) 4- 6 (i 4- <u) — 2c (i 4- cu). 

Again a 4- 6>*/9 = a 4* 4- 4- a>® (a 4“ 4- coc) 

=s a (i 4- a»*) 4- & (<0 4- <»»*) 4“ c (a»* 4“ <*>*) 

= — ato 4” 26a> — CO). 

Also 04- p ^ 2a b {oi w*) 4 “ (<*> 4 * <*»*) == 2a — 5 — c. 

Hence a* 4- /9* ~ — a> (i 4 a*) ^ (2& — fl — c) ( 2 c — a — 6) 

=a (2a — b ^ c) (26 ~ a — c) {2c — a 6), 

since — a>(i4a>) = — oi~-cu*=i. This is product of three real factors 
whose terms are all rational. 

(2) Find the values of the determinants : 


I 

at 

<0® 

a»® 

(Mi 




w 

<0® 

I 

Of 

a>* 

t 

(Mi 

a>® 

a»* 

I 

w 

<M® 

I 

and Hi® 

1 

(Mi 

a>* 

O) 

at* 

I 

Ul® 

(O 

1 

I 

et> 

«»* 

I 

a»® 

(Mi 





where w is an imaginary cube root of unity. [Comb. Sch.] 

Let Ai* At denote the first and second determinants respectively. 
Consider Ai e-Rd the second and third columtiaon to the first. Then 
ttifing I 4* a> 4- a>* = o we have 



X 4 . 4 . cu® 

(a 

0#® 

01® 

cu 


0 

o> 

ca® 

01® 

ca 


cn 4 tt|S 4 I 

(Mi* 

1 

Ctf 

0#® 


0 

o>® 

Z 

ca 

£ 0 * 

Ai- 

cn® 4 I 4“ 

1 

01 

€ 0 ® 

z 

SB 

0 

I 

(a 

ca* 

Z 

2 ci»* 4 ot 

01 

o»® 

Z 

o>® 


CU® — I 

o» 

ca* 

z 

ca* 


ai 4 w* 4 * 

0*® 

I 

Ol® 



0 

o»® 

z 

ca* 

ca 


w 

o»® 

ca® 

o» 







- 

(1 - «*) f 

1 

01 

a» 

o»* 

a>® 

Z 








«® 

z 

a»* 

o» 








Adding the second and third columns on to the fourth and writhxg 
I 4* «s 4- n, we find 
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Ai 


(1 - «•) 


at <!>• a»* ctf* 

a»* 1 ctf o 

I Ctf o 

<0* X <0* o 



1 a>* 

I 

ci> 1 

« (1 

- cu*)* 1 

<a 

ft»* 


1 ca* 

l 

a»» I 



ca* 4" 1 

1 cu 1 


0 

1 

« (I - «■)* 

I + <*> 4* eg* 

Ctf ca* I ss (1 

- ca*)* 

0 

ca 


I + 2<a* 

I ca* } 

1 4 2ca* 

1 

« (I - tt»*)* 

(* + *“’) 1 L 

II 

p 






I 4“ CO + eg* 

at ca* 1 

1 ® 

Ctt ca* 1 


Again At - 


eg* -f I 4 <0 

1 ca ~ 

0 

t ca 




ca*4 2 

I 1 1 

1 ca* 4 2 1 1 1 


= ( 

0.* + *) 1 " 

“’1=0. 
a> 1 





A simpler way of showing that the determinants are zero is by observing 
that in each of them there are two rows, one of which is a multiple of the 
other. Thus in Ai consider the second row. If we multiply each term by 
at we obtain 

CO* CO* CO CO* CO* 

CO* I, 


This is identical with the third row and so the determinant must vanish. 
In a similar way we see that the first and second rows of As can be made 
identical. 


If in the above discussion we replace unity by any quantity 
k we obtain the equations 

± ft = 0. 

The ft Mth roots of these equations are found in a similar way. 

In particular if ft is real and ft^ is the ordinary arithmetical cube 
root of ft then the three roots of at* — ft = 0 are 

ft^, tuft^, «u*ft^. 

Note that the three roots may be obtained from any one of them 
by multiplying it by i, m, w*. 

IS'fiZ. The ffiaomiid Equation *" — 1 = 0. 

We now prove some special pn^rties of this equation; 

(«) tf tt is m imaginary root of — mid m is any pos^ 
int^. dm is idse a ro^ cf 0^ — t 0 . 

'' 'J^ow («"*)" ** a** » (o«)"* » -T"* s* .1. 'thus' «"* . is a’ roqi. ©4; 
the .eqimtioo. ‘ ■ i- ; 
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(6) If n is a prime number, a any imaginary root 0/ jc" — i = o 
th^n the n roots may be expressed in the form 
I, a, a*, 

The n roots are given by 

zrrr , . . 2f7r 

^ : cos \-t sm — , r = o, 2, . . . (n — i), 

n n 

the value r = o corresponding to a; = i (Chapter VIII., § 8*41) \ 
Since « is a prime, it follows that for n > 2, n is odd. Hence 
— I is not a root of ^" — 1 = 0. 

Thus we can take a to be 


2pTT . . 

cos — h % sin 

n 


2pTT 

' — » 

n 


where p is one of the values i, 2, — i. 

We know from [a) that i, a, a®, . . . are roots of a;" — i == ol 
In order to prove that this series of n values does represent all 
the roots it is sufficient to show that no two are equal. Let s, t 
be two positive integers and consider the roots a®, aK Then 


. f 2pTT , . . 2prt \ * ZSpn . . . 2Sp7r 

a® = <cos- — \-‘t sm y = cos — - — h t sm — ^ . 
[ w n j n n 


2p7r .... 

COS h ^ sm ' r 
n n j 


2p7r1 ^ 


2tp7r . . . 2tpn 

cos ~ — h ^ sm — ^ • 
n n 


If a* = a* then zspirjn and 2 tp 7 Tln must be equal, or differ 
by an integral multiple of 27 r. Hence 


2SpTT 

n 



where k denotes a or a positive or negative integer. 

This equation may be written in the form = k. 

Since n is prime p, s — t have no factor in common with n 
and hence p (s — fjjn cannot be positive or negative integer. 
Hence A = o. Since p 40 it follows that s — ^ = 0. Thus the 
roots a®, a* can only be equal if s == ^. 

If follows that the sequence of values i, a, a®, . . . are aU 
different. 

(c) If m and n denote positive integers which have no common 
factor except unity then the equations ac*" — i = o; — X f=,Q 
hem no common root except unity. 
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The roots of *”* — 1 = 0 are 

ZfTT . . 2rw . 

a; = cos — + 1 sin-~, r = 0 , i. 2 , . . . - i). 

PI fn ' 

The roots of — i = o are 

2S7r , . . 2S7r 

x^cos h « sin — , s = 0, I, 2, . . . ~ i). 

The fractions 2 rrTlm, 2Snln are both positive and less than 2w, 
It follows that if the equations have a root in common, 

2rrr 2Sn . m f 

w n * ’ * « s 

Thus the fraction min is equal to another fraction with a 
smaller denominator. But since m and n have no common factor, 
this is impossible. It follows that the two equations — i = o, 

— I =: 0 have no root in common except unity. 

(d) If p is the highest common factor of the positive integers m 
and n, then the toots common to the equations a;*" — i = o, a?” — i = o 
are the roots 0 / a;^ — i = o. 

It will be observed that if in this result we write ^ = i we 
obtain (c). 

Write Xp, w = iip, A and fc being positive integers with 
no common factor except unity. Using the expressions for the 
roots given in (c), it will be seen that two roots will be equal if, 
and only, if 

2f7r 2S7T 

m ^ n * 

where — i, i<s<« — i. Substituting m—\p, 

n = ftp this relation becomes 

r A 


S fl 


Then Xjfi is a fraction in its lowest terms since A, have no 
common factor. Hence r = Aft, s — where ft is a positive 
integer; ft cannot be a fraction since this would imply Hiat A and 
H had a common factor, r and s being positive integers. 

The value of the common root is 


2rir , . . 2rn 

cos h » sm — = cos — 

»» »« p 



which is a root of **’ — 1 = 0 . 
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A special nth root of unity is defined to be a root of it’* — i « 0 
and wWch satisfies no other equation — i « 0 where m <n. 
It* will then follow that all the roots of --1^0 will be gi\ 
by the sequence 

I, a, a® . . . 
where a is a special nth root of unity. 


Banmple. — Find the special roots of — 1 =» o. 


Now 12 may be written as the product of two positive integers (> i) 
in only two ways, viz, 2x6, 3x4. Hence the equation — i o 

has roots in common with ;r* — i «= o, — i a= o, — i = 0, — i = o. 

Now (ar* — i), {x* — i) are factors of — i = o. Thus in determining 
the special roots of — i = o it is sufficient to determine the roots of 
— I ss o which are not roots of ^ — i = o, ;ir* ~ i *= o. 

Now — I a= (ar* — i) {x* 4- i). Thus the required roots will be 
those of ;r* -f“ I = 0 which are not roots of — i = o. 

Hence if we determine the highest common factor of -f i and — i, i 
divide 4 - I by this factor and equate to zero the quotient obtained by 
the division we obtain the equation which determines all the special roots 
of — I * 0. 


X* ~ t)x* 4" i(x^ 


JT* 4* i);r* — i(x^ — I 


I H.C.F. i8**+ I. 


Now (jp* 4 - 4- i) = + I- Thus there are four special 

roots of — I = 0, and these are the roots of sr* — ;r» 4- i a* o. The 
roots are easily determined from this equation. 

Alternatively we may proceed as follows: 

— I 3« (;p« — l) (;r« 4- l), — I = (x^ — l) 4- ^ ..j. i). 

The factors (x^ ~ i), (x* — i) need not be considered as they are factors 
of — I. 

The special roots will be roots of i ~ o and s* 4 - ;p* 4 - i = o. 

The highest common factor equated to zero mll-give the roots. 

4 - 4 - ^ 

z« 4 -;p« 

i))^ + i(x^ + r 

Sf* 4- I 


The H C.F. is s* — z® 4 - t and ttie special roots are the roots od 
z* — z* 4- I « 0. 
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EXERCISES XV 

44. Find the factors of jr* -f 5^* 4 . — 5/^ — «jr. 

45* If w denote one of the imaginary cube roots of unity prove th at 

g 4 toft 4 ft»*c 
ft 4 toe 4 <o*g 

(ii) (r — w* 4 to*)* 4 (i -f to* 4 to*)* « 4<o. 

46. Form the cubic equation whose roots are 

a 4 ft-f’^» a 4 tttft 4 ttt*e, a 4 «o*ft 4 toe, 
where ta is one of the imaginary cube roots of unity. 

47. Find the special roots of ;ir« ^ i * o. 

48. Find the special roots of — i = o. 

49. Prove that the special roots of — i *= o are the roots of the 
equation ;if* — ;jr* 4 i = o. 

50. Give an expression for the roots of the equation » i. Show 

that if a is a complex root of the equation = i, the equation whose roots 
arc a 4 «*» «* + a*. a* 4 a* is y* 4 y* i *■ o. {Lond. B,A .] 

15*71. The Differential Coeffident of a Polynomial 

If /{*) is a polynomial of de^ee n, then the differential 
coeffident or derived function f {x) is polynomial of degree « — i. 

It follows that /' {%) is a continuous function of x. 

If / (x) has a maximum or minimum value when x = then 
/' (^) = 0 , i.e. the maximum and minimum values of f(x) are 
obtained by differentiating f(x) and equating to zero the poly* 
nomial so obtained. Since /' (x) is of degree n — z it fc^ws 
that there are at most n — i maximum and minimum values or 
expressed graphically there are at most m — z turning points 
on the curve y == / (*). 

If the (» — z) roots of /' (x) = o are real and distinct there 
will be precisely (» — z) such values. For if j8 be one of the 
roots then x — p is a non*repeated factor of /' (x), i.e. 
r{x)^{x-p)p{x) 

where p (/3) 4:0 and p (x) keeps the same sign in the immediate 
neighbourkwd of x = p. Thus /' (x) must change sign as x 
passes through the value p. 

It will be remembered that in general, /' (x) « 0 is a veoeamy 
but not a sufficient condition for a m a x i mum or miaimam. in 
addithxa /' (x) must change sign from + to — for a maxfrmiin 
and from — to + for a minimum as x increases throng the vahie 
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in question. Another criterion is, if is a root of f* (jit;) = o then 

(p) < o for a maximum, /*" (j 3 ) > o for minimum, but this 
fails to g^ve a precise result if (j8) = 0. ' 

15 * 72 , RoUe’s Theorem . 

If a and p be two consecutive real roots of f{x) = o then between 
a and p there lies at least one real root of /' (x) = 0. \ 

Since a and p, p > a are consecutive real roots of f(x)^(st 
it follows that when x lies between a and p, f (x) is always positive' 
or always negative. Suppose the former. Then f{x) >0 when 
X is slightly greater than a and since / (a) = o it follows that 
/ {x) is increasing immediately to the right of x == a. At such 
points /' [x) > o. Similarly just to the left of x = p, f (x) is 

decreasing, for f{x)>o and 
f (P) = 0. Thus immediately to , 
the left of X p, f' {x) < 0. ' 

Since /' (x) is continuous it 
can only change from a positive 
value to a negative value by 
passing through the value zero. 
Hence /' (x) = 0 for some x 
inside the interval (a, p). 

It is clear from Fig. 40 that 
a polynomial f(x) may have 
more than one maximum or 
minimum value between two 
consecutive zeros of / (x) = o. 

Combined with Rollers theorem we have the result that between 
any two consecutive roots of f(x) = o there is at least one root 
of /' (z) = o; but there may be more than In other words, 
between two consecutive roots of /' {x) = o there need not be a 
root of / {x) = 0. 

We can assert further that between two consecutive roots of 
/' {x) 5= 0 there is never more than one root of f (x) = o. For 
suppose that /' {a) = 0, /' ( 6 ) = o and that / (a) = 0, / (jS) =5 o 
where a < a < p <b. Then from Rollers theorem it follows that 
between a and P there must be a root of /' {x) = o. But this is con- 
trary to h3TX)thesis. Hence th^e cannot be more than one root. 

Example. — Writing « 1 -f -f ^ 4- ... 4* show by induc- 

tion or otherwise, that u„ (x) « o has no real roots when n is even, and one 
root, which is negative, when n is odd. [Lond. B.Sc*} 
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Consider first n ^ i and « = 2. Then 

Wj == I -f ^ = o when 4? = — i. 

Wj = I + ^ + J 4 r* > o, for all values of x. 

This follows immediately from the theory of quadratic expressions. 
Now suppose the result is true for « =« 2^ — i and n = 2p, i.e. it is assumed 
that W ^2 ls only one real root which is negative, while t#,, (x) > o 
for all values of x. 

Now (o) *= I, (— 00) = ~ cx), since the index of the highest 

power of 4 r is odd. Hence the equation 

W = o 

has at least one real root which is negative. There cannot be two real roots 
a, P; for if so there would be a real root of «'2 ih-i W between a and j 8 . But 

W = W > o, 

so that m'2d+i W = o has no real roots. 

. 

Again {x) = «„+, {X) + 

For 4 r > o it is clear from the definition of {x) that (x) > o* 
To find the least value of M2p+a W ^^r 4 ? < o consider 

«'ap+* W « « 8 p+i W = o. 

This equation has only one real root a and as x passes through this value 
Wap+i W changes from — to +. For Wjp+i (— 00) =5 — 00. «2p+i (o) *• 
Hence Wap+iW *= o gives a minimum for u„+, ( 4 r). The least vajue is 
a**’+*/(2p -f 2) I which is positive. Since this value is positive it follows 
that f#ap+t (^) = o real roots. 

Thus it has been shown that if the result is true for « =» 2/> — i and 
w s« 2p it is true for n ^ 2p + 1 and « =» 2/) + 2. Further, it has been 
proved in the cases « = i, 2, i.e. ^ » i. Thus the property is true in 
general. 

15*81. Multiple Roots 

Let X = a be a r-multiple root of / (x) = o. Then 
f{x) = (* — o)*' ^ (*), where <f> (o) to. 

/' {x) == (* - o)*' (*) +r{x- 4, (x). 

= {x- ay-^ {(x - a) {*) + f ^ {*)}. 

The second factor is different from zero when * = o. It follows 
that a r-muUipie root of f{x) — o is a [r — i)-muUiple root Of 
/'{*)*= 0. 

Continuing the method of argument it follows that if /* {k) 
denote the mth derivative of /(»), m<r then a r^tmMpU rwa 
0 / /(«)=“ o is a (r — tn)-mtiUipie root of /•• (*) o. Furtibwff) If 
n is tlie degree of / (x) and «>»>>', th«i /“ (a) to. 
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1S*82* The Derived Fuiictio& as a Sum of Faztial Fractions 

Ki • K then roots of the equatim f{x)^o then 

f'{x)^f{x) E 

*■ = I * — Ar 

We may suppose without loss of gnierality that the coeffidei^ 
of in the equation f(x) = o is unity. Then 

fix) = {* - A,) (* - A.) (* - A.) . . . - A,). 

Write ^ (*) = (^ - Aj) (* - A^ . . . - A„) so that' 

/(*) = (*— Ai) ^ (*). Applying the rule for differentiation of 
a product, 

/' ix) = (* - A,) <!>' ix) +i,ix) = {x- X,) ^'{x)+ . 

Similarly we may write 4 , (x) = {x — Aj) ^ (*) where 4 $ (*) is 
(« — A,) (# — A 4 ) . . . — A,). Applying the product rule again, 

f (*) = (* - A^ f [X) + 4>ix)^ix- A*) f ix) + - . 


Thus /' ix) 


fix) , fix) 
X — Xi ’^x — A, 


+ (a;-A 4)(*- A,)f (*). 


Continuing this process it follows that 


/'W = 


* — A, 


A* 


+ ... + 


fix) , 

* — A„‘ 


The result may be written in the form , = E - — , . 

fix) r^iX-K 

The result may be obtained more simply using logarithmic 
differentiation. Thus 

log/{*)= E logix-K). 

r = I 

Dmxm&tmg. ^ = i: ^ 
which is the required result. 

If the equation /(*) = o has a repeated root the equaticm 
may be repre^ted in a slightly different way. Suppose that 
oi is a r*multip]e root so that ai=>a,s:aa==...«a,. Than 

*-Oj Sf-OH-I #-«r+* 

^milarly for the case in which there is more tfaap one mulfi^ . 
root. 
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15’83. Sums of Powers of the Roots of ao Equadou 

We now show how the result of the previous section may4)e 
used to find the sum of any given integral power of the roots of 
the equation / (*) == o. 

The sum of the mth ^wers of the roots of the equation / (*) = o 
is the coefficient of intheetqtansionof */' {,x)lf{x) in ascending 

powers of i/jc. ^ 

Consider the formal expansion of i/(x — A^) in a series of 
ascending powers of ijx. Then 



The coefficient of is Aj*” + Ag’** + . . . Ay*** + • , . -f- 
which is the sum of the wth powers of the roots. 


Eacamples. — (i) Find the sum of the cubes of the roots of the equation 
- 0 « o. [Madras, Bji,] 

Write f{x) « ^ - 6^* -h ii4f ~ 6. Then /' {x) =« 3 ;r* — I 2 ;«r ii. 

We require the coefficient of in the expansion of 
3 Jr* i 2 x^ -f Jix 

-f XIX — 6 

in ascending powers of i/;r. Write y « tfx. Then 

I 2 ;r* -I- iix 12 . ii\ //, 6 , ri 6\ 


9^ ^ tx* ^ IIX ' 


+ »)/(, -?+»-«) 


«= (3 - i2y + try*) {i - y (0 - ny + 6y*)}-» 
(3 - lay + ny*) {i + y (6 - ny + 

+ y* (6 — nj* + + y* (6 — ny + ^F*)* 4- . . ) 

(3 — ray + ny*) {x + 6y - ny* + 6y* + 3«y* - 13^ + . . . 

4- ai^ + . . , } 

(3 - lay + ny*) (1 + tjy + ayy* + 9«y’ + -■■)• 

The coaffidaot of y* is 370 — 300 4- 66 .■ 36. 


AHenwtividy in a siunerical case sach as Qiis we nay proceed by dirfet 
diviaiOQ. Thus we require the oo(^ei«nt df y* ia the quOttet eMisfiwd ly 
divkUhg 3 1^ 4- ny* by 1 ~ 6y 4 - ny* - dy*- Thae 
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I — 6y + iiy* — 6y*)3 — + “F* (3 + ^ + *43'* + sfijy* + 

3 — iSjf + 333/> — t8y» 

6y -f 22y^ + i8y» 

6 y — 36^* 4- 66jy* — 36^* 

I4y» — 48^* + s6y* 

I4>/* ~ 84^ + . . . 

H- . . . 

The required coefficient is thus 36. Clearly in the division it is unnecessary 
to consider y* or higher powers of y. 

(2) If S« denote the sum of the mth powers of the roots of the equation 
;r* + + ^ = o find the values of S,, S,, S.,. 

Write / (x) ^ -{■ px q. Then /' [x) = 3^1?* + p. 

Let A^, A|, As be the three roots of the equation. Then 

=^x* + A,* + Ai* + P. 

This may be obtained by direct division, observing that Aj* 4- ^ Aj + ^ = o 
since {x — A^) is a factor of / (x). Similarly 

= *• + A,* + A,* + p, = *« + A,* + A,* + /). 

Adding the three equations, and substituting the value of /' (x), 

3^* 4. p = 3^* 4. ( Aj 4“ As 4* As) AT -}- Aj* 4- As* -{- As* + 3p. 
Equating corresponding coefficients, 

Sj = 0, 5j + 3/) = p, giving Ss = - 2p, 

To find 5 m for other values of m we may proceed as follows. Multiply the 
given equation by x^~*. Then 

4- px”*“* + qx”*~* = o. 

Put X ^ As. As, A, in succession and add. Then 

Putting w = 3 we have 5s 4- pSi 4* 3^ = o, giving 5s = ~ 3^. 
Putting — 4, 5, we obtain 

■^4 ~ ^4 “I* P^9 "H ~ 

These equations give 

54 =5 •— pSf^ = 2p* 

5s - pSt ~ ^r5s ^ SP9 + 2p9 = 5P9^ 

Similarly 5^ may be determined for higher values of m. 

To find 5^s put m 2, 1, o in succession. Then 

+ 3P + «* o, 

3 4" pS-.g 4' ~ 

These equations give 5-i « — piq, 5«s ** ;i^*/g*. 5>s 4- 
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15 * 91 . Real Roots of the Derived Function 

It may be proved that if / (^) = o has all its roots real, then 
the imvei equation f* (x) = 0 has all its roots real 

If all the roots are distinct the result is an immediate deduction 
from Rollers theorem. For /' {x) is a polynomial of degree » — i 
and by Rollers theorem /' (x) = o has n — 1 real roots. 

Suppose now that ^ = a is an r-multiple root and that the 
other roots are simple. Then f(x) {x — a)** (f> [x) where ^ {x) is 
a polynomial of degree n — r. Arranging the roots of <f>(x)^o in 
descending order of magnitude and expressing f'(x) in the form 
{x — a)***”^ F (it:) it may be shown that F (a:) = 0 has « ~ r simple 
real roots each distinct from a. Hence f (x) has (w — f) + (r — 1) 
real roots and since /' (x) is of degree w — i it follows that all 
its roots are real. 

The result extends directly to the case in which there is more 
than one multiple root. 

15 * 92 . Determination of Repeated (or Multiple) Roots 

If the equation f(x)^o has a repeated root this value of x 
also satisfies the equation f'(x)=^o, i.e. the polynomials f(x) 
and /' (x) have a common factor. Thus to find a repeated root 
it is only necessary to find the highest common factor of / (x) and 
/' (x). This may be determined in numerical cases by the method 
of Chapter IX., § 9*11. 

Examples. — (i) The equations 

- 2yc^ 4- 29;^ — 12 = o, 64?* — 29^r* 4 - 38^* 4 * 4^? - 24 « o 
have a common root. Find it, and hence find the remaining roots of the first 
equation Find the repeated root of the second equation, and hence all its roots. 

[Camb. ScA.] 

To find the common root we first find the H.C.F. of 6^ — 234?* 4 - 29tt -^12 
and 4 - 3^^* + 4 ^ ^ 4 * 

- 23** + - 12 ) - agi** + 38^’ + 4 * - 24 (* - i 

~ 23^ 4 " 29X* — t2x 

— 6;r* + 9 tjp* 4 - 16^ — *4 

— 6;ir« 4- 23;^* ^ zgsf + 12 

- i4Ar» + 45 ^- 3 ^ 

The common factor must also be a factw of ’ 

_ 4. 4^ 36 - (7Jff - I*) (2X - 3 )- 
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It is easily verified that the common factor is zs — 3 so that the commcm 
root of the two equations is 4r = 3/2. 

Now 6;r* — 29Ar* -f 38;r* + 4^*^ — 24 « — 3) (3^® io;r* -f 4jr + 8). | 

If '/ W s 3^* - i<Mf* + 4^ 4- 8, /(I) = 3.^’ - 10. f + 4-1 + 8 

Hence x ^ 3/2 is not the repeated root. It follows that f (x) = 0 must 
have a repeated root. \ 

Now f'{x) = 9;(r* — 20X + 4 = (jr ~ 2) (gjr — 2). Thus the repeated^ 
root must be ;r = 2 or jr = 2/9. ^ 

Now /(2) = 3.8 — 10. 4 + 4. 2 + 8 = 0. Hence the repeated root is 
JT - 2 and f{x) = (Af - 2)® (3 a; + 2). 

It follows that the four roots of the equation 

6 x^ — 2gx* + 38a?* + 4A? — 24 = o 
are a? = |, 2, 2, — j. Again, since 

6Af* — 234?* + 29A? — 12 = (2A? — 3) {34?* — 74? + 4) 

= ( 24 ? - 3) (4? ~ I) (34? - 4) 

the roots of 64?* — 234?* + 294? — 12 = o are 4? = f , i, 

(2) If the equation 4?* + 5^4?® + 5^4?* + ^ — o has two equal roots prove 
that either of them is a root of the quadratic equation 

3r4?* — 6^*4? — 4^r + / = o. [Camb, Sch.] 

Write / (a?) = a?* + sqx^ + srA?* + t Then if / (a?) = o has a repeated 


root then this value is a root of 

/'(a?) = 5Ar* + i5gA?* + lorA? = o. 

Thus the repeated root is a root of both the equations 

^ + 5^^* + / === o (i) 

and 4?* + 3^4? + 2r = o (ii) 

since we may assume that / *0 so that 4? = o is not the common root. 
Multiply (ii) by 4?* and subtract from (i). We obtain 

2qx* + 3f4?* + f = o . . . (iii) 

Multiply (ii) by 2q and subtract from (iii). Then 

3^4?* — 6 q*x — 4^r + / = o (iv) 


Since the value of x concerned is a root of both (i) and (ii) it is also a root 
of (iii) and (iv). 

(3) // the equation x*‘ — 404?* + 6a?* + i = o has a repeated root f, show 
than $a = (f* + 3)/^. Hence or otherwise prove that there U only one positive 
a giving a repeeded root, and that this value of a is {|)f. 

Write /{ 4 ?) » 4?* — 4(sar* + 64?* + r. Then 

/"(4?) *8 44?* — X2«4?* + 124? 44? (4?* — 3^4? + 3). 

Hence if /(a?) «« 0 has a repeated root, this value must also be a toot of 

4?* — 304? + 3 *« o, ie. 3« (4?* + 3)/4? 
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+ 3)4?* — 4<Mf* 4. 6 x* 4 - 1(4?* — oar -f 3 (i — a») 

X* — 304 ?* -f 34 f* 

— <Mf» + 34 r« 

— 04?* + 3a*4r* — 304? 

3 (i - «•) 4r» + 3a4r H- I 
3 (i ~ a*)4r* — 9a (1 — a*) 4r 4 9 {1 -- «i*) 

(l2<i — 9a*) 4r 4 9a* 8 

Hence the common root is (9a* — 8) /3a (3a* — 4). Substituting in 
4?* -- 304? 43 = 0 we obtain 

( 90 * - 8)* _ 30 (90* - 8) 

90* (30* - 4)* 30 (30* - 4) ^ 

This equation reduces to 270* » 64. The only positive value of o is 

EXERCISES XV 

51. Given that two roots of the equation 164?* — 84? 4 3 = o are equal, 
find these roots and complete the solution of the equation. 

[N.Sc., PreHm.] 

52. Prove that 

a* 4 6* 4 ^5* ~ — ^^o 06 = (o 4 4 ci»*c) (o 4 «*& 4 

where cu is a complex cube root of i. 

Prove that, if (6 — c)" 4 — o)*» 4 (o — 6)** is divisible by Ha* — Sbc, 

then w is an integer, not a multiple of 3. Prove that if the same expression 
is divisible by (2?o* — JPfec)*, then n is greater by one than a multiple of 3. 

[M.ro 

53. Find the condition that the equation x* 4 2px* 4 srx 4 o 

have a pair of equal roots, and if the condition is satisfied, solve the equation 
completely. [Com6. S<jA.] 

54. Prove that the equation — *« == o, A + 0 cannot have a repeated 
root. 

55. If f{x) is a pol3momial in 4? and o is a double root of the equation 
fix) sst o prove that a is also a root of f'(x) » o. Hence obtain an the 

roots of • . . 

i6x* 4 164?* - 44?* - 44? 4 I =** o- 

5 6 . Find the multiple roots of 4 r* - 24?* - iix* 4 124? 4 3 ^ « o- 

[M.TJ 

57. Shovir that the equations 

4X* 4 4 ^ - 17^ - 94? 4 18 *• o 
24 r *4 9 ^r* 4 i 3 ^*^^**<> 

hav» two wots in cwanion sad hem* solve the eqaafions^ 
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58. Factoriie -f — 44? -f 3. [Canib, Sch,] 

t 59. If the equation + • • • + pn-i^ + ^ has 

a multiple root a, prove that a is a root of the equation 

4 * 4 - Sp^”"* 4 ’ • • • 4 * npn “ 0 . 

60. (i) If the equation x^ — + i as 0 has a pair of equal roots, findU 

and solve the equation completely. \ 

(ii) If a is a root of the equation x(x^ -- g) ==k {x^ — i), express the 
other two roots as rational functions of a, independent of k. [Camb, Sch A 

61. Show that the sum of the eleventh powers of the roots of \ 

4- 5^ 4- I ~ 0 is zero. [Madras, B.A .] 

62. Show that the sum of the mth powers, where m < n oi the roots 
of the equation 

x^ — 2;!?"“^ — 2 X^~^ — , . . — 2;p — 2 = o 
IS 3"» — I, [Madras, B.A,] 




CHAPTER XVI 

THEORY OF EQUATIONS (CONTINUED) 

N this chapter we first consider the solution of cubic and 


X biquadratic equations and then pass to other types. 

16 * 1 . The Cubic Equation 

We take the general cubic equation in the form 

a*® + 36** + yx + d = 0 (i) 

If we reduce the roots of the equation by — bja, the equation 
takes the form 

a**® + 3a (ac — 6®) X a^d — ^abc + 26® = 0 (ii) 


If a, ) 5 , y are the roots of the original equation, those of the 
transformed equation are 

(X "1“ bjUf )3 -f- bjUf y bju 

or i (20 - ^ - y), J (2^ - y - a), i (2y - a - P). 

[XV., §15-54, Ex. 3 ] 

li H = ac — b^, G ^ aH — ^abc + 2J*, then (ii) becomes 

+ N 

If now we multiply the roots of this equation by a, we obtain 

X® + ^Hx + G = 0 (iv) 

The roots of (iv) are aa -\rb, b, ay + b. 


16 * 21 . Equation of Squared Differences 
Let a, j8, y be the roots of the cubic 


03^ + 36X* + yx + d = 0. 

Then we consider the problem of forming the equation whose 
roots are (jS - y)®, (y - *)*> (» - i^)®. If a'. y' are the roots 
of the transformed equation 




then - y' = /S - y. y' - a' *= y - o, a' - - jl, 

that is the differences of the roots are the same for both equations, 
ue» the equation of squared differences is the same for both» 
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Write y = ifi' — y')* 


Za' 




2 a')8'y' 




,2 2G 

A ct 


i.e. — ~ 6aHa' — a*o' + 2G. 


Substituting 


-a*a* — yiHa! + G it follows that 
®' = 3 G/(«*)' + iaH). 


Hence the required equation will be the cubic in y obtained \ 
by substituting x — iGjia^y + ioH) in 


^ + 


ZH 


;2 * + a* 


We obtain in simplification 

+ ^3^ + 81 f (G* + 4^^*) = O. 

d d Qf 

Hiis is the equation for the squared differences of the cubic 
«*• + 36** + 3c* + i == o where 

H sac- GsaH- 3abc + 26». 

Now G*+4lPs a* - 6abcd + 4ac« - 36V + 46»<f}. 

The quantity (G* + is called the discriminant of the 

cubic a*® + 362* + 3c* + — 0 and is usually denoted by A- 

Thus G* + 4H* = a* A- 


Ezsniple. — Find the value of Z — y)* (y — o)* where a, fi, y aw 
0/ the cubic »* + qx + r = o. [Land. S.Sc.] 

We first form the equation whose roots are 

«'=(/J-r)*. y'-(a-)S)*. 

Proceeding as above, we have 

y» + sjy* + gg^y + 49* + *7'’* =* ®- 
We now require the value of 
Then ro'V = {Za') (Za'^) - sa'jS'y' 

= (- 6?) (9?*) - 3 («* + a?*-*) = - Sir* - 66f*. 


16 * 22 . Condition for a Rqieated Root 

If the equation «** + 3 ^** + 3 ^* + <^ = o *• repeated 
roo«t thai- one of the expressions /3 — y, y--a> « — jS treist 
be d&o. 

Hence ifi — y)* (y — o)* (o — P)* = 0. 
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From the equation of squared differences it follows that 
iP - y)* (y - a)* (o - /3)* = (G» + 4i?») = - A. 

Or Or 

Hence the condition that the cubic have a repeated root is that 
G* + 4H* = 0, or A = o. 

It should be observed that this condition is both necessary and 
sufficient. If in addition H = 0, it follows that the three roots 
are the same. Thus if ff = o, G = o the three roots of the cubic 
are identical. In other words, the condition that 

+ 36** + 3c* -f- 

be a perfect cube is 

oc — 6* = 0, a*d — yibc + 26* = 0. 

The condition for a repeated root may also be deduced from 
the property that if 

fix) = + ffix* + 3c* + i 

then /(*) = 0, /' [x) = o have a root in common. 

Now /' (*) = 3 (a** 4- 2bx + c). 

+ ibx + c ) «*• + zbsfi + 3CX + d{x 
o)^ + zbx^ + cx 

bx* + 2CX +d X a 
abx* + 2acx + ad (b 
abx* + 2 b‘x + 6c 

z (ac — b*)x + ad — be. 

Hence provided ac — 6*+o, i.e. H+o the common root wfll 
be (6c — ed)jz (ac — 6*). 

Substituting in ax* + zbx + c = o we obtain the condition 
A = a*d* — 6a6ci + 4ac* — 36*c* + 46*^ = o. 

If H = o, there cannot be a common root unless 
ad — be— o, i.e. a/6 = c/d. 

In tins case aV + 3a*6** + 3«^ + *= 0 becomes 

3a*6a* + 3a6^ 4- 6* = 0, i.e. (a* 4- 6)* ** o. 

Thus the three roots of the cubic are equaL 
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If in G = o we substitute 6 * =5 ac we obtain ad - he = o, 
so that the conditions G = o, H = 0 are equivalent to H = 0, 
arf — 6 c = 0, or to 

a __ 6 _ c 
bed 

Note that if a cubic has the form + px 0 the coiji- 

dition for a repeated root is + j\p^ = o. 

Example.—// 4- 3*-* + ^ == + v)» - v (^ + m)®] 

values of z, show that 

2^ = f + that 2k = f — 

ft n ft n 

where A = 4 - 4A*. 5 Aoti; a/so /Aa/ the cubic 4^® — 27a® (2 + a) = o Aas 

two equal roots. [M.T.I 

Note that A is the discriminant of the cubic, for in the given case the 
coefficient of is unity. 

^ -I- v)* — K (s + /x)® = /I (s* 4 - 3 K 2 ® 4 “ 4 - V®) 

— K (2* 4 - 3 /^® + 3M®-^ + M*) 
= (ju — k) i^® 4 - 3 m»' (v -- pt) z iiv (v® — 

Hence 2® + 3^-2^ 4- ^ = 2® — ^iivz — /xk (/x + k). 


Thus A = — fiv, g 
A 


— /xK (/Lt 4- J')* i-e* f = fx + aiid 


A* 


4 - 4^ = (m 4 - v)® — 4#XK = {/X ~ k)® 
VA 


Taking the positive square root /li — y = • 

Combining with ft + v = ^ we obtain 


h 


In 4r® — 27a* (r 4- a) = o it is easily verified that A = o. Thus ft = y. 
To find the form that — [ft (r 4 - v)® — y (r 4* vfx)*] takes when /x = y 
write fx — V == / and consider the limit when / o. The expression becomes 
#<) -<}•-{/*-<) (^ + f*)*] 

= j [m (* + J»)* — 3 M^ + /»)* + 3 M<* (« + m) — 

- f* (-y 4 * ft)® 4 - / (r 4 - fx)®] 

= 4 - ft)® - 3 M 4 “ ft)® + 3f*^ 4 - ft) — ft/*. 

Letting / o the expression becomes 

(r + ft)® - 3ft (2 4 * ft)® = (if 4 - ft)* - 2, ft). 

Thus if A ~ o the equation r® 4* 3*2 4 - g ** o has a repeated root 
equal to ft. 
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16 * 23 . Nature of the Roots of a Cubic 

Since complex (or imaginary) roots occur in pairs we kn<fw 
that one root of the cubic is real. 

We now prove that if f{x) s + 36** + 3c* + d, the cubic 
f {x) — o has three real roots if G* 4 - 4-ff* < o and two imaginary 
roots if G* + 4H» > o. 

We consider the transformed equation whose roots are (B — v)*. 

(y _ a)*, (a - B)*, 

i.e. F(y) + + 8i^y + g(G*+4H*)=o. 

If a, p, y are all real then the squares of the differences of the 
roots must all be positive so that the equation must have three 
positive roots. Conversely, if all the roots of the equation are positive 
the roots of f {x) = o must all he reaL 

For suppose a is real, while jS and y are imaginary. Now p 
and y are conjugate complex numbers and may be expressed 
in the forms 

P u + iv, y ^ u -- iv where v +0. 

Then p — y ^ 2 iv, (P — y)^ = — 41;* < 0. 

Thus in the case of an imaginary root of f (x) = o, the transformed 
equation must have a negative root. 

Case {a), + 4.^® < 0. Since G and H are real this implies 

that H <0, 

Now F(-y) = -y + ^y-8i^>'+f,(G* + 4 H*). 

a a iff 

and since all the coefficients are negative F (—y) has no changes 
in sign and hence F (y) = o has no negative root. Hence the 
three roots of f{x) = o must be real. 

Case ( 6 ). G* + 4FP = 0. Either G = o, H — 0 orG and H 
are both different from zero. In the former, the three roote are 
equal and since one root is real, the three must be real. If the 
latt«- conditions are satisfied there is a repeated root inffiich is 
different from the third root. If two roots are equal all the roots 
must be real, since complex roots occur in pairs. For if the equal 
roots were complex, there would have to be two oth® comply 
roots, viz. the conjugate numbers. Since the ejuatioa hasi^y. 
three roots this is impossible. 
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Case (c). G* + 4H® > 0. In this case F (— 00) — 00, 

F (0) « 27 (G* + > o. Hence F (y) = o has a negative 

root and /(«) «* 0 has two complex roots. 

It should be observed that if a given cubic has the fo 
^ + px + q ^ 0, then the conditions are as follows. 

(a) For three real and distinct roots, 275* + 4^® < 0; 

(i) For three real roots not all distinct, 275® + 4^® » 0; 

(c) For two complex roots, 27?* + 4^* > 0. 

Ezesiple . — Find for whai values of the constant a the equation 

— 3 ^ + « « o 

has three distinct real roots. 

Shaw that if h > o the equation ;r* — 34? — 2 — 2jh « o has just one 
real root and that if this is denoted hy 2 + 3^, then o < f < A ; with the aid 
of this result obtain the narrower limits 

^ j ^ ^ ^ h. {Camb. Sch.J 

The condition that the roots of 4;*--3jr + a=ao are real and distinct, is 
27a* -f 4 (- 3)* < o, i.e. a» < 4, or - 2 < a < 2. 

II a* > 4 the equation has only one real root. 

Since h > o, — 2 — 27^ < ~ 2; hence 2f» — 34? — 2 — 27A « o has 
just one real root. 

Write # » 2 4 * 3t and the equation becomes on simplification 

f(() = f» + 2f* + f-A«o. 

Now / (o) « — A < o, f(h)=s: A* (A 4- 2) > o. Hence the real root { 
lies between o and A. 

Write i ^ hy, so that o < y < i. Then 

/ (^) « A {Ay 4* -f y - I}. 

The roots of AV 4 - ^hy^ 4* y — i =» o are f/A, where { is a root of 

/ (fi o* 

Now write y « i — 2. The equation reduces to 

4 (jr) s A* 4* 2 * — 2 (3** + 4^ 4- i) 4- (3**,+ «*) — * o. 

Thus 4 (o) « A* 4 - 2* > o; 

4 {(A2 4 - 2 A)/{i+A)®} 

« - (A 4- 2A) \ Jf+Aji (TTA? 



--{**+ s*) (*(** + »*)- (3* + a) {* +I)*J+ 

« - + a*) {A (** + a*) - (3* + a) {* + i)«} 

. , +a<A+i)^ 

--*<*•+ a») (*• + 4** + 6A + a)/(* + i)». 
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Since h > o, this expression is negative* Thus the real root of the 
cubic in x lies between o and (A* -f 2 h)l(i 4- h)K , 

Now Sfesi— — f /A. Thus 


^ f ^ A« 4 2A 
h^TTThf 


(I + *)• ^ 


The condition for real roots may also be determined by con- 
sidering the maximum and minimum values of the cubic expression 



involved. Let the cubic equation be *• + ^* + ? * o- "The 
general behaviour of the function 

^{x) +px +q, p*o, q*o 
is as follows. When * is large and n^ative so is p{x). ha x 
so does p{x) until in general a maxtaKun is TewheiL 
As* increases beyond this point p{x) deaeases untfl a infaittiwm 

is reached. Beyond this point p(x) will increase witli *. 1H#e 
general bidiaviour is indicated in Figs, 4 *, 4^1 43, 44* 
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In Figs. 41, 42, 43, A corresponds to a maximum, Btoaminimum, 
while Fig. 44 indicates the case in which there is no maximum 
or minimum. There will be three real roots if A and B lie 
opposite sides of the X-axis. Corresponding to Fig. 41 the 
are real and distinct, to Fig. 42 the roots are real but there is I a 
repeated root where the curve touches the X-axis; to Figs. 43, ^4 
correspond two imaginary roots. 

Now (x) = 3 X^ +p. If p > o, 0 ' (x) > o and henc^ 
the function p (x) has no maximum or minimum value. In thi^ 
case 0 {x) steadily increases as x increases. Interpreted graphi- 
cally this asserts that the curve y = p (x) steadily rises as x 
increases and hence can cut the X-axis at only one point (Fig. 44). 
Thus if > o there is only one real root. 

Next suppose that p < o and write ^ = — 3 A* where A > 0. 
For maximum and minimum values, 

3^* — 3A* = o, i.e. X = X. 

Now p” {x) = 6 x and is positive when x is positive and negative 
when X is negative. Thus a; = A gives a minimum, =— A a 
maximum. The corresponding values of p(x) are —2X^+q 
and 2A® + q. 

It follows that the roots of p (x) will all be real if 2 A® + ^ > o 
and — 2A* + 9 < 0- 

If q > 0 the first condition is satisfied and the second becomes 
2A® > q. 

If q <0 the second condition is satisfied and the first reduces 
to 2A® > ^ q. 

We can reduce these two conditions to one by observing that 
they are included in 4A^ > q^. Substituting A* = — pjs this 
condition becomes 

27q^ + 4 p^ < 0. 

Arguing in a similar way we can show that the condition for 
two repeated or coincident roots is 275^* + 4^* = o, while the 
condition for two imaginary roots is 273-* -f- 4/>® > 0. 

16 * 24 « Cubic Polynomial as the Sum of two Cubes 

We now prove that the cubic polynomial asfi -f- z^x^ + icx + i 
cm in genial be expressed uniquely in the form A (x — A)* -f B 
whefe A emd ^ me the roots of the quairoHc equaHon 

a ^ {at + b) {ct d) - {bt + cf « 0. 
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The function H is of great importance in the theory of the 
cubic and is called the Hessian. . 

«*» + 3bx‘ + 3 CX + d = A (x — + B (x - 

= +B)x»-3(A^ + B^,)x‘ 

+ 3 (^A* + B^») x-AA>- Bix> 

Equating corresponding coefficients, 

a = A +B. b= -AA-B^ ”1 
c =AA^ + Bfi», d = - AA»- Bfi^ J • 

The solution of these equations is in general possible, as there 
are four equations connecting the four unknowns A, B, A, /i. 
Eliminating A between the first pair of equations, and also tetween 


the second pair, we have 

Aa + b = B (A — /x) (i) 

Ac + = B/i* {A — (i) (ii) 

(Aa + b) {Ac +d) = {B^ (A- (iii) 

Again, Ab + c = B/x {A — (x) (iv) 


From (iii) and (iv), (Aa + b) (Ac + d) — (Ab + c)* = 0. Hence 
A is a root of H — o. From ssmimetry it follows that fx is also a 
root of H = 0. 

Further, if A and /* be interchanged it is clear that A and B 
would also be interchanged. Thus in general the expression of 
the cubic as the sum of two cubes is unique. 

The argument will fail if A = fx, i.e. the roots of FT = o are 
equal. For in this case the four equations obtained by equating 
coefficients reduce to 

« = ^ + B, 6 = - A (^ + B), 
c = A*{A+B). = - A» (^ + B). 

It will be seen that A = ix implies that the equation 

ax* + 36X* + 3 <^x -jrds=o 

has a repeated root. 

The condition A — fx is that H should be a perfect square. i.e 
(ad — be)* = 4 (oc — 6*) (bd — c*), 
i.e. A - ~ ^ ~ 3 ^**^ + 4^d = o. 

This is the condition that the cubic equation should have a 
repeated root. [| 16-22.] 
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16 ’^. Solusioa of a Culuc Equation 
I- The method of solution to be adopted depends on the nature 
of the roots. If two are imaginary. Cardan’s method is used, whife 
if all the roots are real, a trigonometrical method is employed. 

Let the cubic equation be oaf* + 36** + 3c* + = 0. Thd 

the transformation y = a* + 6 reduces it to the form 

y^ + sHy + G^o (ij^ 

where H ^ ac — b*, G ^ a*d — yibc + 2b*. [§ i6*i.] 

Equation (i) is taken as the starting point for the solution, in 
each case. 

16 * 26 . Cardan’s Solution 

In practice this method is used only when G* + 4IP > o, i.e. 
the equation has two imaginary roots. 

. Let y = 4- so that y* — 3»»*n^y — (w + «) = 0. 

Comparing the equation with y* + ^Hy + G = o we have 
H = — m^n^, G = — {w + «)• 

Since — IP =tnn it follows that w, n are the roots of the 
quadratic equation 

s*+Gz-IP = o. 

The roots are 4 {— G ± A} where A* = G* + 4J5r*. 

Takii^ f» = I {— G + A} the three values of are 
ni {- G + A)}, 0, {- G + A)}, a.» (- G + A)} 

where cu is an imaginary cube root of imity. The corresponding 

values of are given by — HnT^. 

The three roots of the cubic are then given by the three values 

oiy—m^ + n^. 

If G* 4- 4IP > o, A is real, while if G* 4- 4!?* < o, A is 
imaginary and the three roots are given in imaginary form. But 
in tiiiis latter case the three roots are actually real, so that the 
method is not convenient for a cubic equation in which all the 
roots are real. 

16 * 27 . T^jontmietiical Solutions 

In Cardan’s method the given cubic is id^tified with the 
equation 

y* — 3»if^«fy -- (w 4- «) * 0. 
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In the trigonometrical method we use one or other ol the 
identities • 

cos 3® = 4 cos* — 3 cos 
sin3tfs3sin^ — 4 sin* 0. 

Taking the first of these we write it in the form 

cos® ® — I cos 0 — 1 cos 30 — 0 (i) 

Writing y = p cx>s 0, p > o in jy* + sHy + G = o we have 

cos® ^ cos T = 0 (li) 

P P 


Comparing (i) and (ii), p = 2 VC” ^)> cos3d = — 4 G//»*. 

If G* + 4fl® <0, H <0 so that p is real. Further, in orda 
that 0 be real 


4G 


< I. 


i.e. 


16G* 


<1. 


This reduces to G* + 4H* < o. 

If ^ is any value of 0 satisf5ring cos3tf — — 4G/p*, then the 
general solution is 

30 — 2fnr db 3 ^. 

Three different values of cos 0 will be pvoi by 0 — 4, ± 

The three solutions of the given cubic will be 

poos 4, p cos (|« + 4 ), p cos (|w — 4 ). 

In a way we could use the equation for sin 3^ instead 

of that for cos 3^. [See Ex. 2 on p. 668.] 


BjtMaples.— (I) Solvt tkt efutOion ** + 6** - la* + 32 = 

In thia case « «= i. t 2. c <= — 4, d = 32. S' = 6* »• ~ 

C •= tPd — iohe + ai* = 72 Hence G* + 4H* > o and the eqnatira , 
has two imaginary roots. 

To remove the term in *• reduce roots by — 2. 

I 6 — 12 3a 

-2 • - 8 40 


4 

— 2 


- 8 

— 20 

4 


7 * 


-24 


1^ teansforined equation is y* - *43’ + 7* 
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Now suppose that y == ml -f so that 
^ y® — 3wlnly — (m + w) ~ o. 

Comparing the two equations, mini “8, m + « =» — 72. 

Then m and n are the roots of the quadratic equation 
z* + J2Z -f 512 = o. 

Thus ^ 8 or — 64. I 

Taking m = — 8, the three values of mi are — 2, ~ 2<u, *«- 2a»*\ 
The corresponding values of ni are given by mini = 8 and are — 4,^ 
— = — 4£tt*, — 401“* = — 401. Thus the three roots of the transformed 

equation are 

— 6, — 2 (tti -f- ■— 2 (to* + 2<o). 

Hence the roots of the given cubic equation are 

— 8, — 2 (i + CO -f 2to*), — 2 (i -f 2to -h to*), i.e. — 8, — 2to*, — 2to. 

(2) Prove that x = 2 sin 10® is a root of the equation ar* — 3;r -f i ~ o 

and find the other two roots. [Cantb. Sch.] 

The condition that the three roots of ;r* -f- ^;r + ^ = o are real is that 
2yq* + 4^* < o. In this case /> = — 3, ^ 3= i and the condition is obviously 
satisfied. * 

We compare the given equation with 

sin* ^ — f sin ^ J sin 3 ^ = o. 

•a j 

Write ;r != p sin so that sin* 0 sin ^ =* o. 

P P 

Thus p* = 4, p ~ 2 and sin 36 = 4/p* = J. 

The general solution of this equation is 3^ = w x 180® -f- (— i)" 30°. 
The values ^ ~ — 70®, 10®, 50® give three distinct values for sin 6. 
Hence the three roots of the equation are 

— 2 sin 70®, 2 sin 10®, 2 sin 50®. 

(3) Find the relation between p and q in order that the equation x^ --px + q^o 
may he put in the form 

{x* mx + »)* = X*. - 

Hence or otherwise solve the equation 8;r* — ^(>x -f 27 == o. [Camb. Sch.] 

The equation (x^ + mx -i- n)* = x* when expanded, gives 
2WX* -h (m* -f 2n) x* + zmnx -f «• = o. 

Comparing with x* — ^ — o, 

4- 2ft _ 2mn n* 

1 o ^ p “ 

Hence assuming m, n o, we have m*+ 2« =« o, — n, 2m « p^Jq, 
Eliminating m and n, we obtain 

ps ^ spqs sss o, i.e. ^» — fig* as o, assuming p #0. 

This ts the required relation between the coefficients. 
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In the particular case p = 9/2. q = 27/8, p^ ~ 8q^ =« o. Hence the 
equation may be written in the form 

(at* H- mar -f w)* = ar* • 

where m ~ ^ = 3, w = — 

Thus the equation becomes (ar* + 3ar — |)* = ar* giving 
ar* + 3ar — I = ± ar», 
i.e. 3ar — I = o or 2ar* + sar ~ | = o. 

Hence ar = | or — | (i i: v' 5 )- 

16 * 3 . The Biquadratic Equation 

The general equation of the fourth degree is conveniently 
represented in the form 

/ (x) = ax^ + 4bx^ + 6 cx^ + 4dx + ^ = o. 

We consider here a few particular properties of the equation* 
/W = o. 

In what follows we suppose that a is positive. Now 
/' {x) = 4 + 36** + icx -f d) '. 

Since /' (x) = o is a cubic equation its roots may be assumed 
to be known. 

If /' (x) = o has only one real root, this value must correspond 
to a minimum of / (a;). For / (*) -> + oo when x-*- — co or to 
4- 00 and since / (x) is continuous it must have a minimum value. 

If /' (x) = 0 has three real roots which are distinct, then / (*) 
possesses two minima and one maximum. If the three roots are 
real but two are coincident then / (x) has no maximum. In this 
case /' (x) can be written in the form 
/'(x) = 4a(x — a) (x — 

As X passes through the value p, f (x) does not change sign 
since {x — / 5 )* is never negative. The value x — a must cor- 
respond to a minimum since /(*) must possess at least one 
minimum value. 

If the three roots are coincident and equal to a, then 
/' (x) =4a{x- o)». 

As X increases through the value o. /'{x) changes sign from 
— to -1- (a > o) so that * = o pves a minimum. 

In any particular biquadratic equation we can determine the 
number of real roots, and approximate to their vdnes, by 
calculating the maximum and minimum values of / {*). 

• Fw a more detafled discussion of the Wquadratic equatfem tefarence 
should be made to treatises on theory of equations, e.g. Burnside and Panfam, 
Theory of Efmtiexs. * 
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We distinguish two cases: 

. (i) One minimum, no maximum. Denote by A the minimum 
value <rf /(*). 

(«) If A > o, f{x) >0 for all x, and f{x) — o has no 
roots. [See Fig. 45.] 


Y 



Y' Y' 

Fig. 45. Fig. 46, 


(6) If A < o, there are two real roots and two imaginary 
roots. [See Fig. 46.] The limiting case A = o corresponds to two 
coincident roots. 

(ii) Tmminifpuit one maximum. Let Ais=/{%), A2 ==/(:v2) where 
Xx<x^ht the two minimum values, p the maximum value of / {x). 

(fl) If Ai > o, Aj > o there are no real roots for p>o. 
[See Fig. 47.] 



Fio. 47. 48. 

(6) If Ai>o, A,<o there ate two real roots and two imaginary 
tootSj fw f > 0. [See Fig. 48,3 A, ==^ q txnresixmds to the <»« 
h} which, the two re^ roots are coincident. 
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(c) If < 0, Aj < 0, p >0, the four roots are real. [Sw 
Fig- 49-1 

V Y 




{d) If Ai < 0, Ajj < o, p < 0, there are two real and two 
imaginary roots. [See Fig. 50.] 

Examples.— '(1) Find the range of values of k for which all the roots of the 
equation x* + k ^ o are real. [Camb. Sch ] 

Write f{x) = + 4^* - 8^* + 

f' (ir) « 4Jir» 4* I2flr* - l6x. 
f" {x) « 12X* -f 24 |jr — 16. 

Hence f'{x) =« o when 4^ (at* + 3^ — 4) — o, i.c. ^ « o, i, — 4. 

When «= o, Z"' (x) < o while when x ^ 1 or — 4. f''(x) > o. 

Hence ir o gives a maximum value, ^ =s i, — 4 minimum values. The 
corresponding values of f {x) are k s* ^ 12.B, 

Hence in order that f(x) = o have four real roots 
A > o, A — 3 < o, A — 128 < o. 
i.e. o < A < 3. 


(2) Iff(x) sair* + 46^46ciif»*f4^ + ^, H ^ ac b* provetkalihs 
equalion f(x)^o has at least two imaginary roots if H > o. 

This result may be obtained by transforming the equation into one la 
which the term in is missing. Write y ^ ax ^ h so that the transformed 


equation is 
a 


H- .. (Z^)' + 6 . iz^)' + .. {Zii) + 

This equation reduces to ^ , 

v‘ + fl f«e •- l»*)y* + 4 («'<* - 30 ^ + ^)y + - sH + «*4 - 4«^ •»* «». 

L y* + 6Hy + 4Gy + *'^-3H*-«». 


s «» o. 


Whert G - + ***• l-«*-4M + 3«*- 
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Since H > o, it follows from Theorem IX., § 15 32, that the transformed 
equation has at least two imaginary roots. Since a, b are real it follows 
thit f(x)^o has at least two imaginary roots. 

16*41. The Biquadratic as the Product of Quadratic Factors 

Assume ao(^ + 4^^* + + e 

^ a{x^ + he + ii) (x^ + X'x + 

Expanding the right-hand side, we have 

ax^ + ^ 4“ ^ ^ 4* f*- "f* 4“ ^ 4” ^ 

Equating corresponding coefficients 

A + A' = + /t' = - - AA' ) 

a a 


Aft' + A'fi = 

4 d 

— > MM = 

a 

e 

a 

Now the determinant 



2 

A + A' 

ft 4 - 

A + A' 

2 A A' 

A/; 4 ' 4 - A> 


Aft' “f* A' ft 

2/i/i' 

is the product of the zero determinants 


I 

10 I 

I 0 

A 

A' 0 A' 

A 0 


m' 0 ft' 

fi 0 


and so b identically zero. Substitution gives 


2 


6c 

- AA' 


a 

a 



2AA' 



a 



a 


4d 


26 

a 

a 


a 

2 a 

2b 

6c 

-a\W 

46 

«AA' 



-«AA' 

2d 


26 


Thb determinamt when expanded gives a cubic equation in AA'. 
Solving the equation and using the original equations we can obtain 
values for A, A', ft, ft'. 
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Example . — Express the biquadratic + 244r* — 174? + 12 as 

the product of quadratic factors. 

> 

In this case a s= 6, fe c = 4, e = 12. Substituting 

in the determinant and writing 6AA' = /. we have 

12 — ^ 24 — / 

— 13 t - 17 o. 

24 ~ ^ 24 

Expanding by Sarrus’ rule [Chap. XI.. § 11*42], we have ^ 

— 48/* 4- 509^ — 1542 = o. 

The roots of this cubic are < = 6. 21 ± 2 •\/46. 

Taking ^ = 6 we have A A' = i. Combining with A + A' = — 13/6 
we find A = — f , A' — — f . 

From the equations fi + fi' — 4 — XX\ and Xfi* + A"/* = — 17/6 it 
follows that fjL — I, fjL — 2. 

The quadratic factors are 

6 (x^ — fA? 4- i) (x^ — |Ar 4- 2) = (%x^ — 2Ar 4- 3) (2Ar* — 3Af 4 - 4)- 
Similarly the values < = 21 4 : 2^/46 may be considered. 

Alternatively the quadratic factors of the biquadratic may be 
determined by the following method. Assume that 

a (ax^ + 46a;® + 6ca;® + + e) 

= {ax^ + 26 a ; + c + 2aBY — {2px + qY 
= a^x^ + 4a6A;® + {2ac + 4a®^ + 46® — 4^*) a;® 

+ 4 (6c + 2ahB -- pq)x +c^ + ^acB + 4a®tf* — qK 

Comparing coefficients we have 

6ac = 2ac + 4a®^ + 46® — 4^®, 

^ad == 4 (6c + 2abB — pq), 
ae = + 4acB + 4<i®^ — g®. 

Hence />® = 6® — ac + a®^, pq ^ be ad + 2abB, 
q% ^ ^2 _ ^ 4. ^acB + 4^®^*. 

Since {pqY = we obtain on eliminating p and q, 

(6® - ac + a^B) (c® - ac + 4ac6^ + 4a®^) = (6c - + 2 ab 9 )\ 

This e<iuation gives on simplification 
4a®^ — aB (ae — 4bd + 3c®) +ace + 2bcd — ad^ — 6®c — c® = p. 

Solving this cubic equation for B we can then determine p mAq. 
The quadratic factors are then 

{aA?® + 2 (6 — ^ + 2aB — q} {ax^ + 2 (h +p)x + 2aB + q}. 

Thus, s,g. in the case of the biquadratic 

6^4 ~ i3Af» 4 - 24^* - * 7 ^ + 


x.A., 11, 


43 
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the cubic equation gives on simpUhcation 

2504^ — 1036^ *f 265 » o. 

The roots of this equation are ^ ~ or — 

^ 12 24 

Taking 0 == y®, we find ^ = — S» ^ = 3 * Thus \ 

+ 144^* — 1024 ? 4- 72 « (64?* — -^4? 4 4 -f 5)* — §4? -f 3^ 

~ (64?* — >^4? 4 9 — §4? 4 3) (64?* — ^^4? 4 9 4 §4? — 3) \ 

(64?* — 9Jr 4 12) ( 64 ?* — 44? 4 6). 

16*42. The Solution of the Biquadratic Equation ^ 

It has been shown in § 16*41 that a biquadratic expression may 
be represented as the product of two quadratic expressions. By 
equating to 2 ero each of the quadratic factors the four roots of the 
biquadratic equation are obtained. In practice it may not be 
necessary to proceed with the general method in order to determine 
the quadratic factors as they may sometimes be obtained by 
inspection. Further, if any relation between the roots is known, 
the equation can always be reduced to one of lower degree. 

Example. — Solve the biquadratic equation 4?* — 4?* 4 24?* 4 4? 4- 3 = o. 

Since the coefficient of 4?* is unity and the constant term is 3 = 1x3 
the factors may be of the form 

(4?» 4 04^ ± I) (4?* ^bX ± 3), 
like signs corresponding. 

Taking the -- signs the product is 

4?* 4 (a 4 ft) 4?* 4 — 4) 4?* — (3a 4 ^)4? 4 3- 

If this expression equated to zero is identical with the given equation 
a ^ b ^ i, 0^ — 4=: 2, 3a4b=s — 1. 

The first and last equations give a = o and this obviously cannot satisfy 
the second. Thus the three equations are inconsistent. 

Taking the 4 signs we obtain 

4?* 4 (<*'^ 4 4 f* 4 (4 + + ( 3 « -f ^ ^ 4 3 o- 

If this is identical with the given equation, a 42 ^=* — i* 44a6»*2, 

3 ^ 4 b » X. 

The first and third equations give a =» i, 6 « 2. These values satisfy 

the second equation. Hence the given equation is equivalent ta 
(4?* 4 4? 4 i) (4?» — 24? 4 3) 
the roots being — i (1 ± *V3)* * ± *V*- 

16^3. A Gtajdiical Method d Sohitioo 

It has been shown in § i 6 ' 3 , Ex. 2 , that if H ?= oe — 6 * > o 
the equation 


4- 4&e* -f 6(ac* + 4^* 4 e = 0 
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has at least two imagini^ roots. In this case the real sohitions 
may be obtained ^aphically by considering the intersection ,of 
a cortain circle with either of the curves y ± x. ITie 

transformatira used in § 16-3, Ex. 2. reduces the equatirai to the 
form 

X* + px* + Tqx + f = 0, ^ 

where p = H >0. Multipl3dng throughout by p the equation 
may be represented in the form 

px^ + {px +q)^ +pr — q* = o. 




Taking the square root ± ^ ~ 

be obtained by co: 


Hence the real roots may be obtained by considering the points 
of intersection of 


with either of the curves y = ± x*ly/p. 

The former equation represents a circle whose centre is (—5'/^, 0) 
and whose radius is Vfe* The circle will be real provided 


-- pr > 0. 


IBxuaplt^'-^Use the above 
method to find the approxi- 
mate values of the real roots 
of the equation 

— 7 **®* 

[Lond, Inter* Econ.} 

Now -f + 4^ — 7 

(ir4- 2)*- II* 
Thus the real solutions 
of the equation will be given 
by the intersections of 

The second equation 
tepres^ts a circle whose 
eeiitreis(— a^o) and whose 
radius is Vl* ■« 3’S® 
approodiuatebr. 

it is sudident to draw 
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the circle and one of the curves represented by ^ i x^. 

In Fig. 51, y = is shown by the continuous line, y =r — by the dotted 
linfe. The graph shows clearly that the values of x obtained are the same in 
each case. It will be found that x ^ i-i or — 1*82 approx. 

16*44, Reduction to Reciprocal Form 

A .biquadratic equation can sometimes be conveniently solve 
by reducing it to the form 

+ qx^ + px + X o. 

The method will be illustrated by two examples. 

Examples. — (i) Find a transformation x Xy ft which will change 
the equation 

x^ + 5^* + 9^® 4- 5^ — I *= o 

into reciprocal form, and hence solve it. 

(Ay 4- m)* + 5 (Ay 4- m)® 4- 9 (Ay 4- m)® + 5 (Ay 4- m) - i = o, 
i.e. AV + (4A* + 5) AV + (6/i* + i5M 4- 9) A*y* 

4- (4/i* 4" 4 18/1 4- 5) Ay 4- 4- 4- 9^® 5 ti — 1 == o. 

If this equation is of reciprocal form 

A* = 4- 5/A* + 9M® 4- 5M ~ I. 

(4M 4- 5) A* = A (4/4 ® 4- I5m® 4" tSfi 4- 5)- 
Eliminating A, (4/4 4- 5)® + 5/** + 9m* 4- 5M ~ i) 

= (4M® + i5m® + 18/14 4 - 5)®. 
i.e. 3/4® 4 * I3M® + I 9 m 4- 10 = o. 

This cubic equation is satisfied by /x = — 2 giving A* = i. 

Taking A = i, the transformation ;r = y — 2 will change the given 
equation into reciprocal form. This transformation is equivalent to increasing 
the roots of the given equation by 2. 



~ 3 3 

— 2 


-- 3 

The transformed equation is y* — ay® + 3y® — 3y + i « o. 

Writing 2r s=y 4- i/y, this equation becomes 
- 3r 4* I - o. 

Thus r a» 1 (3 ± Vs) values of y are determined. If 

yi» yt* y** y^ ^ these values then the roots of the original equation are 
yt - 2, y, ~ 2 , y, - 2, y* - 2. 
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(2) By eliminating x between the equations 

y ^ X* ^ px + q, X* — 2X* -f- 8 x ^ 3 = o 
reduce the equations to the form y* 4- ty* 4- s = o and hence solve 


x^ -- 2X^ 8x^ — 3 ^ o. 

Write X — q y. Then 

4" ~h A==o ( 1 ) 

;ir* — 2;r* 4- 8;»r — 3 = o (ii) 

Multiply (i) by x* and subtract (ii) from it: 

^;r* 4- (A 4- 2) ~ 8;r 4- 3 = o (iii) 

Multiply (i) by px and subtract from (iii) ; 

(A 4- 2 — ^*) AT* 4- (~ 8 - A/)) 4 3 = o (iv) 

From (i) and (iv) we have 


X- __ X _ A y V 

3 ^-."A(-_ 8 ~>)~ A(A 42-^*)~3 - 8 - A/>~/>(A 42 --•/>*) ^ 

Hence 

(A* 4 2 A - Xp^ - 3)' = (~ 8 - - 2^ 4 p^) ( 3 P 4 8 A 4 A*/>), 

i.e. {y^ 4 (;/)2 — 2^ — 2) y 4 4 2^ — p^q — 3}* 

= { 2 py 4 — 2pq — 2p — 8) {py^ — jy (— 8 — 2pq) 4 Pq^ 4 3 ^ + 8^}* 

We require the conditions that the coefficients of y* and y be zero. Thus 


2 (/>* — 2^ — 2) = 2/>2 (v) 

2 (/>* - 2^ ~ 2) (^* 4 2^ - p^q - 3) = 2^ + 3 ^ + 8^) 

4 (- 8 - 2/)g) (/»« - 2^ - 2/> - 8) (vi) 

From (v), g = — i. Substituting in (vi) we have 


2pt {p* — 4) = 2^ (4/> — 8) 4 (2p — 8) (^* — 8). 

It is obvious that /> — 2 is a factor of both sides of the equation and hence 
^ « 2 is one solution of the cubic equation in p. Hence the elimination of X 


between 


y = ;r* 4 2;ir — I, X* - 2^8 4 8^ - 3 = 0 


gives the form y* 4 #y* 4 s = o. 

Substituting p 2, q ^ 1 in the biquadratic for y we obtain 
(y* 4 4y)* = 4 ^ — 4 ^)* i-®- >'* + 3 *) == 

Hence y — o, o, ± 4* \^2. 


When y == o, x* 2x — i o, i.e. x ^ — i ± 

When y 4^0 the corresponding values of x are best obtained from («). 

A (A 4 2 - p^) - 3 „ (y 4 I) (y -f 3 ) 3 

Thus ^ _ 8 - Ai> ~ (A 4 2 - ^*) 4 y 

Substituting y = ± 4 * x i ± %y/2. 


16‘5. SpedU Series of Equations witii Real Roots 

The fdlowing result is of great importance. ^ 

Consider the sequence of symmetrical determinants. Ai{*). 

A.(*); As(*). 
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Ai{*) 


a-x, A«(*) = 


a —X 

h 


h 

b —X 


A»{*) = 


a~x h g 

h b-x f 
g f c-x 


Ai(x) = 


a — xh g I 

h b —X f m 

g f c-x h 
I m h d —X 


where a,b,c, . . . are real constants and ic is a variable. 

Then the roots of the equations Ai(*) = A*(*) = o, A»(*) = o, 

A*.{x) — o, . . . are all real. Further if n denote any positive 
integer (>2), then the roots of An(^) = ^ separated by those 
of A»-i(*) = o. 


Lemma . — Vft first prove a property of determinants. 

If A«-l “ (phl ^28 ^38 • * • ^n-l* «-l)» An == (<hx ^22 ^8S • • • ^nn)^ 
An+1 ^22 ^ n+i) symmetrical determinants such 

UuU An ^0, then the product An-i An+i negative. 

It will be observed that An is obtained from An-i» An+i 
from An by the corresponding determinant S3anmetrically* 

We give the proof for the case » = 4, but it will be seen that 
the method is quite general and will extend to the case in which 
n has any positive integral value. 


A* — 


% 

^21 

^21 ^81 


^8 

«88 

«88 


A4- 


«u 

«u 


Xie 

«« 

Ott 


Xu 

«« 

a^g 

Xu 

Xu 

«« 

ttfg 

Xu 

Xu 



«u 

Xlt 

Xu 

Xu 

Xis 


Oa 

X» 

Xu 

Xu 

Xu 

A.= 

% 

X» 

Xu 

Xu 

Xu 


Xu 

Xu 

Xu 

Xu 

Xu 


Xu 

*« 

Xu 

Xu 

Xu 

where =® a„', r, s >= i. 

a. 3. 

4, 5 and 

As 


denote the cofactor of in As* 

We consider the adjoint determinant 
A'i = and evaluate the minor {A^^, 
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Consider the product of the determinants: 



«« 

«18 

<*14 

«18 


I 

0 

0 

-^41 

dsi 

^21 


<*23 

<*24 

Uas 


0 

I 

0 

‘^42 


<*31 

«8» 

<*38 

<*84 

*85 


0 

0 

I 

^48 

-4 53 

^41 

«42 

^48 

^44 

*45 


0 

0 

0 

^44 

54 

<*S1 

<*58 

<*63 

<*54 

«5B 


0 

0 

0 

-^46 

^6S 


which is Aj (^44 ■^ss — -^48 -^m)- Also ^ 4*5 = A4 = o and since 
the determinant As is symmetrical, ^45 = A^- Thus the product 
is — As '^* 4 S' 

Multipl3ring the determinants, we have 

«ii «i* «is 0 o 

^82 ^28 ® ^ 

— As -^*45 = ^82 ^33 ^ ® 

®41 ^42 ^48 As ® 

^51 ^62 %8 ® As 

% ^2 ^8 

= A^s ^28 ~ A% As* 

^a ®88 ^88 

Hence As As = 

Since the elements of ^145 are real, ^1*45 is positive. Thus As As 
is negative. 

It will be observed that ^45 is a linear homogeneous function 
of the bordering elements ajs, « 8 s» ^45* 

We return to the theorem enunciated at the beginning of the 
section. 

The root of AiW = 0 is x^a. 

Let oi, oji be the roots of AsW == Then oi, a* are the 
roots of the equation 

(a — x)(b-x)-h^^ o. 

Also Ai(- 00) == + «. At(«) = - **- Ai('») »= + 00. 

A*(*) — 0 has two real roots, one less than a and the 

other greater than a. Thus 

if oj<ot, «i<«<o,. 

This provra the theorem for the case «»=2. 

Consider now the case of « == 3 ’ 

Since Ai(*)*o« As(*)AiW<o- (L«n«aa.) 
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Now A#(— co) = — oo; As(“i) > o since A8(“i) Ai(ai) < ° 
and A (oi) < o; AsC®*) < o since As(«8) Ai{a») < o 
and Ai(os) > «; As(<») = + oo. 

Thus corresponding to 

— 00, oi, oj, + 00 

we have the signs 

— + — + 

Hence AsW = o has three real roots. Further, if the values\ 
are jS*. /Sj where ft < jS* < ft, then 

ft < oi < ft < aj < ft. 

For the case w = 4 we argue in the same way as in the previous 
case. 

AsW = 0 when a: = ft, ft, ft so that A4(ft) A»(ft), 
A«(i 8 s) As(ft). AAP») AttiPa) are all negative. A2(ft) > o, 

A*(ft) < o, A zips) > Hence when we substitute a; == — 00, 
Pv Ps* Ps> + 00 in A^i^) we obtain the signs 
+ — 

Thus there are four real roots which are separated by the roots 
of AsW = o. Similarly for higher values of w. 

The result which has just been proved may be stated as follows. 
If the leading elements of a symmetric determinant are all increased 
or decreased by the same quantity x, the equation in x obtained by 
equaling to zero the determinant so obtained has all its roots real. 


Eacan^le . — Show that there are three real values of A for which the equations 
{a X)x by cz ^ o, bx {c ^ X)y az ^ o, cx -{• ay + {b X) z o 
are simultaneously true, and that the product of these values of X is D, where 


D s 


a b c 
b c a 
cab 




[Lond. B.Sc.] 


Eliminating x, y, z between the three equations 

I a — A b c 
b c- A a 
c a 6 — A 


o. 


The fact that this cubic equation in A has three real roots follows immedi* 
ately from the general discussion given above. Wo give alternative arguments 
for this partic^ar case. 

Method (i). Expanding £ (A) along the first row: 

£(A)»(a-A) 6 -a|”* 1« fc-Al + *lc ** 0 * 

» (a - A) (c - A) (6 - A) - «*) - {!>• + e» - - A (6* + f*)} 
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Let a, P be the roots of the equation {c — A) (6 — A) — a* = o, where 
a < p. It will be observed that the roots must be real. Then 

2a ~ 6 -f c — V (6 4 - c)^ — 46c -h 4a* = (6 + 4;) — -/(b — (p)» + 4a*, * 

Also 2 j 3 = 6 4 c + V(6 — c)* 4 4a*. 

We may suppose without loss of generality that b > c* A sirniTa r argu- 
ment holds ii b <c. 

Then V (6 — c)* 4 4a* >b — c. Thus 2 a < 6 4 <? — • (h — c), i.e. 
a <c. Similarly p > b. Thus a < c <b < p. 

When A =: a, 4 ~ 2a6c - A (6> 4 c*) 

« fes 4. ^8 _ 26c - a) - a (6* 4 

=^(bVb — a'-c Vc o)*. 

When A « jS. fe» 4 c* - 2 afec - A ( 6 * 4 c*) 

= ~ {i5(6* 4 c^) 4 26 c ~ c*} 

= - {6 V)3 - 6 4 c V'p‘^}K 

In (A) write A = — 00, a, p, 4 oo- The values of £ are 4 00, 

— {b Vb -- a — c c — a)*, (b ^/ p — b c Vp — c)*, — 00. The signs 

are 4, — , 4, Hence the equation has three real roots, one between 

— 00 and a, one between a and p, and the other between p and 4 00. 
If a = /3 then (b — c)^ 4 4^® = o, i.e. 6 = c, a = o and the equation 

becomes (6 — A) (A* — Xb — 26*) = o and there are again three real roots. 

If a happens to be a root of the given equation the argument given above 
fails and it proves only that there are two real roots. Since imaginary roots 
occur in pairs it follows that the third root must be real. Similarly for the 
Case in which p is a root of E (A) = o. 

The product of the roots is — (a* 4 4 c* — jabc) which is D. 


Method (ii). Adding the second and third rows to the first and taking 
out the common factor a 4 & 4 — A, 


II I 

b c — i a 
c a & — A 


£ (A) - (a 4 ft + <5 ~ A) 

Subtra^ng the first column from the second and third columns, 
£ (A) « (a 4 & + c - A) 


10 o 

b c — b \ a b 
c a -- c b — c X 

«(a4^ + ^“'A) |c — 6— *A a -- b 

I rt — c d — c— A 


« (a 4 6 4 c - A) (A* - a* ~ h* - c* 4 4 M). 

Hence X a + b + c or ±{a* 4 ^»® 4 -c* — 06 — he — ea) 4 . 

The roots will be real provided 

4 4 — ah — fee — ea > o. 

Since o* 4 h* > 2«h, h* 4 > 2he, !?• 4 «* > 2ac we obtain m 

addition the required inequaUty. The product ol tile roots is 

- (a 4 5 4 e) (a» 4 h« 4 - «h - ^ 

— (a* 4 h* + ^ — 3ah<^ « jp, ■ 
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EXERCISES XVI 

z. Find the equation of squared differences for the cubic 
X* + gx* 4- 2 ZX -f i6 as o. 

2 * If a, fit y are the roots of the cubic equation 
ax* 4 36jr* 4 %cx 4 d « o 

find the relation between the coeificients in order that (p — y)*, (y — 
(a — be in arithmetric progression. 


5. If the equations 

hx* cx d 


o, a^x* 4 Vx* 4 C'x 4 d' » 


\ 


have two common roots, find the quadratic equation whose roots are these 
two common roots and prove that 

ab' ~ a'h ac' - a'c ad' - a'd 


ad' - a'd ~ bd' - b'd cd' - c'd 


[Madras, Inter. } 


4. Find the value of the determinant 


I 


ind show that its square is 


I 


h 


1 

a* 




where s. 


^*.-1 




ai»'4 

If n = 3 and Oj, a,, a^ are the roots of 4r* 4 px* 4 j =* o, express the 
second determinant in terms of p and q and hence find the condition that 
the two roots of this equation should be equal. [Cand>, 5 cA.] 

5. Show that the equation x* — ax* — 15X 4 36 « o has^ multiple 
root and hence solve it. 

6. Prove that if a, h, c are the roots of the equation of the squared differ^ 
ences of s* 4 3^*^ 4* ^ o then 

o* 4 4 2 (hr 4 4 ^)» [Cnwih. Seh<} 

7. Prove that the necessary and sufi&cient condition for the reality of 

all three roots of the cubic x* 4 ^P» 4 7 =» o is that 4#* 4 < o. IHi^aS 

4^ 4 4ft M o. Show that x*4 3^*4ir42*=o Iw only one real root 

locate it between two consecutive integers. [Camh. 

B. If a, jS, r are the roots e* 4 he 4 » o, find an expression lor 
show that the roots of x*4^4pr4 «'«o are real provided 
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If this condition is satlshed show that the necessary and snl&cient condition 
ftn* aU the roots to be positive is that p and r should be negative and q positive* 

ICamb. ScM.] 

9. If f{x) 3 — ^p*x + q, p and q being positive, find the xnaaimum 

and minimum values of / (x). Hence show that if 2^* > q, the equation 
^9 ^ 4- g sa o has three real roots. 

If the roots of the above equation are in the ratio i : 2 : — 3, prove that 
54^* « 7 Vai q- [Lond. Inter, Ec<m.] 

10. Prove that the equation 4?* 4 124? -f 12 = o has only one real root 
and find its value. 

11. Solve the equation 4r* -f 34?* — zjx -h 104 « o. 

12. Solve the equation 4r* — 4r* — 24? 4- i == o. 

13. Reduce the equation 4r* 4- + 3^^ 4- r == o to the form 

3^ ± 3y 4 - m « o 

by assuming x ^ Xy fi; and solve this equation by assuming y r 
Hence prove that the condition for equal roots is 

4 . q )9 as (2^* ^pq 4- r)K [Camb, Sck.} 

14. In the equation 4r* ~ 34? — a = o make the substitution 4? *== y 4- i/y, 

and show that y* *» J {a 4- {«* — 4)^}. Hence, or otherwise, find a root of 
the equation 4^’ — 34r — 4 = 0 to 2 decimal places. 


15. If 4f 4- y 4- r = o, a4f* 4 - ty® + cz* ~ o, and A* 4 - 4 - ^ -f “w o» 

show that (a 4 - A) x, (6 4 - A) y, (c 4- X) z are the same as (a — A) x, 
(P ... A) y, (r — A) 4 in some order or other. [Madras, B,Se.} 

16. Form the equation whose roots are 4 cup 4 cu"**^, P 4 tf 

where w* » z, (cu #1). ♦ [Candf, Sch,} 

17. Prove that the condition that the biquadratic 

ax* 4 4^^ 4 4 4 

may be expressed in the form 

A (x* 4 4 ?)* 4 (^* 4 2px 4 4 

is a*d — 3cidc 4 2b* « o. 

18. Express x* -- Sx* ^ 2$x* ^ 36X 4 21 as the product of two quadratic 
factors in three difierent ways. 

19. Solve the equation x* — 6x* — 3x 4 4 ** ® expressiiig lel^ 
hand side as the difference of two squares. 


20. Find a transformation of the form x «« V 4 which will elmnite 

the equation ^ . 

iT* 4 4#* — ifie* -- 44 ^ - 7 


into redprocel tern* Hence solve die equatton. 
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21 . Show that there is a value of p for which the left-hand side of the 
equation 

• — 7;r» — 4r*-f44r— 1=0 

is divisible by px + i. Hence solve the equation. [Camb. SfcA.] 

22 . Show that the equation whose roots are the hve values of 
where o) is a hfth root of unity, is 

x* - 5Pq*> + 5p*q** - = o. 

Hence obtain all the roots of — 20^ + 5^^ — i = o. 

\ 

16*61. Upper and Lower Bounds for the Roots of an Equation 

Consider first the positive roots of an equation / (jr) = 0 . Then 
ii M, m, m <M denote positive numbers such that all the 
positive roots lie in the interval {m, M) then m may be called a 
lower bound for the positive roots, M an upper bound for the positive 
roots. In a similar way we may consider upper and lower bounds 
for the negative roots of / {x) = 0 . 

It will be observed that w, M are not unique and that the 
problem in practice is to find the best values for m and M. 

Further, if we assume that the coefficient of the highest power 
of 2 ? in / (x) is positive, then f(x)>o for ^ > Af . Thus one 
way of finding M would be to arrange the terms of / (x) into groups 
such that each group is separately positive. Consider, for example, 
the equation 

X ^ + X ^ — lOOX ^ — 109;^* + 2? — 132 = 0. 

This may be written in the form 

{x^ — 100 ) + A?* (x* — no) + [x-- II) {x + 12 ) = 0 . 

If > II each on^ of the groups is positive, except the last, 
which is zero. Thus we may take M == ii. 


16*62. General Theorem on Upper Bounds Tor Positive Roots 
Write f{x) = + p^'^^ + • . • + ^ n- 

In the sequence of numbers pi, p^, Ps^ • fpn Pr» Pv - • * >Pi 

be negative, where r <s < , . . <l <n. Then if | | is 

the greatest member of 

\Pt\* I 1 • * • • I 1 

then f(x) >0 for x> ^\P^ 1 + i. In other words, | 1 + i 

IS an upper bound for the positive roots of f {x) = 0 . 

Consider the group of negative terms 
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Then assuming x > 1 

I +P^-* + . . . + ptX^-* I 

< 1 I + I i + . . . + I I *"-* 

< I I t*”"’’ + + • . ■ + 1} 

= I I “ ^)/(* ” 

< I ^ A i - I) 

<X^\p^\l{x-lY, 

since > {x — a; > i, so that < i/(«r — 

Now f{x)>o if JK" > *" I pj^ \l{x — I)^ i.e. {x — i)'' > 1 p^ |, 
i.e. *>\/|/»aI +^- 

In the example considered in § i6-6i. 

Pi = i, Pi = - 100, pi = - 109, />« = I, A = - 132. 
Hence an upper bound to the positive roots will be 

^132 + I 

Taking the integer next above we obtain M = 13. 

16-63. Bounds fijr Negative Roots 

To discuss the bounds for negative roots of f(x) — o make 
the transformation x = — y. Then the negative roots of /(*)*= 0 
are the positive roots of f{—y) = o- 

Examples. — (i) Find a lower bound for the negative roots of 
jr* -f ^ — 3^* + 5^ ~ 20 ^ o. 

The transformation - y gives - 5^ - 30 « o. 

We require an upper bound to the positive roots of this equation and the 
method of § 14-62 gives 21 as an upper bound. 

We can obtain a much better result by grouping the terms. Since the 
only positive term is the highest power of y we distribute this term as evenly 
as possible among the negative terms. Multiply the terms of the equa^ 
by 4 and attach to each of the four negative terms. Thus 
4y* — 4y* “* — 80 o, 

i,e. - 4) + y*(y* - t2) +y(y* - 20) 4- 80) = 0. 

If y > 4 the expressions in brackets are aH positive or zero. Heiice 4 

is w upper bound to the positive roots. 

It foifows that - 4 is a lower bound to the negative toots of the origh^ 

equation. 

(2) Fiitij integral values between which lie all ^ veal roots of 

- 66;r» + 7af 4 - 60 * o. 
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We require an upper bound for the positive roots and a lower bound for 
the negative roots. The method of § 16-62 gives ^ au upper bound. 
Taking the integral value next above we obtain 9 for an upper bound. 

A better result can be obtained by grouping terms. Thnn 
-f 6jr* — — 66e* -f yx -f 60 

s (;r* — 64) “h 4Jr* {x* — 4) + 2;r* (;r — 4) -f (14J?* + 7;!? 4- 6d|l. 
If X > 4, the expression on the right is clearly positive. Hence we ma^ 
take 4 as an upper ^und. 

Next consider the negative roots and write = — y. We obtain 

y® — 6y® — 8y* + 66y* 4-7y — 60 = 0 (i)\ 

The method of § 14-62 gives 60 as an upper bound. 

We now proceed to group the terms in order. First multiply the terms 
of the equation by 2. 

2y» — i2y* — i6y» 4- I32y* 4- I4y — 120 = o. 

The left-hand side is 

(y* — 6y®) 4* (y* — 6y* — i6y» 4- 131^*) + (y* 4- 14^ — 1*0) 

« y* (y — 6) 4- y* tv* ~ 6y* — 4- 131) + tV — 6) (y + 20) . . (ii) 

Now y» ~ 6y* — i6y 4- 131 = (y ~ ^)* + i2y* — I24y 4- 347. 

The roots of the quadratic equation I2y* ~ I24y 4- 347 *= o are imagin- 
ary since 124* ^ 4. 12.347 < o. 

Hence y* •— 6y* — i6y 4- 131 >0 for y > 6. 

It follows from (ii) that 6 is an upper bound for the positive roots of (i). 
Hence — 6 is a lower bound for the negative roots of the original equation. 
Thus the real roots of the given equation lie between — 6 and 4. 

16*64. Taylor’s Expansion for a Polynomial 

Let f(x) denote a polynomial of the «th degree, h any number. 
Then 

fix + k) ^f{h) f xf’ih) + ^/»{A) + . . . (A) 

n ^ 

- 2; /‘^>(A). 

f = o ' • 

whoe /“■> (*) denotes the rth difierential coefficient of /(x) so 
that /"■» (A) is the value of /<•■* (*) when * = A. This result nay 
be proved by successive differentiation as follows. 

Since / {*) is a polynomial of the «th d^ee, so also is / (* + A). 
Hence /(x-f-A) may be expanded uniqudy as a polynonffd 
<ff the f<nm 
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Now the differential coefficient of a polynomial always exists 
and if all the coefficients are different from aero is itsdf a pdynomial 
of degree one less than that of the original polynomial. It foUdWs 
that if we differentiate / (* -f A) successively with respect to x we 
will obtain in order polynomials in x of degrees « — i, » — a, 
» — 3, ... The «th differential coefficient of / (* + h) will be 
independent of * and differential coefficients of higher order will 
be zero. Let the successive derivatives be denoted by 

/' (* + h), /' {* + A) /<« {x + h), ... (* + *). 

Then /(* + *)= S 


f'ix + h) 


— af-i 


rf I {r-i)\ 

S — 

, = * (r - 2) I 




/<»> (a; 4 - A) == 


Since the derivatives are polynomials they are continuous, so 
that the value of the functions obtained by writing x^o, will 
be the value obtained by writing x = o in the corresponding soles. 
Hence 

/(A) flo. /' (A) = «i, f" (A) = . ../‘»»(A) « 

Thus we have the required form for the function /(» + A). 

16 ' 65 . Newton’s Method Findii^ an Upper Bound 

The advantage of this method is that it gives a good result for 
the upper bound. It depends on the following theorem. If his 9 
number such that f{h). /' (A), f (A), ... /<"' (A) are aU positive 
then his an upper bound to the roots off (x) = o. 

Using the expansion of § 16*64, 

f^y + *) ^f(h) +yr (A) (A) (A). 

Clearly if y > 0 Rod / (A) and all its derivatives are pbririve, 
/(y-b A >0. 
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Now write y +h^x, so that y >o implies x'>h. Thus 
>0 for x>h, i.e. f[x)^o has no root greater than or 
eqlial to h. Hence A is an upper bound to the roots of / (x) = p. 

Method of procedure in a particular case. It should first be 
observed that {x), which is a constant, is to be positive. Now 
consider the smallest integral value of x which makes (x) > C). 
Let it be Aj. 

If / (Ai) is not positive find by trial a greater number 
such that /<«-*> (Ag) > o, and so on. We thus obtain a sequence 
of numbers A^, Ag, Aj, . . . A^, . . . corresponding to 

(x). {x), (x), . . . (x) 

such that (hr) > o and 

Aj ^ A 2 ^ Ag ^ ... ^ hf. ^ . . . 

Clearly (x), (x), . . . will all be positive 

for X ^ hf since hf does not decrease with r, so that the effect of 
increasing A will be to leave unchanged the signs of the derivatives 
already considered. 

Example. — Find an upper bound to the roots of 

f(x) = — 6;r* -f gx* — igx -f 12 =» o. 

f^{x) = + iSx — 19. 

= 6 (2Ar* - 6;r + 3). 

= 12 {2X ^ 3). 

/"W = M- 

Here/'^(jr) > o. The value x ^ 2 makes P^^{x) > o. 

/« (2) = 6 (4 - 12 + 3) < o. 

/«(3) = 6 (i 9 ~ 18 + 3) >0. 

/*(3) = 4.27 - 18.9 + 18.3 - 19 < o. 

/* (4) ss 4.64 — 18.16 -f 18.4 — 19 > O. 

/(4) 256 — 6.64 + 9.16 — 19.4 -f 12 < o. 

/(5) = 625 — 6.125 + 9.25 ~ 19 5 -f 12 > o. 

Hence 5 is an upper bound to the roots of / {x) = o. 

EXERCISES XVI 

23. By grouping terms, find an upper and lower bound for the roots of 
the equation Jif* 4- 8a« -f 7;r* — 15^ ~ 65 *= o. 

24* Find an upper and lower bounds for the roots of the equation 

44 — ;r*-f3jr* — 7;r--4«o. 

25, Find an upper bound for the roots of the equation 

544 4 - 1844 -f 1244 — 454?* — 1944? — 442 «« 0. 
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26, If f(x) = 2x* -f 23^ + 96^?’ -f fjix + 108, use Newton’s method 
to prove that the equation f {x) =0 has no real roots greater than — i. 

27* Apply Newton’s method to find an upper bound to the roots of the 
equation + 3Jir» -f — 30 = o. 

28. Prove that the real roots of the equation 

ex* - - i3^f» + 5^ + 4 o 

lie between — 2 and i. 

16*71. Solution of Equations with Numerical Coefficients 

We now consider the determination of the real roots of an 
equation with given numerical coefficients. 

It should be noted that the procedure is quite distinct from the 
algebraic methods used in the solution of cubic and biquadratic 
equations. There is in fact no known general algebraic method of 
solving equations of the fifth degree and higher degrees. There 
is no difficulty in determining the rational roots of a given equation 
and there is a general method available for finding multiple roots. 

The problem then is concerned essentially with the determination 
of irrational non-repeated roots. The procedure is as follows: 

(i) We find an interval which contains all the real roots. 

(ii) We then proceed to separate the roots, i.e. determine 
intervals which contain only one simple root. 

(iii) We then approximate to the root by considering smaller 
and smaller interv^s. 

We discuss two particular methods. The first, N ewUrrCs method, 
has the advantage that it may be applied t« functions other than 
rational integral functions. Further, the approximation is usually 
rapid. 

For practical purposes the second method, usually c^ed 
Horner* $ method, is almost invariably used for dealing with rational 
integral functions. Both rational and irrational mots are deter- 
mined by the method. 

Both methods consist substantially in making successive 
approximations. 

16*72. Mean Value Theorems 

In Chap. XIII., § 1572 . it lias been proved that if / W is any 
function which possesses a continuous derivative / (*) in {«, b) 
where /(«) =/(&) == 0 then tiiere exists a number f a<i<b 
sudi that/Mf) [Rolle’s theorem.] 

T. A., II. . 
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The condition that /' {*) be continuous was introduced in order 
t9 simplify the argument. The condition is, however, not necessary. 
it is sufficient that /' (x) exist at all points of {a, b).* It should be 
observed that the existence of /' (x) at all points of {a, b) impKes 
that / (*) is continuous in (a, b). \ 

We now deduce from Rolle’s theorem two important mem 
value theorems. \ 

Theorem (a).t — If f (x) is a function which possesses a derivative 
/' (x) at all points of an interval (a, b) then there exi^s a number 
where a < ^ <b such that f [b) —f (a) — (b — a)f' (if). 

Consider the function F (x) defined by 

F (X) = (6 - a) {/(6) -/(X)} - (b-x) {f{b) -f(a)}. 

Then F (a) = (6 - a) {/ (b) - f (a)} - (6 - a) {/ (b) -f(a)} = o 
F (b) = (b-a) {f(b) -f(b)} -(b-b) {f(b) -/(a)} = o. 

From Rolle's theorem it follows that there exists a value (, 
a <{ <b such that F' (f) = o, provided F' (x) exists at all 
points of (a, b). Now 

F (X) = - (6 - a) /'(X) +/(6) - /(a). 

Thus/(6)-/(a) = (&-a)/'(a. 

The theorem may be conveniently represented in a slightly 
different form. Write b = a h. Then since a < f < a + A 
we can write f = a + tfA, where 0 < 0 < 1 . The theorem then 
states that 

/(a 4- h) =/(a) + (a + Oh). 

Theorem (6). If f (x) is a function which possesses a second 
derivative f (x) M all points of an interval -(a, b) then there exists 
a number ( such that 

f{b)=f (a) + (6 - a)/' (a) + J (A - a)*/' (f) 
where a <( <b. 

Writing b a + h the result may be expressed in the fdlowh:^ 
fmm where 0 < 0 < 1 . 

f(a + h) ^f(a) + hf' (a) + W («* + 

^ For a rigid proof of this result see Hardy, A Course of Pure MatketiU^ 
(Caatb. Univ. Press). 

t The reader shouM consider the geoinetiical significanoe of tys IdMareffu 
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Consider the function 

-[a+h-xf{J{a+h)-f{a)-hf{a)) 

Then ^ {«) = **{/(« + *)—/ {“) ~ 

- A* {/ {« + *)-/(«)- W} = °- 

Similarly ^ (« + A) == 0. 

From RoUe’s theorem it follows that there exists a number 
f a<^<a + h, such that f (f) - 0. Now 

*■ w - - r W) 

c= 2 (a + A — *){/(“*+*) “/W “ 

Putting * = l and observing that a+h — S*o since 
a < ( <a + h it follows that 

/ (a + A) = /(«) + ¥' (<*) + i**/* 

1673 . Newton’s Method of Approximation 

As stated in § 1671, the method is of use m de^ wth 
pouations which involve transcendental functions as w^ m t^se 
^ch involve algebraic functions only. Suppose that the giwn 
which m . the equation has a stm^le root near 

equation 1 / ( ) ^ immediate neighbour- 

r/of X ^ the required root. A being sn^. 

K<^ld be obsemd that h may be positive or neg^ve. T^en 
plotlded / {*) possesses a second order derivative near * = a, 

0 = /(a + A) =/ W +*/' W + ° ^ 

Thus /'(a) 

C- o-fc is a simple root of / (x) ^ 0, /' (a + k) *0. 

Since ® "t” . .. vre «•?» find a positive number A 

Hence by ^ i coimdeiation. 

such Aat 1/^1 . ^ he of the first degree of smallness and 
As » is smdl, / (a) ^ he of the second degree of smaflijem. 

the term **/ (« + ^ ^ _/ («)//' (a). Hence the 

Neglecting this second order twm, a / 1 w v 

new ? then w ^JLy repeat the arg^t 

If we represent this value nyp, . _ * Pro^e^ng 

and obtain a further ^Pj ^ as tve pleese to ^ 

in this way we may approxuna 

required root. 


6 q2 Theory of Equations (Continuep) 

We may consider the method from a graphical point of view. 
(Fig. 52) represents the graph of the function y=rf[x) in 
the neighbourhood of the point C where the graph cuts the jf-a±is. 
Then there is a real root of f{x)^o corresponding to the point! C. 

Let P be a point on the X-axis near C, OP = a, PQ the ordinate 
at P so that PQ =f(a). The tangent at Q cuts the X-axis in IfT. 
If APTQ = ip, then /' (a) = tan Hence 

rP==Pgcot 0=/(a)/r (a) 

and OT = OP TP == a ~/(a)//' (a). ' 
It is clear from the figure that T is nearer to C than P, so that 
the value of x corresponding to T gives a closer approximation 

to the root than the value 
corresponding to P. 

Example. — Show that the equa- 
tion AT* + 4? — 3 = o has only 
one real root, and find its approxi- 
mate value, correct to two decimal 
places. [Lond. Infer. Econ.l 

Write / (x) = 4- AT — 3. 

Since there is only one change 
of sign from -f to — the equation 
has at most one positive root. 
Again, 

Since there are no changes in 
sign there are no negative roots. 
Now /(i) = — I, / (2) 6. 

Thus the root lies betw<jfen i and 2. Before applying Newton’s method we 
approximate more closely, /(t- 2 ) = — *072, /(i-3) = *497. Thus x « i*2 
is a closer approximation to the root. 

Write a « 1-2. Now P(x) = 3;r* + i. Thus V'(a) « 5'.32 and 
a ^ f ~ 1*2 + •072/5*32 =s 1*2 + *014 approx. » i*2i 

correct to two decimal places. 

Let us consider the magnitude of the term which has been negleqted, viz. 
-4 $h)lf'{a). Now /'(2r) = 6 x -j- 1. Since x < 1*3, f^(X) < 7*8. 

Hence 

JA*/^(a 4 Bk)lf'{a) < J X (-014)* x 7-8/5*32 < (*oi4)« « *000196. 
Clearly this term will not affect the second decimal place, so that the 
required root correct to two decimal places is 1*21. 

In applying Newton's method it is necessary to obtain a fairly 
dose ai^oximation to the root if a good result is to be obtained 
by one application of the method. For this purpose it is frequently 


Y 
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best to first obtain an approximation by graphical methods aa 
illustrated in the following example, « 

Example . — Solve graphically the equation sin J {2X 3) = 2;ir — • x*, showing 
that it has two real roots ^ one positive and one negative. Find the approximate 
values of these roots from the graph and determine more accurately the value of 
the positive root by Newton's method. \Lond. B.Sc., Eng.^ 

Y 



Fig, 53. 


The solutions are found graphically by determining the points of inter- 
section of the curves y « sin J (2^ — 3), y « x*. Since 

— I < sin i (2^ — 3) < I 

it is only necessary to consider values of x for which — • i < < i , 

Now 2^ — ^* == I — (i — Hence 2;r — x^ has a maximum value 
I at as I and steadily decreases as recedes from ar = i, in both directions* 
Further, the curve is symmetrical about the line x — i. 

Again, 2x — x* « — i when x ^ 1 ± so that it is only necessary 

to consider values of x between 1 — \/2 and i + V^a. 

The curves (Fig. 53) are plotted from the following tables, x being measured 

in radians. .. 
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Clearly the curves intersect at two and only two points. Thus there ard 
two real roots : one is positive and the other negative, the corresponding 
values of x being and — 0*33 approximately. 

To determine the positive root more accurately by Newton’s method, write 
/ (x) *= 2;r — X* — sin J (3Mr — 3). 

/'(x) = 2 — 2;r ~ 4 cos J {2x — 3). 

/ (i*9) 3*8 — 3*6 i — sin (©•2) — *0088, 

/'(1.9) = 2 — 3*8 — i cos (0*2) — 2-29. 

Hence /(i*9)//' (i‘9) — 0*00384 . . . ITiis gives the new approximation 
to the root as 1*89616 , . . 

To determine the accuracy of the result consider an upper bound to the 
error involved by neglecting the term in A*. 

The error term is 


W WIf' (1*9). i.e. ih* {-^2 -f isin i {2X ^ 3)}/( '-2*29). 

Taking the least favourable value for sin } — 3), viz. ~ 1 and replacing 

2*29 by 2, we obtain — 9A*/i6 as an upper bound for the error. 

Now I 9 A*/i6 I < 9 X {o*oo4)Vi 6 ~ *000009. Clearly this will not, e.g. 
afiect the third decimal place in the determination of the root. Thus we 
we can say that the positive root is 1*896 correct to 3 decimal places. 


16*8. Roots of Equations, some of whose Coefficients an Small 

Let c be a small quantity, positive or negative. We conader 
the determination of 4he roots of equations, some of whose coeffi- 
cients have e as a factor. It is assumed that the solutions may be 
expanded in powers of e, i.e. if x is a root of the given equation, 

*=•«((-[- (ii€ «je* -f- . . . 

where the coefficients a,, a, . . . are independent of e. 

Clearly Op is a root of the equation obtained by writing t =» o 
in the given equation In this way the values of a, may be deter- 
mined. The number of these values will depoid on the d^^ree of 
tlw given equation, and it will be necessary to consider each value 
a(^»»tely. 

In 01 ^ to find Oi neglect e* and high«' powers, t.e. write 
« » -f- in the givmi equation, and expand the terms mglecting 

{nweis of e higher tl^ the ^t. In this way we obtain an equation 
which deterndoes Thus suppose the given equation is 

+ ...+p,<^o 
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where some of the coefficients A. have . as a factor. The 

substitution gives 

{«0 + «!«)" + A («« + (ao + + 


To make the argument explicit, suppose that ^ is of the form 
where ft is mdependent of e, and that the other coefficients 
• • - ,pn are independent of «. Thus neglecting <* and higher powers 
we obtain from (ii), on expansion by the binomial theorem 

{«o* + <h} + + 




+ e (« — 2 ) ft*-* ft} + . . . 4- = o, 
i.e. {ft» + + ...+/>„} 

+ eft{nft«-i +/)*(«- 2) ft*-» + ^3 (n - 3) ft «-4 4- . . . 

+ /*n-i} 4 - «ft«o"~* == o (iii) 

Now the expression in the first bracket is zero since ft is a root 
of (i) obtained by writing « = 0 , in which case (i) becomes 

*" 4- />**"“* 4- 4- . . . 4-^fl = 0 . 

Since « #0 it follows from (iii) that 
«i = +Pz[n- 2) ft"-» 

+ /•*(»- 3) ft"-* 4- ... 4- ^•,,} 
Hence ft is uniquely determined when ft is given. 

To find ft write * = ft 4 - ft« 4- ft€* and neglect e* and higher 
powers of «. Substituting in (i) and proceeding as before it will 
be seen that ft is uniquely determined when ft and ft are given. 
Proceeding in this way we may obtain the roots to any required 
d^ee of approximation. 


Bxunple. — In the equation ^ — 2 cr® the number t w snudl 
Show that ^ X + if ^ is an approximation to a root and determine tht 
corresponding approximation to the root which is near 2» Write down an 
approximation to the third root, [Comb, 5 «A.] 


Wben c » o the equation becomes — ;r — 2 « o, te. ;r — i or 2» 
It foUowa that the given equation has one root near ^ — 1 an 4 another 
near *» 2. Substitute ar ~ — i + the given equatiot) and 

neglect c* and higher powers. Th^ 

I 4. Ac Ac*)* - I 4 - 4 * he*) -- 2 t + + he*)*, 

i.e. €(i 3^) + e* (h* - 3 * 3 ^) ^ «>• 

Equating to aero the coefficients of c and c* we obtain A «» A «** dV 
as required. 

For root near x ^ a write « 2 4 * -f mi** Subetitutiiig in tbe 
given eqiiatl0]i and neglecting t* and higher powers we have 
($h - 8) t + (A* 4- 
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Equating to aero the coefficients of e and c *, 

A = I, M « W. 

* Hence the approximation for the second root is 
2 + |c -f 

Now the product of the three roots of the equation is 
is a first approximation to the third root. 

16*81. Application of Taylor’s Expansion 

We now give an example to show how the Taylor expansion* 
may be used to approximate to roots of equations of the type 
considered in the previous section. 


— 2/e. Hence 


*4 


Example . — Explain how to find successive approximations to the values 
of X, when 

;r = flo + €/ W + W -f . . . 


where e is small and f (x), g {x), . . . are given functions of x. Show that if 
€ is small, the equation 

— I = e (4r 4- 1)2 -f €^x^ 


has a root approximately equal to i -f 2 c + fe*. Find ^ an approximation 
correct as far as c* to the root which is nearly equal to — i and also find an 
approximate form for the third root. [Camh. Sch.'] 


V^hen € = o, so that ;r = a® is a first approximation. 

Let the next approximation be x = a© -f a^e. Using Taylor's expansion 

/ W = / K + «.*) - / (a.) + «!*/' (a.) + (a.) + . . . 


g{»)—g{a, + aie) = g (a,) + aitg'ia^) + ^ g" (a#) + 


Neglecting c* and highes powers Ojc = e/ (a^), a^^ f (a^. 

For the third approximation we take a? = a® -f* Ujc + <*,€*. Substituting 
in the given equation, neglecting c* and higher powers, 

-f «*«* = €/{«o) + «ic*/' (ao) + €*g (Uo), 
i.e. Ug = aj' (a^) + g (ag). 

Proceeding in this way we may obtain the successive coefficients Og Ug, . . . 
For the particular case, consider first the root near x — i. The equation 
may be written in the form 

;r~i«c(x+i)4‘ + X). 

Then f{x)^x^ 1, g (x)^x*l{i ^x), f{x) ^ i sothat /(i) « 2, /'(i) i. 
Also g (1) as x/2. Thus correct to the term in c* the approximation is 

j|r aa I + 2€ -h (2.X -f J) <* =* I + 2€ + S«*- 

* We assume in this section that Taylor's expansion is valid for functions 
othor than polynomials. A general proof of the theorem is given in Hardyr 
A Course of Pure MedhemtUics (Camb. Univ. Press). 
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In order to determine the root near * = - i we write the equation in 
the form ^ 

*: + I = «JJL + 

* — I ;r — 1 

/ *!!i» ^ ~ = (*+!)(*- 3)/(* - »)*. 

g (x) = x*l{x - 1). Thus 

/(- i)=o, /'(- i)=o, g(-i)^i. 

Hence the approximation is x ^ — 1 Jc*. 

Again, the given equation may be written in the form 

€^x^ 4- (e — i)x^ + 2;r€ + I + c = o. 

Thus the sum of the three roots is (i — cj/c*. Hence the third root is 

I — € _ tol — e 

— “2^ I — 2€ — §€* 4 - I — Je* - — g approximately. 


16*9. Homer’s Method of Approidmation 

The method applies whether the roots can be represented by 
a terminating decimal or not and is concerned in the first instance 
with positive roots. The procedure is to determine the root, 
figure by figure. Thus the integral part is first determined; then 
the first decimal place is determined, then the second, and so on, 
until the root terminates or the root has been obtained to the 
required degree of approximation. The methods involved have 
already been considered. The two transformations required are 
{a) diminution of the roots of an equation, Chapter XV., § 15*53, 
and (b) multiplication of the roots of an equation by 10. 

The first step is to determine between what two integers the 
real root, in which we are interested, lies. The procedure for the 
case in which there is more than one real rogt between two integers 
will be indicated in § 16*92. Having determined the integral part 
of the root we now transform the given equation by reducing the 
roots by this integral value. In the new equation the root must 
lie between 0 and i. In order to avoid decimals in the working, 
the transformed equation now has its roots multiplied by 10 so 
that the figure required lies between 0 and 10. This integral value 
is determined, and thus the first decimal figure of the required root 
is determined. Proceeding in this way we may obtain any number 
of decimal places or else the root terminates. 

The method and presentation will be clear from the examines 

given below. 


Examptes,— (i) CtUcul^ie to two places of decimals the root lying b^ween z 
and 3 of 'dhe 

^ 4- I5M? — 3 «» o, 
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If /(;r) « -- 12X^ + i2X — 3. / (2) =* — u, / (3)-=« 6 so ti»t there 

is a root l^tweea 2 and 3. Thus the integral part of the root is 2 and the 
first step is to reduce the roots of the equation by 2. The work is set out bs 
indicated earUer. Note that since there is no term in ;r* we must insert p 
as the coef&dent of r*. \ 


1 




4 


The transformed equation is 

4- 8r* + 12X* — 4X — ii =0. 

Multiplying the roots of this equation by 10 we obtain 

F W s -f 8o* 4- i2oar* — 4000^ — iioooo = o. 

Now F (8) =« 4096 4- 40960 4- 76800 — 32000 — 1x0000 < o, 

F (9) = 6561 4* 58320 4“ 97200 — 36000 — IIOOOO > o. 

Thus F (sr) = o has a root between 8 and 9 and the first decimal place 
for the required root is 8. 

We now reduce the roots of F (r) = o by 8. 


I 


80 1200 

8 704 


88 1904 

8 768 


96 * 2672 

8 832 



3504 


XZ2 


4000 

15232 


1 1232 
21376 

32608 


— xiooo 
89856 


-- 20144 


The transfonned equation is 

sr* 4- ijzx* 4- 3504^^* 4- $26o8x — 20144 » o. 

Multiplying the roots of this equation by xo we obtain 

SI sr* 4* ii20jr* 4- 350400^* 4- 32608000^ — 20x440000 o, 

A qf the magnitudes of the coefficients of the terms in the eqimtkms 
mz o^ F {x) » o, 0{x) ^ o shows that as the process contini^ the 
4qiiiliiath^ terms which will determine the required value of m, will be the 
last two terms, f.s. the term in x and the constant term* ey% in 

Gyr) Oi sxnces must lie between o and xo the term in cannot eaEceed xo^ 
i.s. xq,ooo, wludii is small in comparison with 201,440,000* 
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Now 2oi«440,ooo/32,6od,ooo «= 6*1. . . This suggests that fir (jr) w o 
has a root between 6 and 7 and that this is the case is easily veiled. 
Further, this figure 6 is correct to the nearest integer as may be seen by ton* 
tinuing the working. Thus correct to two decimal places the root is a *86, 


16 * 9 L Simplifications in the case of Homer’s Method 

(a) In the actual presentation of the numerical working we 
can omit completely the powers of x, writing down the coefficients 
only of the various transformed equations. The setting out is 
indicated in the example given below. 


ip) The example of § 16*9 shows that if it is necessary in each 
case to determine the required figure by actual substitution, the 
numerical work involved may be considerable. This is, however, 
unnecessary and one of the practical advantages of Horner's method 
is that after the second or third figure of the root has been deter- 
mined the transformed equation itself suggests by inspection the next 
figure for the root. This is called the principle of the trial^ivisor. 
The reason for it has been indicated at the end of the example in 
§ 14*9. The second last coefficient of each transformed equation 
(after the roots have been multiplied by 10) is called the trial 
divisor. This divided into the constant term give the suggested 
value. 


(c) It is clear that beyond a certain stage in the working the 
second last coeflScient and the constant term must have opposite 
signs; for as the process of evolution of the root proceeds the 
influence of the other terms becomes smaller and smaller. After 
the first transformation, i*e, after the egg/tation has had its ro^s 
reduced by the integral part of the root under consideration, the 
absolute term must not change sign. The sign may change at the 
first transformation. Thus, e.g. the equation 

— ^ x ^ — 4^ + 14 ^ ^ 

has a root between 3 and 4. Reducing the roots by 3 we obtain 
2** + list* + 8 * — 7 “ 


The reason for the change in sign is that we have 
another root of the equation, viz. that between i and a. Bat 


the transformed equation 

a*» 4- no** + 8oo» 


- 7000 


tonuKtioQS c*f ti»e type considered will not affect ^ dl 
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constant term. We have thus the following rule. The figure to be 
takpn is the highest number which in the process of transformation 
will leave unchanged the sign of the constant term. If the mjimber 
taken were too small the next figure suggested would be greater 
than 9, as in ordinary division. 


Example . — Find hy Homer's method the real root of the equation 


jT* 4- — 10 = o 

correct to four significant figures. 


[Lond. Inter. £dp«.] 


Descartes' rule of signs shows that the equation has no negative roots and 
at most, one positive root. It is easily seen that this root lies between i and 2, 
We first set out the working and then comment on it. 


I 

I 

1 

2 

i 

30 

8 


38 

8 


46 

8 


540 

4 

544 

4 

548 


55*0 

7 


55*7 

7 



~ 10 ( 1*847 

3 


— 7000 

64 32 

568000 

477504 


804 

368 


117200 

2176 

119376 

2192 

12156800 

38689 


- 90496000 
85368423 

“ 5127577000 


12195489 

38738 


1223422700 


5534 

7 1 

55410“ 

We first diminish the roots by i. The transformed equation when the 
roots have been multiplied by 10 is 

ir» 4- 30X* 4- 500X - 7000 « o. 

The first trial divisor 500 gives no real indication of the first decimal 
as is tb be e3q»ected. It will be seen that if 9 is taken instead of 8 the s%ii 
of the constant term would have been changed from - to 4 ^; 
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After the roots have been reduced by 8 and the roots of the resulting 
equation multiplied by io> the transformed equation is 
+ 540^* + ii720ocr — 568000 =* 0. 

The trial divisor is 1 17200 and 568000/117200 =: 4*8 . . . and the third 
decimal place is given correctly. The close approximation to the true result, 
4*7, is to be expected because of the relative smallness of the first two terms. 

The trial divisor for the next transformed equation gives 7*4, suggesting 
that the third and fourth decimal places are 74. That the 4 is correct is 
verified by the next trial divisor. 

Hence correct to four significant figures the root is i'847. 


16 * 92 . Roots nearly Equal 

The method of procedure in such cases is to separate the roots 
and then proceed as before. 

Consider the following example. The equation 
-(a _ 3j|;s _ 4* 4- 13 = 0 

has two roots between 2 and 3. Find each of them correct to two 
decimal places. 

Diminishing the roots of the equation by 2 and multiplying 
the roots of the new equation by 10 we obtain 

/(x) s X® + 30*® - 400* + 1000 = 0. 

This equation must have two roots between 0 and 10. 

Now / (3) = 27 + 270 - 1200 + 1000 > 0. 

/(4) == 64 + 480 - 1600 + 1000 < 0. 

/ (6) = 216 + 1080 — 2400 + TOO < 0. 
f (7) = 343 + 1470 - 280# + 1000 > 0. 

It follows that the transformed equation has one root between 
3 and 4 and another between 6 and 7. Thus the two roots are 

2*3 ... I 2*6 ... j • 1 

Proceeding as before it will be seen that correct to two decimal 
places the roots are 2*36, 2*69. 


EXEROSES XVI 

a,. Ifamotof theequabon /(.) » o 
^ .j 1 It wVtjaria h ifi SmftUi StUd if / (^) ““ w suu J A , 

t to th. roet te 

a + 

t + ^ has aioot lying betwe&aiiailii 

Prove that the equation ^ '^4 

a, and find it qpirect to two places of decimals. I 
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30. Plat in the same diagram the curves 



^ — 3;r + I =a o. 


Find by any method, a better approximation to the smaller of these 
roots. [Lond. Inter, 

31. Find the real root of -f 3^1? — 5 =* o correct to two decimal pla 

[Madras, B.A,] 

32. Find correct to three decimal places, the root of jt* — 84? — 60 » o 

which is nearly equal to 3. [Camb, Sch.] 

33. Find to four significant figures the real root of the equation 

- 4^ — 7 = o- 

34. If X is measured in radians the equation tan x ^ x has a root ne^r * 
X 3ir/2. Find by Newton's method the value of the root correct to tiro 
decimal places. 

35. If a is small, the equation cos^r ~ ax has a root near x ^ {v. 
Prove that (i — «) is a better approximation. 

36. In the equation x (x* — i) — e(x -f 2), e is a small number. 

Prove that an approximation to one of the roots is i + §€ — the third 
power of € being neglected. Find the corresponding approximations to the 
other roots, [Camb, ScH.] 

37. Show that, if c is small, one root of the equation 

X* — 6x> 4- iix — 6 =» c 

is X + approximately; ^d find approximations to the other roots to the 
same order in c. [Lend., B,A.] 

38* II ^ » 8 ^ow thatx differs from 2 by less than if « is so 
small that its square may be neglected, [Camb, Sch,'} 

39. Extract the fifth root of 7 correct to 4 significant figures by using 

Homer's method. [Land,, Inter, ECan,] 

40. Show that the equation x* =* 3X -f 4 has a root between 2 and 3, 
and use Homer's method to calculate the root to three places of decimals. 

[Land,, Inter, Seme,} 

41. On the same diagram draw the graphs of ^ » x* and y m x + ^ 
Show that the abscissa of the point of intersection satisfies the equation 

x 9 s o, and hence obtain an a|^>roximate value of the real root of 
this equation. By Homer's method, or otherwise, find .ihe value of the real 
mot ofx* — correct to two decimal places, Inters Ecm,} 
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42. Find between what consecutive positive or negative int0ger8 the roots 

of the equation — sf* — 7^? — 3 » o must lie, and use Homer^s method 
to find the positive root correct to the second decimal place. • 

[Loud., Ini$r. Soon.] 

43. By drawing the graphs of y = and y « 2?* — 2^1? + 3, provetbat 
the equation a?* — ^*-f2^~-35=o has only one real root. By Horner's 
method, or otherwise, find the value of this root correct to the third decimid 

[Lo«d,, Inter, Loon.] 

44. Draw on the same diagram the graphs of 

y = ^ — I and y ^ x{x -- 2) (x 3). 

Hence obtain approximate values of the roots of the equation 
— 5^* + 5;r + I =* o. 

By Homer’s method obtain the value of the root between o and 2, correct to 
three decimal places. [ Lend., Inter, Few.] 

45. Obtain, correct to four significant figures, the root of the equation 

JT* — 2^ — 3 « o lying between i and 2 either (1) by a purely algebraic 
method of approximation, or (ii) by a graphic^ method followed by a 
closer algebraic approximation. [Lend,, Infer. Fcon.] 

46. Show that the equation — 3;r -f i = o has only two real roots, 
and that they lie, one between o and i, and the other Mween i and 2, 
Find the root between o and i correct to three places of decimals. 

[Lend,. B.Sc.] 

47. Given an algebraic equation 

+ • • • + ^11 = o, 

write down equations whose roots are (x) the roots of this equation 
diminished by a, (2) the roots of the original equation multiplied by d. 
Find by Horner’s method, to three significant figures, the root between sand 
3 of — 30jr -f 18 *=* 0. # 

48. Show that the equation 3^ - jx - ^ ^ o has three real roots, and 
find the positive one correct to three sgnificant figures. 

49. Calculate to three places of decimals the real positive roots of the 

equati<m — fir — 40 » o. \Mudra$t 

50. lif{x)^x^^x^-2x--i and /(a) « o. then /(a* - a) « 0* 

Find the greatest real root oi f(x)^o correct to three j ^ 

51. SlKW that the equation *• - ?» + i - o has flaee realMjs,^ , 

find the lasgert root correct to one pet cent. [Ce«». 5 m,} 


ANSWERS 

EXERaSES I 

Ikfinite Sequences and Series 

3. tends to values which oscillate between ± J. 
tends to oscillate infinitely. 

4. If {a„} is monotonic decreasing so is {6«}. 

12. Compare with series Z — • 

26 . 3, V. III. Iff. III!. Ifli 

27. (i) All limits zero; (ii) double limit zero, repeated limits do not exist; 

(iii) double limit does not exist, repeated limits o, i ; (iv) double limit 
does not exist, repeated limits both o. 

28. Sum by columns — i. 30. (i) |x| < i; (ii) All finite values of x, 

EXERCISES II 

Theorem on Limits and Continuous Functions 
l. o. 2. ajL 5. ye\ ilxK 

6 . (i) lim. f(x) =3-00, lim. J(x) = 4 * 00; (ii) lim. f(x) = 00. 

x-^1—0 x-^co 

7 . ify/a. 

14. (i) Limit exists and =1; (ii) function oscillates between o and x; 
(iii) function oscillates between -f i and — i ; (iv) limit exists and = o. 

16. X ^ i»x ^ 3. 

17. Continuous for all valu^ of x in the interval (a, b) except at x » 

EXERasEs in 

The Binomial Theorem for a Rational Index 

3. 1 - 4. I + 

5. -f x*ar^ -f x*ar* -f 

6 . « + A ^ -f 

7. 4- 4- -h ioa-»;r». 

8. - ix*c^ - 

9. 4- 4“ 4- bba"^*x, 
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to. a-» + 

II. I - 4^ -h ~ ^ ^ 

16. 2nd term. 17. 20th term. 18. 9th term. 

19. 2nd term, 20.(3«- 27)/2o; n « 43/3; 17. 

21. tjx. 23. 15th term; 27th term; ist term. 

24. 2nd term « ij. 25, 3rd term =i= 

26. 4th ~ 5th term = i||§f. 28. (i) 6; (ii) 0*242. 29. ft ^ n ssa r, 

30, I2I. 31. 2*^® (r® + 7r 4 - 8). 

32. 3W* + w + I. 34* w (w 4 - i) . . . {» + r - I) a^/r ! 

37* 1 .3-5 • • • (2^ — 0 . where ^ = Jr or J (y — i) according as r is 

even or odd. 45. i + p. 46. (a) 15 ; 18. 

47. i (w 4 - i) (n -f 2). 52. (I 4 - ^ > - J. 53* I 4 ^ 4 * 

54. 0*02000. 55. 9*99333* 5^* 1*4422. 57. 1‘2599. 

58. 3-0723. 74. (a) 0*974; (&) 0*986; (c) 0*997. 


EXERCISES IV 

Ikfinite Series whose Terms are Functions of a Variable 
I. Thesumiso. 8. SM = ^/(i o <^< i; S(o) « 5(i)*«o. 

9, Not uniformly convergent at 2r =* o. 


EXERCISES V 

The Exponential and Logarit^ic Series 
I. a «= log p, b ^ qip, c = {2rp — q*)j2p'^; a ~ log 2, 6 == 3/2, c 7/8. 

6. 0-521. 7. i; 0-3679; 0*0183; 0*0001. 10 . I. 12. 3 ^- 

13. i (« — 14. 25/24, 16. 2H* 

17 * W (i) i (cosher 4 cos;r) ; (ii) J {sinhx - sin;r). 19. ( - { a * 4 6" 4 c ^) 

20. 2-303, 24. log I =« 0 33647; logjo 7 = 0*84510. 

25, n < — I or » > o, 26. 24 r ~ l^r*. 27. 0*2469. 

28. |;rj < i)""“M3” 4 i)^’*/»; 0*153. 29. 1*6094* 30* 1105171. 

33. 4-6*5«o5. 37- 2 {^ - !^ + i*‘ + - I** + + •■•)■ 

38. tog 3 » 1-0986; log,,* ” 0-4343. 40 - “ <*«“• 

41. i+)e + x*+ i*’ •+■ J**- 44 ‘ * “ *• I ~ ^ *’ 

46. *0. 54 - f ^ *■ 

T. A., II. 


45 
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EXERCISES VI 


* Dbtbrmination of Functions from Empirical Data 
The results obtained by graphical methods are only approximate. 
2. a « 6 = 3. a = 2-8, h = 3-4. 4. a = 7-5, h = 

5. a =* 0*95, h = 0*69. 6. a = 39*8, h = 11*5. 

7. a = 2*5, 6 = 10-8. 8. a = 0*304, 6 = 0*0004. 


9. a ss 0*0075, w — 0*^7. 
II, a = 28120, n = — 2*04. 
13. n = 1.3.; C = 200. 

15. a ^ = 1*149* 

17. 6 — 5, a = 10, « = 2. 


10. a = 0*4, w = 1*5. 

12 . a = 0*0425, n = I 163. 

14. a = 2*82, n == 1*75. 

16. a 5, b ^ 12, n = — 4. 

18. c = 10, a = 31, 6 =- ~ 01. 


5*V 
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EXERCISES VII 

Further Theorems on Convergence 

5. (i) D.; (ii) C. if a < - i, D. if a > - i ; (hi) C.; (iv) C. if at < D. if 

X > 

6. (i) C.; (ii) D.; (hi) C. if ^ > i, D. if /> < i. 7. (i) D.; (ii) D.; (hi) D. 
8. D. 9. C. if — I < Af < I, otherwise D. lO. C. for all finite x, 

12. D, 13. C. if 6 > a > o; D. if a > 6 > o. 

14. (i) C. if a < — I. D. if a > — i, except when a is a negative integer, 
(ii) C. if a < — 2, D. if a > — 2, except when a is a negative integer. 

16, C. for all finite p, 17. C. 18. — log at; o < at < 2. 23. Sum is unity. 
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EXERCISES VIII 

Complex Numbers 

I. 2 (i + i). 2. a* — 6* -h 2abi‘, (a* — 306*) -f- i ($a^b — 6*); 

(a* — 6a*&* — h«) 4. t (4^*6 — 4ab*), 3. 56. 4, — 36. 

5. (x - y) (Af 4 - y) (X -f iy) (X - iy). 7. 4a6i/(a* -f b*). 8. - i + »* 

9 * (i) ± (I 4 - *V2); (ii) ± (2 + Wsh 
12. (i) 2; (ii) 1025; (iii) A I (iv) iJJ. 

14. AT » (a, -f bi) cos d|) sin nt; y « (aj— fej) sin nt -f («i + i>i) ni* 

17* (i) 5 J (ii) tan iS, Jir. 

x8. I I jTi I 2; amp. Aj »= |ir, amp. a, «« jtr; if L|, Lg represent 

lji» then 0£g bisects 2l. AB.AC ^ AD, AM. 
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23. 2 *{cos — + * sin — ♦■ = o, I. . . ., 5. 

24. 2- 185 -f 0-4761. * 

•25. (i) — ; (ii) — 1 28 -f 1 281 Va ; (iii) i cosh (log 2) — i ^ sinh (Jog 2) . 

26. w = A + R^, ^ (;g ““ where A = (^ — i) cos o + sin a, 

ju — i) sin a — y cos a, i?* — (jr — i)* 4* y*- 

28. cos 5^ = 16 cos* 6 — 20 cos* ^ + 5 cos 6 . 

29. X = - i (I - * V?). y = - i (i + »■ V 7 )- 

, f 2rw . . arwi // 2r(r\ 

30. ^ = J |cos I — 1 sin — I I — cos — I, y = o, I, — 1. 

34. Series converges under the following conditions: — (i) 6 < o; all a, c; 
(ii) 6 = 0; a < o, c + oor 2 nir, «< — iifc = oor 2n7r. 

41. log 2 -f iV; Jtt + i cosh“i 2. 

42. I, tan-^3/4; locus is a straight line through O inclined at an angle 

tan~^ bja to the real axis. 


i ( cos 4> “f 2 yiT , . . ^ + 2y7r \ 

,« , sm y ^ + j,), ^ cos-‘ air 


1 i -r- t ojiii t ^ . 

43, « I n » i - ■y 

= sin-1 bir-. «± 


44. » cosh-i 2 ; I cos (3 log lo) + t sin (3 log 10) } ; log 4 + ni. 


EXERCISES IX 

Partial Fractions, Rbcurring Series, Difference Equations 
I. (a - a) {a - P) (a - y) (a - »)/(<» - 6) (a - c) (a - d). with three 


fritniinr expressions for the other constents* 


2. « = i, h = — 10. ® = 25. 


X + ^/2 


— *+■/* 


3- * - + x~^‘ ay/1 (X* + + i) ly/a (*• - V** + *)’ 

i_ _i 4. ^ - 

E AT - I^ (E - I)’ 


S' (E-i)* 

i _i A — t . t i I 1 . A I -t~ f - 

A + -^r- + * F+l’ • ~ I + 2* ^I + 3 *’E — 2 ^E* + » + 4 


X — t X 


T X + a “ (2r + 2)* 
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8. Given function is 

2 ilF* 

* ;r 4- 2 (i* ~ i)*’ 

Coefficient of^r*' =» 2“*^; 
coefficient -a-— (♦' *+* i)* 


^ }- -- — -5 — « -I ! — ; g|-. 27 |;r 4* 8o 

I 4 24r (i 4 2^)* 3 —iP ® 

II, i: ;ir* 4 (- 0" i (« 4- I) 4 (~ i)***^* |}. 


13 . 


« = o 


3 

^ — I , 

2 — .ar 

;r* 4 i' 

10 

4_a 

(* - 1 )* 

^ 24? — 


4 


S — 1 4 4 2804 ?^. 


14 . == - (« 4 


15 


*2f— 2 4?42 ;i?4i 


i I - 4-«; 1*1 < I. 


*7- (T + fet + f «“ ^5” + 3> + 

18. - {(- »)" + aV + i (« + 1) + |<« + I) (« + a)}- 

r45i + rrii + + <- *)" <*" + «)} ^ 1 < i- 

20. a = J, 6 = — i, c s=s J. 


I /— 2 2 a — ft a — 6 

_ 6)» \;r - a n 6 (at' - a)« (;r -~T)> 


(a -- 6 )» 

22 . I — 4r 4 9^* — 17 ^* 
4 


23 


£ 

'9 

2- 10 


*}■ 


* 2 ;r 4 i ;ir — 2 (;ir — 2)^ 
6 


“ nr^rw’ i - *o* + *4j»* - sai**. 




25 


_l__ 


i 


I + * 


5 ; I + 2* 4- 3** + 4*» 4- **. 


'i— * i+* 1+** 

*«■ » t "7 - rrr - (TTT?)’ 

|*|> I. 

2% “ *•■** ■“ *• 

. .‘- I 4 r~„.4y . 


a8. (I + (a - 3 k)I(i - 3* + ***)• 


3* 


4* 


31. «, = »» 


I 4 2*. 
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02 ^ ^ cos $ ^ X” cos n$ + cos (n i) 9 ^ i -- x co» ^ 

1 — 2 ^ cos 0 + 4?* * I — 24? cos ^ + 4?** 

4? s in g . 4 ? sin ^ 4?”-*-^ sin (n + i) ^ -f sin n$ 

* 1 — 2X cos ^ + 4?*’ 1 — 24? COS ^ + 4?* 

34- ( 5 )““^ + (f)"’^; ^5l^- 35* (3 + i7^)/(3 ~ (i — 

36 . I + + y)4? 4“ to + s 4- pr)x^ 4- {ps 4- qr)^ 4- qsx^ 

= (I 4- 4- qx*) (I 4- 4- sx*). 

39 . w„ = ^ 4- 2 «i^ 4- 2 "C cos — + 2 «Z) sin — ; 

3 3 


~ I 4“ 2”'*’^ — 2" COS — h 2** V3 sin 

EXERCISES X 

Finite Differences 

5. i«; 2»* — 2; 3« - 3.2" 4- 3- 6. e*(4? 4- 3-^^* -h ^). 

8. ~ 12 — — 2«<*> 4- 2w<®>; Jn (n — i) (3«* — 7^ — 46). 

9. 55 — 624 ? 4“ 214?* — 24?*. 

10. /(i2*4) should be 0 00947; / (12*72) = 0-0183. 

11. 7(4?) = 2 4- 3 Wi»* 4“ W1.2 + Wa^t- 

12. M« = Ci2“ 4- A + 2; f4« = (Cl + Cjn) 2\ k ^ 2; » (n - I) 2*» 

is particular solution. 

13. = Cl (- 4)» 4 - toa 4 - V) 5*; / W = i (- 4)* 4 - (^ - i) 5 *- 

14. f#« == C4* ~ |4? 4- -V- 

15. (- i)‘ + ^.4- + („ _ /(a +T) - “ * 4 . - i: 

Cl (- I)* + c,4'' + ^4*. « “ 4: c, (- 1)' + <^i4* + ^ (- >)'. » “ - 1- 

EXERCISES XI • 

Summation of Series 

z. 31940. 3. f» (« + I)** — z (n + t)x + a. 


4. iM (an* + 4»»* - M -I)- 5- 4»» (» + 0 <3** + 5» + i)< 

6 , in (n + I)* (« + *)• *2- WS - *i- 

14. (i) i» ^n + I) («■ + 9» + *0): (ii) («*• *«• VS- *7- (* + «*• 

18. (i) I + «-*: (ii) i/{» - *) (I - ay). | a ) < i, [ ay I < i. 

19. 4»-3. », i«. aa. 15*-*- a3. Itoga-*. 

I - I 

24* W 5«: (ii) A + A'in +1 '^**4if 4- / 

45 * 

T. A., n. 
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25. AfTT 5 - 


4 * - 3 4 *- 2 ’ 4 *-l 


29 - log i- (f)’*: («) I - (i - “) log (I -X). \x ||< I. 


33, xl{i - X)*, I * 1 < I ; i 


i+ <«■*'. ifV> 


(1-xe'’) (i-xe-”) \ 

and 1 ;r I < if S < o. \ 

\ 

34. 4* - 2. 35. i - i *- + * i_ _ i . _il_ 

^ ^ » 2 » - I 4 (M - i)» 2 » + I 4 (» + l)« 


3«. iJa - * (^-^-3 + ^ 


3 2«+ 5 2« 


^ 2« ”-f 7) ^'2n + 9' 


38. (i) 6 (w + i) 3*(n 6 (w + 3* ^’2* 


39. If 5 (at) denote the sum of the series, 

* “ {he - - t * + 3^*) (*-*)- 3"^- - i -, + 

for — I < a; < o and o < 4? < i ; s (o) = o; 5(1) = 

40. 4« - 5- 

41. 1^1 < I ; if 5 { at) denote the sum, 

S (*) = i + i ii log (I + ;ir) - i log (i - x) - X), 

#♦0: i( 0 ) = i: 4 (i; l) = f 

42- (*) t jg ^2^ jj jg ^ 3l' 

43. t(x) t=i ,• {3»-< _ 3jr-* + 1} — yr* + J, * +o: * (o) = o. 

44. *(*) = (^- -*)- J **o: s(o) = o. 

45 - {») ilogs; (n) i 5 «. 46.1. 

47, « o, JS « J, C » — Z) « Jw (n + i) {zn -f i). 

48. (I) J ^ ” <*”’ + 8«* + 7 « - *). 

49- A ~ 3 (« 4. i)(» -f 2) (n'+ 3)' 

50. A ^ 16/5* — 8/3, C ~ 7/15; V«* — |n» -f 

53. *{»•(« + 1) cos « + 
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54, w, = « («* - 2» + 3); *, _ (3H> ~zn* + 9H+ 14. 

55. H* - 3 »»* - s« + I. 56. (« + i)« 4. a), 

58. + 

, sm a 

60. (I — x) cos 0 /(j — 2Ar cos 20 + x‘), 

61. cos 0 ~ — Ar"+1 cos (w + 1)0 + ;r"+* cos «0}/(i — 2;r cos 0 + x*). 

62. (i) cos nasec^ a — i + sin «a sec** a cot a; (ii) ® sin (sin a). 

63. cos i0/V2 cos 0. 64. sin J« (*r — 0)/(2 sin ^0)^ 

69. sin 0/(1 — 2x cos 0 -f ;r®). 70. ^ (i — ;r*) sin 0/(i 2X cos 0 + sr*)®. 

71. {(2ao — ai) cos a — a® cos (o — 

+ cos (a + (f* — I) P) — cos (a + np)}l4 sin>i 0 . 

73* [I 4-^ ~ (2« + i)^" + {2w — 


EXERCISES XII 
Determinants 

2. (i) (« — fe) (6 — c) (c — a); (ii) (a — fc) (& -. c) (c — a). 


3. (a — 6) (6 — c) (c — a) (a + 6 + f). 4. — 575* 

6. (;r — a* -f 2a — i) (x — a) {X — p), where a, p axe the roots of 

X* -f («® + 4« + i)^ 4- 2 (a + i)* (« — i) = o. 

7. + i) + f + •V7) 4 I ~ »V7)* 

8. «ir, znv ± \n, nrt ± In. nn ± Jir. 

9. a* («! - fli) (ai - aa) («i ~ i7(a - a<)«. 10. o. 

IX. {m* + i (I - s)} {A* 4 * i (I - “{*( 14 * «) i»^}® 

4- (1 - 5®) 4- * (I - s) w* 

14. (A - /i) (a - &) (6 - c) (c - a). 16. 160. 

17. The second determinant is (6 — a) (c -- a) (d — a) (t: — • h) {4 ^ h) (d — c) A 
where A is the sum of the homogeneous products of n dimensions in 
a. b. c. d. 


iS. 1 -f ;ri 4- + ^8 + ^4- 19 - <i) - 3 22. o. 5 ± 3 *V 3 » 

23. o, - II. 24. (i) o, i {- 3 4 : ^205}. 25* I- 


26. 3* 

aS. zabcfia^ 4. -r <*• — 

3 ^. A {- 5* ± V215}. 


27. o, o, 3a. 

%ab — 2dc — zea), ^ 4- y-r 4- ajp 4- 

3S. fg ^ he ae^ g* if 

hf ^ bg gh^ if ^ 


40,-^ « «« - 3. ^ 

42 ^ ^ 3 * 3 ' 5 *^ » *• 


4X* ^ » X. 3^ » 3, X o. 
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EXERCISES XIII 
Matrices 


6. r- 3 

3 17- 

1 

r 8 

13 

51 

AB^ \ 0 

3 II 

. 

Ii 

1 

— II 

12 , 

L 0 

3 13- 

J 

L 1 

- 5 

icJ 

1 — 8 

7 


1 — 5 

— II 

10 ' 

6 

- 3 

~ 3 L 

13 

25 

- 23 

L 2 

— I 

iJ 

L~ 3 

- 6 

6 . 

P 116 

233 

— 2 II* 

1 1 

- 2 

- 4 

. 4 -‘S-* = A - 60 

- 123 

III 

, B-M-i - J 

0 

13 

1 26 

“ 53 

49 ■ 

J 1 

» 0 

- 3 


7. at = ~ I, = 3 , XT = 2 . 


r * ° 



-a I 



Lay — j8 — y 

iJ 


r ^ 

- 42 

20-1 

3 .dyA ~ j 20 

50 

- 30 1 

1 — 9 

- 3 

20J 

AB= r* + * 

LI — » 

I ~ « J 

BA 


|A| = 130. 


I - »• I + n 

1 — i I + tJ’ 


15. (i) 2; (ii) 2. 

16. “ 5/2X^*^ 


ij. X = sz ^ 2, y 1 - z, 
iS, X ^ o, y === z, ♦ r 

19, fc 4 * o, a + I or — 2, one solution; a ^ h ^ i or a~&= — 2, an 

iniinity of solutions; in all other cases, na solution. 

20, Solutions exist if any one of the following sets of conditions is satisfied ; — 

a^b==c) a = 6#i, c=i; &==c 4 =i, a*=i; ^ = a 4 «i, 

'’■•*-[1 ’]• ‘'-•[.Ii -«] 

24. Hyperboloid of one sheet, semi-axes V?* V 7 * principal planes 

— 2 y O, 2 Ar 4- y =5 O, 2 as O. 

25* «* 4* c*, c* 4» a*, one solution. 

ax»b ^ ^c\ or b ^ c 4 = — a; or c ^ a ^ --b, an infinity of solutions. 
In all other cases, no solution. 
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-:]• [-’ -ii [-; -S' [-^ -3 

r a 6 (a + 3 )-l 

L-(a + i )/6 _(a 4 . 4 )J' 

where a and b are arbitrary. 

[ I CO coH 

I CO® <t> I , where co is a complex cube root of unity. 

-j]’ Lr y 

[;.p "'p] 

30 . -= a, ATa = )3, Xa = 9/7a — 5/7i3» ^4 == ” 5/7® + where a and 

j 8 are arbitrary. 



W {I. ■ 

— 1, 2, — 

3}. 


(6) None. 




31. 

\ > 

2, 




pi /Vi 

i/Va 

0- 

1 

32. a = 1 

. /3 = 

- - T. y 

— 2. 

s = 

1/^2 - 

1/3/2 

0 

• 







L 0 

0 

I- 

1 


-^r 


- 1/2 

1/2 

V3/6 

V 3 l(> 

•v/3/3- 


- 3 ^ 1 - 


X2 


1/2 

- 1/2 

1/2 

- 1/2 

0 



35 - 

^8 

~ 

0 

0 

V 3 l 3 

V3/3 - 

-v/3/3 


y* 

^4 


~ 1/2 

1/2 

1/2 

- 1/2 

0 




-A? 5 - 


1/2 

- 1/2 

V 3 /<» 

•v/ 3 /f> 

V3/.3J 




36. == (« + ^1) + ^1) (^8 ““ ^a)* 

ATj = (a -f Aa) (6 + A^) (A 3 -- Ax), 

;r3 = (a + As) (i> + As) (Aj — As). 

38. I. - cos> ± i sin Vi + cos* 

EXERCISES XIV 


Elimination 


I The equations are not independent since any one of them may be 
deduced from the other two. Thus the equations are not sufficient 
for elimination. 

a. < = o, 3, 3: when < = 3 the equations become identicaL 


5. (a' - a) {»'b - Ob') - (V - b)*. 


7. The determinant is 


o 1 p i ^ 

^ I p q t o 

o O I 0 c 

o I h C Q 

-**• 1 h C O o 
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O O ^1 

o Cl di o 

A ft, di o o 

”• ftg Tf df, 

Cj o 
dg bf c^ dg o o 

9. (a* + ft* - 4«)* + i6ft* = 9 (a« -f ft«)». 

xo. ft* i(d + a)* + c*} =(rf* - a* + c*)*- 

11, 2 ft (I -f <?) — («• + fr*) (I ~ <J). 

12, >'* 13- >'• =« a (2;r 4- a). 

14. JT* (A'a — a'A) — ify (ha* — aft') -f (hh* — ftft') =« o. 

19. «• 4* ft* — 6aft = o. 20. 3 («• 4- ft* 4- c*) — = 2 (oft 4* ftr 4- ca). 

21. a* 4- ft* + ^* ~ «ftc 4- 4* 22. aft = I 4- c, 

EXERCISES XV 
The Theory of Equations 
3, Two negative roots, two imaginary roots. 

7, One positive, one negative, two imaginary roots, 
xo. 2 cos 2 cos JJir, 2 cos fg«. 12. ± f . i (3 db ♦V^)* 

13 , ± I. ± V3. ± Vs; I - r^'* 4- i5y* - 9y* = o. 

X4. db |. 2, 2, - 4. 15. Hi ±i V7). - i ± ♦. 

16 . 3. i (7 ± V 13)- 17 . - f. - I. h I* 

x8. a «« I or — ft «s 6 or 20, sq. 

2X. 27a* «» — 2p, Ha* ~ 3^. 23. sin 10®, sin 50®, sin 250®. 

25. — 13ft* -f x6aft*c — 2#6 *c* 4- 28. 34f* 4- 9s* 4- 6flf 4- 2 « o. 

32. jr* + (^* - S^fif + 3^) ^* + (S^'* 4* g* - 3pqr) ^ 4- r» « o. 

33. ^^* 4- 4- 57J» — 19^ *® o* 34- •'*^4- 2qrd* 4- g*4f — r •* o. 

35* (i) JT* + 6** + 9*^ 4* 3 o; (ii) ^ - i8^* + 45^ - 9 * o; 

(iii) 9r» - 45#* 4- xSjt x «* o. 
36. Jif*-2g^4*C/^*fg*)^-^gr4“t««o. 37. i7Sf*4- 25^4* JtJ»4-«“0. 

38. air* 4 - o- 25;»?* + 2-25ir - 2 4609375 * <>• 

39, - i d: V3. - Id: V*- 40. r* 4- 4*^ 4- 54^ 4 - 4- 1296 - o, 

41. OJT* 4 - xofe;r* 4- loo^yp* 4- looodx 4- xoooos « o. 

42. ;r* - iM?» 4 - i {«* — ft*) ^ 4 - i (- «• 4 - soft* - 2c^) « o; 

w# “ — ita* — ft*) ^ J <1* 4. 3031 2^) 11^ 

43. 1/(1 - c). (« - i)lc. cKc ^ I). 

4I» (jr-f <i9r+<ii%)l;r4 w^4* where 
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46. »• - 3iw» + 3 (a* - 6c) » - («• + 6* + e» _ 3 «6c). 

47. i (X ± .Vs)- 48. cos + i sin ( g; .. + . 5 . ) _ " r .0,1,2..:. .f. 

51. i, i. K~ I ± *\/2). 53* Assuming ^,r 4.0 p* ^r^o; 

55 . — J ± J -v/ 5 » — i db J V5* $ 6 . — 2 , — -2* 3» 3* 

57 - - “ I. 1 . 1 ; - I, - 2, - |. 58. {2x -f. 3) (jyi ;r + i)* 

60. (i) c = 3“i; 3*"^ 3“^, - 3-^ + 2^3“^; 

(ii) {4a ± (a* + 3)}/(i — a*), {40 T (a* 4* 3 ) 1(1 — a*). 

EXERCISES XVI 
Theory of Equations (continued) 

I. — 39y* -f 225^ — 68 = o. 2. G* + 2//» =* o. 

3. X* (a'b — a6' )• + (a'c — ac') (a'6 — ab') -f- (a'c — ac')* 

■f (6c' - 6'c) (a'6 - a6'). 

4. 4: /I — a,), y = I. 2, . . . 5 = I, 2, . . . n, r # s; 4/>® -H 27^ « o. 

5. The roots are 4? = 3. 3, — 4. 7. The root lies between — 2 and — 3. 

8. 17 (a - j3)* = - 6» 27c*. 

9. Max. value ^ + 2^®. Min. value =» ^ — • 2/>®. 10 at =» '- 2-^3 4* '^4* 

11, jr== — 8 or — I — 2a> — 501* or i — 2ca* — 50*, where w is an 

imaginary cube root of unity. 

12. AT « 4 (i 4“ 2y/y cos |a) or J {c 4 cos (|ir ± Ja)} 

where cos a «* (— i/ay'?)* 

^ (2 4- \/3)^ — (2 — ^3)^ = 2*20 to 2 dec. places. 

I6. Af* — 3^SfAr — (/>* 4- = o- 

18. (A?* — 3Ar 4- 3) — 5^ + 7)i (^* —4^ + 1 - 4Ar 4- 1 - ): 

4- AT (*V3 4) + 3 - 2V3} (V3 + 4) + 3 + 2*V3}- 

19. Af « J (X ± V*7)» t (- ^ ± V5)- 

20. One transformation is Af^2y+i;A?«3d:2 \/2, — i i: 2^/2. 

21 . j>aa — 3 ;Afsas — I. *“ldb'\/2, t(3 4:V5)* 

22. X iss (ai 4" <*)“''), <*>* ®® X. 23* ”** ““ 4* 4* 

27-. 2 (one root equal to 2). 29. 1*85. 30. 2'X3. 0*311. 32* i*t2. 

32* 3-'036* 33* ^*591* 34* 4*49* 

3«. - a. + *.»:-» + *« + i‘*- 37. » - •! 3 -f *«• 
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39 . 

1 * 476 . 

40. 2193. 

41. 2-24. 

44 . 

Roots lie between (a) - i, — a; (6) — i, 

0: («) 3 . 4: 3 - 35 . 1 

43 . 

1*270. 44. 

- 0-17. 1-69. 3-95; 1.689. 

45. 1-893. 46. 4338. 

47 . 

r/»,(y + a)"-' 

; Spjby--, 2-87. 

48. 2-90. 

49 . 

00 

50. 1.246. 

51. 2 57. 




INDEX TO VOLUMES I. AND 11. 


The numerals I. or IT. refer to the volume, the other numbers being page 
references. 


ABEL’S lemma, II., 255 

— test, II., 256, 260 

— theorem, II., 154, 260 

Algebraic function, definition of, I., 

85 

Approximation by series, I., 184, 
406; II., 118-24 

Argand plane, II., 287, 336 

Arithmetic means, 1., 174, 190* 

201 

Arithmetical progressions — 

common difference, I., 167 
definition, I., 167 
general term, I., 167, 170 
negative n, I., 171 
related series, I., 168, 171 


BERNOUILLIAN numbers, II.. 
176-81 

— polynomials, II., 182 

Bezout’s method of elimination, II., 


Binomial equations, II., 302, 641, 643 

— coefficients, I., 385. 390, 395; 

II., 97-8, 116-18 

— power, integral part, L, 408-9 

— distribution, I., 461 
Binomial series — 

application of Abel’s theorem, 
II * ^^54 . T . 

— to approximation, 1 ., 44^ » 

IL, 118 

summation, II., 434* 4®7 

~ — ei^ansion of a poly- 
nomial, II. , 105 

— probabilities, I., 460 

— to limits, L, 408, 440; 

IL, 126 - 

coefficients, properties of, 11., 


116 

— signs of, IL, 9 T 
complex variable, II*» 3*® . 

convergence, I-* 4*^; H-' 
93*5* 3 *^ 

function froin series, I., 443 » 
II.. 113 


Binomial series (contim$ed ) — 

general term, I., 384; II., 96 
greatest term, I., 391. 4x4: 

II., 102 

irrational index, II., 108 
particular values of index, I., 
418; II., 96 

positive integral index,. I., 

383-409 

proof, I., 383; II., 93-5 
uniform convergence of, II., 154 
Biquadratic as product of quadratic 
factors, II, , 672 
Biquadratic equations — 

graphical method of solution, 
IL, 674 

real roots, II.. 669 
reduction to quadratics, II., 672 

reciprocal form, II. , 676 

Bounds — 

of a sequence, II., 15, 16 

function, II., 83 

- roots of an equation, IL, 684, 
685 

Newton's method, II., 687 


CARDAN’S solution of cubic, II.> 
666 

Cauchy, limit theorems, II., 65 
Cauchy’s condensation test, II. , 239 

— inequality, I., 192 
Cesliro, II. , 65 

Combinations, I., 330, 332* 348*79 

— application to probability, I., 450 
Complex numbers—- 

amplitude, II., 284, 286 
Argand plane, II., 287. 336 
as roots of an equation, I., 29» 

255 

concyclic points, II. 29^ 
conjugate numbers, II., 282, 

297 

form, L, 29, 30; Ilf, 284, 295 
fundamental laws, I.» 30, $i; 

II.. 278*82 


7x7 
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Complex numbers (continued ) — 

graphical representation, II., 
, 287 et seq. 

modulus, II., 284-5 
product and quotient, II., 290 
sum and difference, II., 288 
Conjugate functions, II., 325 
Continued fractions, II., 4 et seq. 
Continuity, II., 80 
Continuous functions, see Functions 
Convergence — 

Abel’s test, II., 256, 260 
absolute, II., 21, 22, 32, 310, 

314-15 

Cauchy’s test, II., 54, 239 
circle of. II.. 313, 319 
comparison test for absolute, 

W-. *3. 35. 31* 
conditional. II., 21, 25, 251 
d’Alembert’s test. II., 247, 250 
de Morgan’s and Betrand's 
test, II., 247 

Dirichlet’s test, II., 257, 261 
Gauss’ test, 11 ., 249 
general principle of, II., 18. 20, 
266 

interval of, II, 152 
Kummer’s test, II,, 245 
Maclaurin integral test, II., 241 
Raabe’s test, II., 247 
ratio tests for, II., 26, 27, 246 
test for complex series, II., 

312-15 

real series, II., 23, 26. 27, 

30, 33. 35. 153. 239 et seq. 
uniform, see Uniform con- 
vergwftoe 

Cosine, inequality for, II., 3)64 
— series, I., 439: H., 171 

Cross multiplication, rule of, I., 52 
Cube root of surds, I., 26, 28 
Cubic equation- — 

Cardan's solution, H„ 666 
equation of squared differences, 

IL, 657 

Hessian, II., 665 
nature of roots, II., 661 
repeated roots, ll., 658 
trigonometncal solution, II., 
666 


0'AI.EMBERrS test, 11., 247 
J>e theorem, IL, 299 

<De liorian^s and Betrand’s test, II., 

■ • H 7 ' ' ■ 

rule, II.i ^ 


Determinants — 

addition of, II., 490 
adjoint, II., 515, 517 
cofactors, II., 484, 520 
columns and rows identical 
488. 494 

definition, II., 481 
elements of, II., 480 
expansion of, II., 483, 508 
formation of, II., 479 
in equations, II., 502, 522, 5^6 
677-80 

interchange of rows and 
columns, II., 483, 488 
minors, II., 485, 516 
multiplication, II., 489, 510 
order of, II., 479, 481, 483, 515 

521 

principal (leading) diagonal, II„ 
481 

term, II., 481, 508 * 

rule of Sarrus, II., 495 
sign of terms, II., 480, 481 
skew, II., 522 

skew-symmetric, II., 517, 520-1 
square matrix, II., 540 
symmetric, II., 516, 678 
Difference equations — 

characteristic (auxiliary) equa- 
tion, II., 420 

formation of, II., 377, 416 
Unear first order, II., 418 
homogeneous Unear, with con- 
stant coefficients, II., 420, 

424 

Differences (see Finite differences) 

— appUed to summation, II., 446 
Dirichlet’s test, II., 257, 261 
Double series, II., 46-53 


ELIMINATION— 

Bezout’s method, II., 595 
Euler's method, II., 590 
linear homogeneous equations, 
II., 588 

meaning, 11 ., 587 
special methodd, 11., 6ot 
Sylvester’s method, II., 593 
use of chan^ of variable, II., 598 

idennties, II., 596 

ratios, I., 458, 599 

Equations, roots of-^ 

approximatiohe to, It.« 689* 
691* 694, 696-701 
comi^x* I., 255; It, 6oi8, 611 
deixeia^d, II., 636 



Index 


Equations, roots of (continued)-- 
definition, I., 85 
derived function, II., 653 
extraneous, I., 104 
general theorems on, II., 612 
infinite, I., 155 
inte^al, I., 139 
irrational, I., 256; II., CoS 
multiple, II.. 608, 649, 653 
numl^r of, I., 250; II., 608 
relation to changes of sign, II., 
609 

coefiicients, II., 617, C20 

sum of powers, II., 651 
symmetric functions of, II., 
625-30 

Equations, theory of (see also Quad- 
ratic equations) — 
applied to arithmetical prob- 
lems, I., 137-41 

binomial equations, II., 641, 643 
biquadratic equations, II., 669 
et seq, (see Biquadratic 
equations) 

bounds for roots, II., 684, 685, 
687 

coefiicients and roots, II., 617 
cubic equations, II., 657, et seq. 

(see Cubic equations) 
Descartes’ rule of signs, II., 609, 

6ii 

general properties, II., 608, 612 
homogeneous equations, I., 51, 
132; II., 588 

incompatible equations, I., 78 
indeterminate equations, 1., 78, 

139 

infinite solutions, L, 155 
integral solutions, I., 139 
multiple roots, II., 649, 653 
real roots, II., 677 
reciprocal equations, II., 635 
reduction of degree, II., 624 
removal of terms, II.. 638 
Kolle’s theorem, II., 648 
roots of unity, II., 301, 643 
simultaneous linear equations. 


small coefficients, IX., 694 
symmetric functions of roots, 
II.. 625 

transformations, I., 253* ^54* 
II.. 632, 636 , 638 
sero coel8cients, II., 015 


Equations, solutions of-- 

{IcMirnet'a method, II.* 697 
involving logarithms# I.. 3^7 
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Equations, solutions of (continued)*— 
Newton's method, II., 691 
with numerical coefficients, 11. , 
689 et seq. * 

in one variable (methods) — 
change of variable, I., 99 
factorisation, I., 98 
geneial theory, I., 250 
proportionals, I., 107 
rationalisation, I., 104-106 
remainder theorem, 1., 95 
special forms, I., 108, 109 
in two variables (methods) — 
one homogeneous, I., X14 
— linear, I., in, 121a 
reducible to homogeneous, I., 
116 

special artifices, 1„ n8 
symmetrical, I., 117 
two linear, I., 53, 121a 
in three variables (methods) — 
all linear, I., 124; II., 522 
change of variable, I., 127 
linear and homogeneous, I., 132 

non-homogeneous, I., 133 

products involved, I., 125 
use of identities, I., 130 
Euler-Maclaurin summation formula, 

II.. 184 

Euler's constant, II., 270 

Euler's method of elimination, II., 590 

Expansions of — 

x/(«» - i), II.. 175, 176 
log (I +*), I., 433: II-. 184 
log (o + X), II., 190 
log X, 11 ., 189, 190 
log (m/H), I., 434: II., 189 
lof [(I + *)/(! - »)l I- 433: 

II., 187, 190 

log [{» + *)/»]. n., *88 

logL*/(i-*)]. II-. 190 

sin*r, C08;r, I., 439; H-. 171 
sinbx, cosb«, I., 438; II., 173 
Exponential function, 1 ., 428; II., 
159, 227 

as continuous and monotomc, 

11., 155# 161 

complex variable, 11., 296 
graph# I., 429; n., 166, 224, 
23X 

real variable, II., 160 
relation to hyperbi^ function#, 

----i^sme'aiid'cSiDo I, 

11., 323 

Expoxumtial series, I., 43 ®t ^*4 
155, 137* 323 



Index 


Exponential application to limits, I., 
440; 11. , 168 

summation, I., 441, 442; 

n.. 437. 468 

probability, I., 462 

convergence of, II., 38. 317 
related series, II., 171 
remainder after n terms, II., 

159 

FACTORIAL notation, I., 332 
— expressions, II., 399-402 
Finite differences — 

application to series, II., 454, 
459.64 

difference quotients, II., 394 
divided differences, II., 382 
interpolation formulae, II., 385, 
386, 411, 413, 415 
Norland operator II., 394 

tjti 

successive difference of a poly- 
nomial, II., 408 
symbolic methods, II., 396 
table of differences, II., 388, 392 
Function — 

approximation by a series, II., 
122 

bounds of, II., 83 
change of variable in, I., 82, 99, 
108 

conjugate, II., 325 
continuous, I., 148; II., 81-3, 

154 

discontinuous, 1 , 153 ; II., 73, 85 
of complex variable, II., 320-2 
from empirical data. M., 209 
etseq. 

function of a,, II., 75 
graphical representation of {see 
Graphical) 

involving one constant as index, 
II., 221 

— two constants linearly, II., 
215 

— three constants, II., 229, 
230, 231 

limit of, II., 12, 13 
monotonic, II., 84 
multiple- valued, I.> 86; II., 328 
odd and even, II., 46, 172, 174, 
*75 

oscillation of* II., 57, 61, 73, 84 
rational, II., 63 
8ing2fS*vaIued, I., 86 
Functional notation. I., 81 


GAMMA function, II., 270 
Gauss' test, II., 249 
Generating functions, II., 370, 408-11 
Geometric mean, I,, 190, 191, too, 
201, 316 [ 

Geometric series, I., 177 e( seq.\ ttl., 
320, 430, 465 \ 

general term, I., 177 
related series, I., 210 
sum to finite nunber of tern 

I-. 177 

infinity, I., 181 

Gradient, 11., 210-12 

as differential coefficient, II., 
213 

Graphical representation, I., 161-65, 
203-9, 281, 291, 294. 3^0. 355; 
1 1., 209 el seq. 


HARMONIC mean. 1., 198, 200, 201 
— progression, I., 198 
Hessian, II., 665 
Homogeneous — 

equations, I., 51 
expressions, I., 60, 113 
products, II., 128 

Horner's method of approximation to 
roots, II., 697-701 
Hyperbolic functions, II., 173, 324 
Hypergeometric series, TI., 253, 311 


IDENTITIES, application to sum- 
mation, II., 445 

Imaginary numbers {see Complex) 
Incommensurable, I., 66 
Indeterminate forms, I., 149-51, 154, 
155- 

Indices — — 

fractional, I., 3, 8 
fundamental laws, I., i, 2, 5, 6 
negative, I., 4 
rational, I., 5-7 
zero, I., 4 

Induction, I., 372-81 ; II.. 432 
Inequalities — 

laws of, I., 33-5, 60 
special, I., 191. *92, 194; II. , 
68, 186, 263, 324 
Infinite products — 

absolute convergence. II., 266 
convergence, II., 264, 266 
definition. II., 262 
order of factors, 11., 265, 267 
U notation, I,, 380 
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Infinite series — 

convergence, I.. 59 {$ec also 
Convergence) 

graphical representation for 
sum, I., 161-5 
meaning, I., 157 
sum, I., 158; n, 144 
types of, I., 158 
(see also Series) 

Infinite solutions, I., 155 
Infinity, properties of, 1., 145, 151 
Integers — 

power and products, 1., 38 
product of consecutive, I., 349 
sum of powers, I., 204, 205; 
XL. 430, 456 

Integral part, 1., 408-9; II., 73. 80 

— variable, II., 9 
Intercepts, II., 210 et seq. 
Interpolation, 1., 311: II., 201, 

383-7, 411-16 

— using backward differences, II., 

413 

forward differences, II., 411 

— without differences, II., 415 
Interval of convergence, II., 152 
Intervals open and closed, II., 81, 142 
Irrational — 

e an irrational number, II., 160 
• equations, I., 105, 108 
numbers as roots, I., 256 

RUMMER’S test, II,, 245 

LAGRANGE interpolation formula, 
II., 386, 415 

Least squares, method of, 11., 212, 
218 

Limits — 

application of binomial, I., 408, 
440; II., 126 

continuous variable, I., 148; II, 
12, 72, 74 

fundamental ideas, I., i44"5^ 
infinite, I., 145-8; II., 57 
integral variable, II., 9 , 60-8 
monotonic function, II., 84 
— sequence, IL, 4 
notation, I., 147, 1481 57 ’° 

one-sided, II., 79 
powers of, II., 71 
repeated, II., i37 
theorems on., I., 439 i H-* 
60-3, 74-5* 124-6 
Limits (special) — 

Urn. I., 152 
00 


Limits (special) continued — 
lim. nr**, I., 209 
00 

lim. I., 213 ♦ 

CO 

lim. [at sin i/;rj, II., 85 

X o 

lim. tan x, II., 86 
^ Jtt 

lim. fn\ , TT 
r co\r)^* 

lim. {{X‘^h)^-^x^}lh,n., 126 
o 


lim. (1 II., 157 

V CO 


lim. 
n 00 
lim. 
n CO 

lim. 
w -> 00 


{' +s) 149. 157 

,59 

(2n \ 

] 2 :i/r[,Il,. 244 
( n 


J“oo *70 

lim. x^e-’<^, I., 440; II., 168 

X CO 

lim. (log^)^ II., 169 


X o 

lim. (a* — i)lx, 11., 169, 207 
X o 

Linear dependence, 11, 553 

— equations, independence of, I., 

i2ia 

and transformations, II., 530 

solution of, IL, 522, 526, 543, 

5iL 563 

— finite difference equation, II., 418, 

420, 424 

— graph, reduction to, II., 214 et seq. 
Logarithm of complex number, II., 

328 

Logarithmic series, I., 433; II., 39, 

184.318,331 , 

application to limits, I., 440; 

II., 191 

summation, I., 443; IL, 

438. 469 

modified forms, I„ 433, 434; 
II., 187-90, 200 
Logarithms — 

addition, I., 301; IL, I93 
characteristics, L, 304, 305 
common, I., 303» 306-9; H., 
200 

definition, I., 299 
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Logarithms (contiwMd ) — 

fundamental properties, I., 

300-3 

• graphical representation, I., 

320, 434 

mantissa. 1., 304 

natural, I., 303. 432 

reading of tables, I., 310-13 

uniqueness, II., 162 

use of, I.. 312, 314* 316. 317. 413 


MACLAURIN, integral test, II., 241 
Matrices — 

adjoint, II., 542 
applied to solution of linear 
equations, II., 543 
associative law, II., 537 
addition, II., 532 
canonical form, II., 570 
definition, II., 530 
determinant of, II., 540 
diagonal matrix, II., 538 
equivalent, II., 554 
inner product, II., 531, 552 
Kronecker delta, II., 539 
latent roots, II., 568 
minors, II., 549 
multiplication, II., 534, 536 
null matrix, II., 534, 550 
order, II., 530, 532 
orthogonal, II., 546 
partitioned, II., 559 
principal diagonal, II., 538 
rank, II., 550, 551 
reciprocal. II., 544» 545 
scaku- multiplication, II., 533 
-- matrix. II., 539, 54% 
singular, II., 541, 55S 
special typesi^ II., 545 
submatrix, II., 350 
transposition, II., 540, 541, 545 
unit matrix, II., 538, 539, 55® 
unitary matrix, II., 547 
Maxima and minima, I., 259, 269, 
273, 277; II., 663, 669, 670 
Mean proportional, I., 64 
— value ^eorems, II., 689 
Means — 

arithmetic, I., 174, X90, 19i» 201 
geometric, I., 190, X9i» 200, 201, 
316 

harmonic, I., 198, 200, 201 
Modulus noUtion, I., 15X, 152 
Multinomial, I., 402 
Multi-valued functions, I., 86: H-r 
328 


NEIGHBOURHOOD. II., I2 
Newton's interpolation formula, II., 
385. 4n, 413 > 

— 'formula for a polynomial, II., (403 
— method for bounds of roots, II.l 687 

of approximation to roots,\lI., 

691 ' 

Norland operator, II., 394 
Numbers — 

irrational, I., 12 
real, I., 12, 13 


O AND o notation — 

application to convergence, II., 
60 

definitions, II., 58 
properties, II., 59 
Operators — 

D, II., 396 
II.. 387*91 
ii » 394 


<a 

E. II., 395 
G, II.. 408 


PARTIAL fractions, I., 83. 84, 88; 
II., 353 650 

algebraic method for coeffi- 
cients, II., 354-6 
application to summation, II., 
439 

calculus method for coefficients, 

n., 357 

derivative of polynomial as sum 
of, II., 650 

Permanence of equivalent forms, I., 2 
Permutations, I., 327-44, 358 
Poisson distribution, I., 464 
Polynomials — 

biquadratic as product of quad- 
ratic factors, II., 672 
cubic as sum of two cubes, II., 
664 

definition, I., 85 
determinant form, II., 390 
differential coefficient, XI., 386, 
647, 650 

expaxision in factorials, II., 402 
factors, I., 249» 379: U * 304. 
35 ^* ^8 

general theorems, I., 250, 251; 

II., 34^-9, 35* 
graph of 

y ate or* -|- cx 4* d, I., 
291 
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polynomials (continued ) — 

highest common factor, II., 347 
inte^al power of, II., 105-6, 129 
maxima and minima, II., 663, 
669-71 

prime, II., 348 

roots of derived function, II . , 653 
sign, I., 261 

successive differences, II., 408 
Taylor’s expansion, II., 686 
I, II., 304 

Positive definite forms, II., 575 seq. 
Power series — 

complex terms, II., 312-16 
real terms, II„ 40, 43, 44, 151, 
154. 165 

identical equality between, II., 

44. 315 

Principal branch of logarithm, II., 329 
Probabilities, I., 448-66 

— addition of, I., 451 

- - meaning of, I., 448 

~ - multiplication of, I., 452 
Proportion — 

continued, I., 63 
theorems, I., 58-60, 63. 64 
Proportional parts, principle of, I., 310 


QUADRATIC equations, roots of — 
common, I., 241 
discrimination, I„ 221 
method of obtaining, I., 218; 
II., 233 

number, I., 217 
properties, I., 223 
relation to coefficients, I., 220 
symmetrical functions, I., 231 
transformations, I., 237, 238 
Quadratic expression-— 

as product of linear factors, II., 
519 

graphical representation, I., 263 
in two variables, I., 246 
maximum and minimum, I., 

259 

sign of, I., 260 

Quadratic forms, II., 572 et seq, 

discriminant of, II., 575 

— *— signature of, II.. 5S2 


RAABE’S test, II.^ 247 
Rational equations, t„ 105, 256 
Bationid fraction — 

* * ^ 5 * 349 

equality of, II., $50 


Rational fraction (continued ) — 
expansion of, II., 360, 368 
graphical representation of, I., 
273, 285-91 # 

partial fractions, II., 353 et seq. 
theorems on, II., 349-5 1 
turning points, I., 276 
variation, I., 274 

Rational function (see Polynomial and 
Rational fraction) 

Ratios — 

approximate, I., 56 
associated terms, I., 40-2, 59, 64 
comparison, I.. 42-5 
definition, I., 40 
from homogeneous equations, 
I.. 51 

unequal, I., 49 
Rationalisation, I., 104-6 
Reciprocal equations, I., 101; II., 
635, 676 

Recurring decimals, I., 186; II., 8 
Recurring series — 

definition, II., 369 
coefficients polynomials in », 

n., 375 

convergence, II., 369 
general term, II., 372 
generating function, II., 370 
scale of relation, II., 369, 377 
summation, I., 215; II., 374, 
439, 471 

Regression, lines of, II „ 314 
Remainder theorem, I., 86, 95 
Hiemann's theorem, II., 25 
RoUe's theorem, II., 648, 689, 690 

SARRUS. rule of, II., 495 
Scales of representation, II., 210-11 
Schwarz's inequality, I., 192, 261 
Sequences — 

bounded, II., 14 
bounds, II., 15, 16 
complex terms, 11 ,, 308-10 
general principle of conver- 
gence, II., 18, 309 
limit of, II., 10, 17 
— theorems, II,. 12, 65*68, 272 
meaning of, II., 2 et seq, 
monotonic, IL, 14* * 7 
relation to series, II., 19 
Un-^o steadily, II., 272 
with terms functions of a 
variable, II-, 86 
Series (see also Convergence)— 
complex terms, II** ^Oi^seq, 
double, II. ^ 4^53 
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Series (see also Convergence), coni , — 
for sin-^AT, II., 156 
meaning of sum, II., 134 
' multiplication of, II., 39, 323 
oscillatory, II., 20, 26 
power (see Power series) 
principle of convergence, II., 
20, 309 

relation to sequences, II., 19 
repeated, II., 46 
£ notation for sum, I., 160 
sum and difference of, II., 24, 

terms positive and negative, 

11.. 33 

— positive, II., 35 

— variable, II., 134-55 
Series, special — 

II., 30. 243 
£ (2n — i)-**, II., 32 
£(— II., 34 

2?(”).a;M.,4i4; II.. 36, g^etseq. 

£x^ln\, I., 430; II., 38. 
£n^x^ln\, II., 249 
£x*ln, I., 433; II.. 39. 153. 186 
£a^*^ (see Power series) 

£x^ (log a)7^!, II., 162 
£r^ cos n 6 , II., 144 
£r^smnd, II., 144 

(i — »"), II., 155 
Zx*»+^l(2n + i), II., 187 

189 

£ i/n{log «)», II., 240, 244 
£ cos nd, £un sin n$, II., 
257. 258, 319 

Simultaneous equations, linear, I., 
53; II., 522-6 
Sine, inequality for, II., 324 
— series, I., 439; II., 171 
Skew symmetric expressions, I., 81 
Square root of surds, I., 24, 27 
Straight line, equation of, II., 172 
et seq. 

Sum function — 

continuous, II., 144 
discontinuous, II., 136, 146 
Summation (methods)— 

bincnnial series, L, 442; II., 

430* 434. 467 


Summation (methods) continued — 
complex methods, II., 465 
exponential series, I., 442; II., 

437. 468 / 

geometric scries, II., 430] 465 
identities, II., 445 ) 

induction, II., 432 \ 

logarithmic series, I.* 443 1 II., 
438, 469 \ 

method of differences, II., 446 
operator II., 454, 455.\459 
et seq, ^ 

partial fractions, II., 439 
powers of integers, I., 204; II., 

430. 456 

recurring series, II., 439, 471 
rth term polynomial in y, II., 
451, 453 

rth term rational function of r, 

n., 45(> 

Surds — I 

binomial, I., 14, 18, 19 
conjugate, I., i8 
definition, I., 13 
equations, 1., 104, 138 
monomial. I., 13 
properties of, I., 14-28 
quadratic, I., 18, 20, 22-6 
rationalisation of, I., 17-20, 
104 

similar, I., 14 
square root, I., 24, 27 
trinomial, I., 14, 20 

Sylvester's method of elimination, 
n.. 593 

Symbals, common, I., 32 

Symmetric expressions, I., 79, 80, 
88-92, 1 17 

— functions of roots, I., 231, 235; 
II., 625 et seq. 


TANNERY'S theorem, II., 148. 158 
Taylor expansion, II., 686, 696 
Transcendental function, definition, 

I., 85 

Transformations — 
bilinear, I., 335 
linear, II., 334 
one-one, II., 338 
matrix, II., 547, 549* 55 ^ 
modulus, II., 541 


UNDETERMINED coefficients, prin- 
ciple of, I„ 251 



Index 


725 


Uniform convergence — 

Abel’s test, IL, 260, 323 
closed interval, IL, 142 
definition, II. , 89, 138 
Dirichlet’s test, II., 261 
for complex series, IL, 322 
* limits, IL, 259 

necess^ and sufficient con- 
dition, IL, 141 
power series, IL, 153 
sum function, IL, 144 
Weierstrass' test, IL, 143 
Unity, roots of, IL, 301-4, 643-6 

VARIABLE-- 

complex, IL, 320 
continuous, IL, 12, 72 


Variable (contii^ued)---^ 
integral, IL, 9 
meaning, L, 68 
Variation, L, ^-76 
direct, L, 68, 69 
inverse, I., 68, 69 
joint, L, 69 
theorems, I., 73-6 
Vector spaces, IL, 555 et seq. 


WEIERSTRASS’ test, II*, 143 
— inequalities, IL, 263 


ZERO, meaning of, L, 144 
z*» ± I, factors of, IL, 304 




